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Definition. The z transform of f(n) is the function
> 0]
- - -n 1
{[fm] = Fa) Ef(n)z , oz > 5

n=0

where z is a complex variable and p is the radius of convergence of the series.

Applying the z transform to the recursion relation

we obtain

(i o] =gt + 6] =40 o] + 4[]

Using the shifting theorem for z transforms,

([fn +m)] = 2 [F@) - F_ ()] ,
where
m-1
F @) = Y 02
k=0
which yields
z2[F(z) - Fy(z)] = z[F@) - Fi(z)] + Fz)

and

(z%2 - z - VF(z) = 2*Fy(z) - zF,(z) .
Hence
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r = 2O - @Y - a[re]

22 -z -1

where
z2 -z -1 #0 .
Since f; = 0 and f; = 1, we have

F(z) = z

2

z4 -z -1

n-1

F(z) is a Laurent series. Therefore, we can multiply F(z) by z and integrate it

around a circle for which {ZI > R. This gives

fF(z)zn_ldz = 2mif(n)

or r
f(n) = 2Lm f F(z)zn'ldz = X Residues of F(z)zn—:l .
Hence
f(n) = Z Residues z — P
, . Lt NG , 1= NG
- 2 - 2
n n
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{1+ NFV - 1 - N5\ =
= (—2_>/~/5 -(-—-——2—> NGB
Therefore
fn) = @ - p")/NF
where
—=\n
M= (1 +2r\/5)
and

which is Binet's formula.



