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Horadam [1] defined and studied in detail the generalized Fibonacci sequence defined

by

(1) H = Hn—l +H (n 2 3), with H; = p, Hy =p+q,

p and g being arbitrary integers. In a later article [2], he defined Fibonacci and general-

ized Fibonacci quaternions as follows, and established a few relations for these quaternions:

) Pn - Hn " iHn+1 * an+2 * an+3

@) Qn - Fn * iFn+l * JFn+2 * an+3 ’

where

(4) i2 =3 =k =1, ij=-ji =k, jk=-kj=1i, ki = -k =j,

and Fn is the nth Fibonacci number. He also defined the conjugate quaternion as

() Py = Hy - iHp .y - 8y - KH g

and Qn in a similar way.

We shall now establish a few interesting relations for these quaternions. Let Rn be

the quaternion for the generalized sequence Mn defined by

(6) M o=M _ +M , @23), with My =xr, M =71+s

Then from (2) and (5),

(7) P =2H -P
n n n

Also,

(8) R =2M -R
n n n
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Hence

9) PR -PR =2MMP -HR).
n n n n n n n n

Similarly, the following results may be obtained:

P + =22M P +2H R - P R )
n n nn n n n n n n
PR -PR =2HR -2HM +MP)
n n nn n n n n n n
PR +PR =R +P
n n nn n n n n
PR -PR =RP -RP =20MP -HR)
n n n n n n n n n n n n
PR -RP =PR -RP =RP -PR
n n n n n n n n n n

It may also be seen that P. R # R_P unless P_ = R_, whereas,
n n n n n n

(10) PP =P P =2HP -P
n n n n

Some of these results have been obtained earlier [3] for Pn and Qn’ which may be de-

duced by assuming r = 1, s = 0 in which case Mr1 = Fn and Rn = Qn. Now consider

F F

+
m+1 Pn+l m Pn

- (Fm+1Hn+1 * FmHn) * 1(Fm+1Hn+2 * FmHn+1)

F H )+ k(F H +F_H ).

* J-(Fm+1Hn+3 * m n+2

m+1l " n+4 m n+3
It is also known [1] that
an Hm+n+1 = Fm+1 Hn+1 * FmHn - Fn+1 Hm+1 * FnHm'
Hence we have
Fm+1 1:'r1+1 * Fm Pn = H;m+n+1 + iHm+m+2 * me+n+3 * ka+n+4
= Pm+n+1
Thus,
(12) Pm+n+1 = Fm+1 Pn+1 * Fm Pn - Fn+1Pm+1 * Fan :
Also
(13) P2n+1 - Fn+1Pn+1 * FnPn
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and
(14) P2n - Fn+1 Pn * FnPn—l - FnPn+1 * Fn—l Pn
It may also be verified that
P =7 = _ _ (p2 _ _ o2
(15) Pn Pn Pn Pn 3@p q)HZn+3 ® pd - q )F2n+3 ’
where use has been made of the relation [1]
(16) Hn+1 = an * pFn+1
Hence from (15) and (16),
-5 - a2 2 2

Pn n Pn n 32pq a )F2n+2 0% +q )F2n+3

(17) - 2 2
= 30 Fy g T 200y o T AF,y )
Hence
55) = - 2 2

(18) PoPy t Py 1 Phg 7 30 Ly 2pal, g iy )
Also from (12) we have

2 2 - _ ) =

Pn * 1:'n—l 2(HnPn * Hn—lpn—l) (PnPn N Pn—lpn—l) :

Using (13) and (21) we get

2 2 - _ 2 2
(19) Pt Ph1 T 2Py g m 30 Ly o T 2paly g Y@ty )

If p =1, q =0 then we have the Fibonacci sequence Fn and the corresponding quar-

ternion Qn for which we may write the following results:

(20) QnQn = anQn = 3F2n+3
(21) Qnan * Qn—lan—l = 3L2n+2
(22) Q¥ Qh g = 2Q 1 - 3Ly

Similar results may be obtained for the Lucas numbers and its quarternion by letting
p =1 and g = 2 in the various results derived in this article. Also, many other interest-

ing results for these quarternions Pn and Mn may be obtained.
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