
THE Z TRANSFORM AND THE FIBONACCI SEQUENCE 

WILLIAM L. MATHJS 
Texas Tech University, Lubbock, Texas 

Definition. The z transform of f(n) is the function 

00 

am] = F(Z) = J2Un)z~n> lzl > } 
n=0 

where z is a complex variable and p is the radius of convergence of the se r ies . 
Applying the z transform to the recursion relation 

n+2 n+1 n 

we obtain 

afn + 2 i =Ufn+1 + g -«w+«y • 

Using the shifting theorem for z t ransforms, 

£[f(n + m)] = z m [F(z ) - Fm(z)] , 

where 

m - 1 

Fm(z) = Y, ^*-k . 
k=0 

which yields 

z2[F(z) - F2(z)] = z[F(z) - Fi(z)] + F(z) 

and 

(z2 _, z _ I ) F ( Z ) = z2F2(z) - zF^z) . 

Hence 
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z2[f(0) - fCDz"1] - z[f(0)] 

Dec. 1973 

F(z) = 
z - z - 1 

where 

z2 - z - 1 f 0 

Since f0 = 0 and fA = 1, we have 

F(z) 
z ' - z - 1 

n -1 F(z) is a Laurent se r ies . Therefore, we can multiply F(z) by z " and integrate it 
around a circle for which | z | > R. This gives 

/F (z )z n " 1 dz = 2irif(n) 

or 

Hence 

Therefore 

where 

and 

f(n) = J j r J" F(z)zI1"1dz = S Residues of F(z)zn 1 . 
r 

f(n) = 2 Residues 

l im __ 
1+^5 

[(»- ̂ #)(* -l ^ 5 

1 - N/5 
+ l im _ 

1-N/5 

n-1 

1 + N/5 

• (H^r/^ - ( ^ ° 7 N/5 

f(n) = (aa - /3n)/N/5 , 

which is Binet's formula. 


