A POLYNOMIAL WITH GENERALIZED FIBONACCI COEFFICIENTS

BRUCE W. KING
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In Elementary Problem B-135 (this Quarterly, Vol. 6, No. 1, p. 90), L. Carlitz asks
readers to show that

n-1
Q) ‘Z: Fk 2n-k—l - 2n _ Fn+2 ,
k=0
and that
n-1
@) > Lkzn'k‘1 = 32" - L,
k=0

The problem invites generalization in at least two ways. It is natural to investigate

where Tk is the generalized Fibonacci sequence with Ty = a and T, = b. It is not diffi-

cult to show by induction that

n=1

n-k-1 _ n
(3) Z T, 2 = Ty(27) - To+2
k=0

The relations given in (1) and (2) are, thus, a consequence of (3).
A second generalization may be obtained by trying to determine whether anything worth-

while can be said about the polynomial

@)
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Z Tk xn_k—l .

n
k=0

This seems to be a more difficult problem than that posed by the first generalization, and the
rest of this note is devoted to it.

To begin with, evaluating (4) for several values of n suggests that
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n-1 n-1 n-1
n-k-1 _ n-k-1 n-k-1
) 2 Ty =a) Fpx thY T ,x
k=0 k=0 k=0

This can be proved by induction. For n = 1, both members of (5) reduce to b -a = T,.

(We use x? = 1 here.) If we now suppose (5) true for some integer n > 1, then

n n-1
n-k _ n-k-1
Z Tk X = X Z Tk X + Tn
k=0 k=0
n-1 n-1
_ n-k-1 n-k-1
= x|a)  Fy ,x + DY F X Ty
k=0 k=0
and, since T = aF + bF ,
n n-2 n-1

n n-1

n-k _ n-k
ZTkX = aZFk_zx +aan_2
k=0 =0

This completes the proof of (5). The problem has, thus, been reduced slightly to the problem
of evaluating an expression such as

in closed form, for such a result would lend some significance to the right member of (5).
Let us define
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n n ¥

N o= n-k _ n k
G- Dr 0y
k=1 k=1 *

Now, it is known [1, p. 43] that the power series

0
k-1
2 Fit
k=1
converges to
-1
1 -t -t
The radius of convergence is
Fi

where

6o 1t 5

is the Golden Ratio. Thus, for a fixed value of t in the interval of convergence

N -1 NG -1
STz <t o
it follows that
00 h
1 _ k-1 _ k-1
m-ZFkt =2 Rt Ry
-t 1 k=1
where Rn—+0 as n—w. Thus,
n
E F tk_l B : - Ry
2
o 1-t-t¢

or, what is the same,
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n
ZFktk=———t———tRn.
2
= 1-t-t

If we now let t = 1/x then, for x< -¢ or x>¢,

[Dec.

n
> Tk _ x lp - __x 1g
Xk 1 1 " x 'n 9 “x “n’
k=1X 1—'}2——2 X4 - x -1
X
and
n
F n+i
1 Z _lf_{_ _ X B Xn-l Rn
— X - x-1
k=1
We have, therefore,
xn+1 n-1
(6) fn(x) = -x Rrl
%2 -x -1
The problem is thus essentially reduced to finding the remainder Rn in some suitable
form. Investigating (6) for the first few values of n suggests that
R - Fn+1 X + Fn
n n-1,
(x x - 1)
This, in turn, suggests that
_ xn+1 n-1 Fn+1 Xt Fn
) = — - X n-1
X - x -1 X (x*-x-1)
That is,
n n+1
X - F x - F -
n-k _ n+1l n 1+ 5
(7) Z Fkx = - for x # —
k=1 X4 -x -1
For n = 1, both members reduce to 1. If (7) is true for

We will prove (7) by induction.

some integer n >1, then
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n+1 n
n-k+1 _ n-k+1
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=xy Fkxn_k +F
k=1
n+1
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=]
F
[\]

5]

2—an+}? X2 - F ,.Xx - F

- n+1 n+1 n+l n+1
x2 - x -1
n+2
_ X - (Fn * Fpi )X - Fhi
X2 - x -1
n+2
_ X - Fn+2X B Fn+1
X2 - x -1
This completes the proof of (7).
Now, returning to the summations in (5),
n-1 n-1
n-k-1 _ n-1 n-2 n-3 n-k-1
2 FigX Fpx T F_x T e Bx"T 4 3R ox
k=0 k=3
n-1
_ n-1 n-2 1 n-k+2
=X T rx +_32Fk—2
X
=3
_ _Xn—l +Xn 2
n+2
1 n-k+2 9
* iy Z Fra - FpeX - Fpax - Fy
1 k=3

Using the change of variable j = k - 2 in the summation on the right, we have

n-1
Z Fk_zxn—k—l _ _xn—l n-Z jz

k=0
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After substituting from (7), combining fractions and simplifying, the result is that

n
X (2 - x) - Fn_zx - Fn-3

-x -1

(8) Fk_2 X = ;
X

In a similar manner, we can use (7) to show that

n-1 n

) F Xn-k—l _ Xx - 1) - Fpo1® - Fpog
Z k-1 2
=0 X -x -1
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Now substitute (8) and (9) into (5), combine fractions and arrange the numerator in powers of

X. The result is

n-1
ST s L [ - ax + (a - b))
k=0 % -x-1

- [aFn_2 + bFn_l]X - [a.Fn_3 +me_2 ]}

Consequently, we have the following generalization from Carlitz' problem:

(T . +T )x" - T x-T
(10) 0 -1 n n—l'

2

-1
> T -
_ -x -1

n
k=0 X

It is not difficult to see that (10) reduces to (3) when x = 2. Other results of interest can be

obtained by letting x = 1 in (10).
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