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Let n and k be integers, n ^ 2, and 1 — k — n - 1. Hoggatt has recently noted 
that 

Gould [ l] conjectures that \ / \ 

« » ( ( : : ;)• (- ' »)• (" i *)) • O C D((" ; ')• (« - ')• (* : 0 ) • 
In this note, I shall prove this conjecture and obtain the corollary that these GCD's are equal 

«» ((;:i)-(;:i)-(v)-(';i))-
e oroceedinss:, k 

(0. 
Before proceeding, let us note that the six binomial coefficients involved form a hexagon 

about I . J in the Pascal triangle. The two groups of three involved are the two equilateral 
triangles of this hexagon. 

Theorem. For n ^ 2, and l ^ k ^ n - 1 , we have that 

GCD ((S:!).(r4(°;f c^vM^M) 
Proof. Let the two GCD's be Gt and G2, respectively. We write out the involved 

section of the Pascal triangle as: 

a b c d 
a + b b + c c + d , 

a + 2b + c b + 2c + d 

where b + c = ( M , etc. Then Gt = GCD(b, c + d, a + 2b + c) and G2 = GCD(c, a + b,. 
b + 2c + d). (If k = 1 (or k = n - 1) then a = 0 (or d = 0). The following argument still 
holds in these cases , but one can see that Gt - G2 = 1 = GCD (a, b , c, d) directly.) 

e I e l e 
We shall show that p | Gt if and only if p | G2, for any prime power p . 

*This work was supported by a research fellowship of the Italian National Research Council. 
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Case 1. If p e | b and p e | c, then p e j Gt iff p e | (a,d) iff p e | G2 . 
Case 2. If p e j[ b and p e \ c, then p e \ Gt and p e \ G2 . 
Case 3. If p e j b and p e j( c, then p e \ G2. Suppose that p e IG^ Then we have 

p j c + d and p e | a + c, whence p e | a and p e j[ d. We claim that the four conditions 
p | a, p | b , p | c and p | c + d are inconsistent. For this we require a lemma. 

Lemma. For 0 < k < n., 

p e | ( n
k ) • * ^ e | ( k

n
+ i ) 

implies p | k + 1. 
Proof. Let n = 2 a , p and b = 2fo.p be the p-ary expansions of n and k. A r e -

sult of Glaisher [2, Corollary 6.1] a s se r t s that 

p*i (:) 

if and only if a is the number of borrows in the p -a ry subtraction n - k. Consider now b0 

and a0. If 0 < b0 < a0 or a0 < b0 < p - 15 then n - k and n - (k + 1) have the same 
number of borrows. If b0 = a0

 < p - 1, then n - (k + 1) has more borrows than n - k. 
Hence b0 = p - 1 is the only ca.se consistent with 

P ( n
k ) « * p e | ( k

n
+ i ) 

Corollary. For 0 < k < n, 

pe|fk) and p e | ( k + i ) 
implies p | n - k. 

Proof. Use I tx I = I " . I and the Lemma 

P 

hence p n - k + 1, and we have 

\ k / \ n - k / 
"'- ^heo'rem, we 

| ( l :0"' •* p,l(':0 
Returning to the Theorem, we have 

e = b 

hence p | k. Thus p | n + 1. Now c + d = I k * ± 1. Let n = ^ a . p 1 and k + 1 = s b . p 1 be 
the p -a ry expansions. From p | n + 1, we have a0 = p - 1 and from p | k, we have b0 = 
1. Hence n - (k + 1) has the same number of borrows as (n - 1) - k. From Glaisher !s r e -
sult and 

p e H v ) - ° ' 
we deduce that pej / fk + 1 ] = c + d, which demonstrates the claimed inconsistency. Thus, 
in Case 3, p { G j and p j( G2. 

Case 4. If p | b and p | c, then the symmetry of the binomial coefficients converts 
this to Case 3 and this completes the theorem. 

Corollary. Gt = G2 = GCD(a,b,c,d). 
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Proof. We have Gt = G2 from the Theorem and so we have Gt | b , G} | c, Gt | e + d, 
Gt I d, G-L I a and Gt | GCD(a,b,c,d). Conversely, GCD(a,b,c,d) clearly divides GA. 
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LETTERS TO THE EDITORS 

Dear Edi tors : 
On page 165 of Professor CoxeterTs Introduction to Geometry (New York, 1961), we 

read: "In 1202, Leonardo of Pisa , nicknamed Fibonacci ("son of good nature") , came across 
his celebrated sequence • • • . » ' 

This translation of Leonardo's nickname differs, of course , from the one ITve saen in 
the Quarterly. 

Who can solve the historic mystery for us? 
Les Lange 

Dean, School of Science 
San Jose State University 

San Jose , California 

Dear Editors: 
Thank you for the reprints I have just received. Sorry to bother you again, but some-

how the main sentence from "An Old Fibonacci Formula and Stopping Ru les , " (Vol. 10, No. 
6) was omitted. The formula is 

00 

F(n) = 

9n+l 
0 J 

and it is based on WaldTs proof that the defined stopping rule is a real stopping rule (the p ro -
cess terminates after a final number of steps with probability 1). 

R. Peleg 
Jerusa lem, Israel 


