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1. INTRODUCTION

In {3] M. Ward showed that a general non-degenerate integral linear recurrence of or-
der two has infinitely many distinct prime divisors. He conjectured that the result was true
for linear recurrences of higher order (again excluding certain degenerate ones) and, indeed,
confirmed this in [4] for the case of cubic recurrences. Here we prove Ward's conjecture;
the method is straightforward and uses the most elementary form of p-adic analysis. We end
by discussing the limitations of the method together with the problems it raises and posing
further questions concerning divisors of recurrences (especially in connection with the work
of K. Mahler).

2. STATEMENT OF THE PROBLEM

2.1. Let the polynomial f(x) = x" - am_lxm_l -

no root nor ratio of distinct roots a root of unity. Say

- -—ax -3, E%E[x], m > 1, have

m
fix) = T (x - 91) ,
i=1

where the 9i are algebraic integers. Put K = @, ---, Gm); it is a normal extension of
the rational field Q.
W = {wo, Wis * 0t Wi, } is a (integral) linear recurrence with companion poly-
nomial f(x) if given wy, wy, -+, Wy, ; € Z, notall zero, we have
Votm T fme1Wneme1 T T #1 Ve T 2%y o

for all non-negative integers n. Thus all the terms of W are rational integers.
2.2. We can assume that a; # 0 since otherwise we would have alinear recurrence of
degree less than m.

All the roots 64, ---, 8, are distinct, so we may write
2.1) Dw_ = Afy + .. +A_6°
n m m

for all n, where the Ai are algebraic integers in K and the rational integer D is the dis-

criminant of f(x).
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If at most one of the Ai of (2.1) is not zero, then we have a degenerate recurrence
and this we exclude. Hence we may assume that AjAy -+ Ay, # 0 and m = 2 since other-
wise we would use (2.1) but with the zero Ai's deleted.

To make the exposition clear, we shall assume that f(x) splits in Z[x], i.e., that
91, ..., 0 m are rational integers. The following proof remains valid in general (with prime
ideals replacing rational primes, etc.) apart from one step and this we shall deal with at the
end of the present proof.

2.3. Aninteger n is a divisor of W if n divides some term wo of W. We shall
be concerned with prime divisors of W. If a prime p divides all the roots 8, - - - ,Gm then
p divides all the terms Wy of W with t = m; these divisors (which are called null-divisors)
are of no interest to us and we eliminate them. Let u = g.c.d. (91, -++, Om) and rewrite
(2.1) as

6;\n 6 _\n
un(Al _) + ... + A _2) )
n u m\ u
(2.2)

un(A18§1+---+A 8“) )
m m

o
<
I

with &, = 9i /u forall i =1, -, m. It follows that given any prime p, there is at least
one Si which is not divisible by p. This fact we will need in the subsequent proof.

2.4. From now on we will agsume that the recurrence W given by (2.1) has only a
finite number of prime divisors. It follows from (2.2) that there are only a finite number of
primes, say py, ', p, which are prime divisors of the integers Un = A18111 +oae Amsg1
for all n = 0, 1, 2, ---. Essentially we prove that this assumption implies that the terms

Un assume the same integer value for infinitely many distinct values of n.

3. THE ANALYSIS

3.1. Let p = p; be one of the primes py, ---, pt which divide some Un' From the
construction in 2.3, we know that some 8i is not divisible by p — say &y, ---, Sd d =

d(i) = 1) are p-adic units and & -, & are divisible by p.

FTES
For the moment, we will assume that

n n
(3.1 Ady +r +AS, =0
for only finitely many n € Z, n=>0.

Let k = k(i) be such that A161f+ e +Ad615 # 0. Say A181f +oeee +Ad8§ = 0 (mod
pS) but A16§{+--- +Ad6§ £ 0 (mod ps+1) for some integer s = s(i) = 0. Foreach j =
1, -+, d, there exists a positive integer bJ. such that

b,

1

SjJ = 1 (mod pS+ ) .

Nowput b = b(i) = byby +++ bg. Then for each r € Z such that v = k + rb > s, the ration-

al integer
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= \4 Voo \4 \4
UV = Ad + ... +AmE>m = AS) + .- +Ad6d
= A1811{ + e+ A LSS (mod pS+l)‘
d'd
Thus for allv = k+rb = s, the terms UV are exactly divisible by pS.
3.2. Now repeat the argument of 3.1 for each of the primes py, ---, Py - It is clear

that provided the assumption (3.1) holds for each of these primes, the value selected for k =
k(i) can be chosen to be the same for all py, -« -, o Assuming then that (3.1) holds for each
gy of {up, n=0,1,--} for
all r € Z with v(i) = k+ rb(i) = s(i), all of whose terms are exactly divisible by ps(l).
Therefore for all r € Z such that v = k + rb(1)b(2) - -+ b(t) = max (s1), ---, s(t),
the infinite subsequence {UV} of {Un} takes on the form =N for some fixed integer N

P i=1,---,t, we have constructed a subsequence Uv(

(since the primes p;, - -, p, are the only prime divisors of terms of this sequence {Un}
of rational integers).

3.3. Now both the derivation in 3.2 and the denial of assumption (3.1) for some prime
among py, ---, Py give rise to statements of the form: "A16111 +oee. o+ AfSEl takes the same
value for infinitely many n &€ Z, n = 0." Here Ai and 61 are non-zero algebraic .inte-
gers (actually we have assumed they are rational; see 2.2) and f= 2 (f = m = 2 for the
derivation in 3.2 and for (3.1) to be false we must have f = d(i) = 2).

By p-adic methods (see for example K. Mahler's article [1]) we can conclude from
this that some ratio 8i /6J., i #j, is a root of unity and hence 91 /9J. = uSi /qu is a root
of unity. This contradicts our initial hypothesis and so the assumption that the recurrence

W has only finitely many prime divisors is false.

4. REMARK ON THE GENERALIZATION OF THE PROOF

We need consider the case when f(x) does not splitin Z[x] and so 6y, ---, Gm are
not rational integers but only algebraic integers. As we remarked in 2.2, we use prime
ideals p of the normal extension K instead of rational primes p and p-adic analysis in-
stead of p-adic analysis. This part of the generalization causes us no trouble but there is a
slight difficulty in getting rid of the null-divisors of W in 2.3 and forming Eq. (2.2). There
weput u = g.c.d. (@, -, Gm) and subsequently considered the sequence Un = A16111+

-+ AmSg[1 of rational integers — and the fact that the U[1 are rational integers is impor-
tant in Sec. 3.2 where we used the fact that the only units in the rationals are +1 (and there-
by deducing that we obtained an infinite subsequence {UV} of {Un} taking the values N for
some fixed N € Z). To overcome this we let q;, -+, qg be the set (possibly empty) of all
rational primes dividing g.c.d. (a, ---, ay_1), the coefficients of f(x). In the normal
extension K = Q(6,, ---, 6y,) let the ideal (qi) have prime ideal decomposition

.
= .. 1 =
@) = Qi) Giy) - 4EE 4 7O

Now each prime ideal gi(k) contains all 84, -+, Opy; let Bi(k) =1 bethe highest power of
ik) dividing all 64, ---, Om. Since K is normal we have
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Bi(l) = ﬁl(z) = ... = Bl(r) = ﬁi s

say. We do this forall i =1, ---, s. Put o = oy ---ag and then

B\
”( ! ) = (v ,
i,k\di(k)

Now instead of considering all terms w, of W we consider only the subsequence

where u is a rational integer.

{Wan} and (2.2) then becomes

Dw = A8 + ... +A_ 0" = J@asl+ - +A 80,
an m m m m

with Si = 9? /u forall i =1, ---, m. Here {Als? + .. +Am6;1n} is a sequence of ra-
tional integer terms and for any prime p at least one Si is a p-adic integer. The analysis

can now proceed as previously.

5. PROBLEMS CONCERNING FURTHER GENERALIZATIONS

5.1. One would suppose that the result established here canbe generalized to arbitrary
linéar recurrences, not just those W all of whose terms are integers. However, our
method of proof breaks down in this general situation since in Sec. 3.2, we needed the fact
that there are only a finite number of units in Z

5.2. In [2], K. Mahler has shown (using the p-adic generalization of Roth's Theorem)
that in a non-degenerate linear recurrence of order two (with c.p. x* - Px + Q, 4p = Q% and
Q = 2) every infinite subsequence has an infinite number of prime divisors. Again one would
suppose that this is true for linear recurrences of higher order.

5.3. Let f(x) = x*-Px+Q€E Z[x], Q#0, and W=1{---, wg, Wy, ==, Wp, "** }
Wy, Wy € Z be a linear recurrence satisfying w .o =Pw ., -Qw, forall n € Z (we are
allowing the recurrence to go inboth directions so that nownot all terms are integers). Then
one can establish that if every prime is a divisor of W and Q = t1, then some term of W
is 0 and so it is essentially the Lucas sequence ---, 0, 1, P, --. associated with £(x).

Is this result true for arbitrary Q@ ?
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