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1. The Hermite polynomial Hn(x) may be defined by means of
‘ n
E ) 7z _  2az-z?
4 Hn (a) ° .IF = €
n=0

The writer [ 1] has proved formulas of the following kind.
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(1.1) E Hm+n(a)Hm(b)Hn(c) =TT

m,n=0
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m,n, p=0

= (1 - 4x? - 4y® - 4z2)"%. exp i —4a%(x% + y2 + z%) + 4ax + cy + dz) - 4(bx + cy + dz)2§
1 - 4x% - 4y% - 472
o0
(1.3) H @B, 0H_, (0532
' n+p p+m m+n " m!nlp!

m,n, p=0

- 1 4 2 - 252 - + 8 abx
i ] 3?‘ ) 2.a 4Facx 4ZabZ P y ,
WheI‘e

d = 1 - 4x% - 4y® - 47 + 16xyz

and Ta?, =a’x?, >abz, Zabxy are symmetric functions in the indicated parameters.
The object of the present note is to prove formulas of a similar kind for the Fibonacci
and Lucas numbers.
2. Consider first the sum w
s = Z F oo P FoX v
m, n=0
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Since
e Bn
Fn= —5 > a+p =1, of = -1,
we get
0

_ 1 E : m-+n m+n, m _n

S = m Fm Fn ((I - B )X y
m,n=0
- 1 ax ay Bx By
a - B -

1-ox -0 1-ay-a*y* 1-Bx-p%%1-8y-p%°

Il

1 { a?xy _ B2xy
C-PFla - 2@ - o - (A - efy) A - ap) - B2 - ofy) (1 - B%y)

= Xy A1 - BHx + y) + Bixy] - B2[1 - AA(x + y) + oxy]
@ - BT + x)(1 +y) (1-3x +x2)1 - 3y + y2)

Thus
oo
2.1) Fon P anmyn = xy - xty?
= 1+ x)1+y»Q-3x+x%)1A - 3y + y?)

Similarly we find that

0

(2.2) L F _F x7y" = 3 - 2K +y) + 3xy
* m+n - m n y 2 o
(1 +x(@ +y@-3x+x*)(1 - 3y + y?)

m,n=0
The sum

0

m _h
Lm+n Lm LnX y
m, n=0

is somewhat more complicated. We get

@2 - ax)@ - ay)[1 - p2x + y) + Blxy] + (2 - BxI@ - By)1 - o¥x + y) + olxy]
(1+x1+y@-3x+x2)1 - 3y + y?)

After some manipulation we find that

0

m n
(2.3) E Lol Ly Xy

m,n=0

_ 8- Ux +y - 22+ y¥) + 27xy + Txylx + y) + 3x2 y*

1+ %)@+ y@-3x+x2)@ -3y + y?)
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Recurrences of an unusual kind are implied by these formulas. In particular (2.1) yields

+
(2.4) Fm+n Fm Fn Fm+m—1 Fm—l Fn * Fm+n—1 Fm Fn—l * Fm+n-2 Fm-l Fn~1

= FZm FZn - FZm-Z FZn—Z ’

while (2.2) gives

(2.5) Lm+n Fm Fn * Lm+n—1 Fm—l Fn * Lm+n—1Fm Fn-l * Lm+.n—2 Fm-l Fn-l
= 3F F - 2F F - 2F + 3F

2m+2 Fan+2 2m T 2n+2 2m+2 ¥ 2n 2m Fan

It may be of interest to mention that the generating functions (2.1), (2.2), (2.3) can be

extended in various ways. For example we have

0
F xy - F_xykx + + F x?
(2.6) F F_ F men = _P*2 7 ™Y v p-2 Y
: m+n+p m n

mon=0 (1+x)1+y)@-3x+x)(1-3y+7y)

This in turn leads to the following extension of (2.4):

2.7 Fm+n+p Fm Fn * Fm+n+p—1(Fm—1 Fn * Fm Fn-l) * Fm+m+p—2 F:m—l Fn—l
- Fp+2 FZm an - Fp(FZm—-Z F2n * FZm FZn—Z) * Fp—Z FZm-Z FZn-Z
Since L =F ., +F , , itis evident that (2.6) and (2.7) imply
© L - L xylx +y) +L_ xty?
@.8) z : Lm+n+ Fanmen _ p+2 P p-2
el b 1+ + - 38x+x)1 - 3y +y)
and
(2.9) Lm+n+p Fm Fn N Lm+n+p—1(Fm-1Fn * Fm Fn—l) * Lm+n+p—2 Fm—l Fm—l
= Lo Fom Fan = Lp Tom 9 Fon * Fom Fon o) * Ly o Fom 2 Fon g o
respectively.
3. We consider next the triple sum
0
m n p
(3.1) E Fm+n+p Fo Fanx vz .

m,n,p=0

Exactly as above we find that (3.1) is equal to
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1 3 Bxyz
P - a0 - o - (A - afy)(1 - at2)(1 - afz)
_ B3xyz s
1 - oBx)(1 - B%)(1 - ofy)(1 - BZy)(1 - aBz)(1 - B2z?)
_ _Xyz g A1 - p2x +y + z) + Byz + zx + xy) - Bkyz]
@-p 1+x@ +y)A +2)(1 - 3x +x2)1 - 3y + y)A - 3z + z?)
g [1 - c?(x +y+2z) +dyz + zx + xy) - ofxyz] é
(1 +x0 +y@0 +2)0 -3 +x2)0 -3y +y)Q1 - 3z + z%)

Simplifying we get

§ : ‘ m n p
(3.2) Fm+n+me FnF Xy z
m,n, p=0

- 2 - (x +y+z)+ (yz + zx + xy) - 2xyz
(1 +x)0 + 9@ +2)@0 -3 +x2)1 -3y +y)A - 3z + z2)

= 1 -x01 -1 -2z +1 - xyz
1+x0 +y9@ +2@@-3x+=x2)1A -3y + )1 - 3z + z%)

The general formula of this kind can now be stated, namely

0 4 Dy
(3.3) n1+---+nan1 I‘nkx1 e Xy

ng,c e, nE=0

-1’ s
Tk k ’
I (1+x,)-0 (1-3x.+x%)

S U

J

t
where cj is the j h elementary symmetric function of xy, X5, "+, X}.
To prove (3.3) it is enough to observe that the numerator is equal to

k k
1 k k
—Jo~ 1 (1-8x.)- 10 1 -a*x,)

k k
_ 1 kz:_j Zj_kE:_j 2j
el (-1) cjﬁ B (-1) e,
j=0 j=0

k

_ 1 i kg2l 20k

——a_ﬁzl(l)cj(aﬁ g
3=0
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2 : j "E : j
S D'e, Fyy

2j<k 2j>k
- E 1Y _ E BTy
(-1) cJ. Fk-Zj (-1) Cej Fk_Zj
2j<k 2i<k
= - j -—
2 (-1) (cj ck—j)Fk_Zj
2j<k

In exactly the same way we can prove the more general result

e}
n
. I S
(3.4) E Fn1+- 1 Fn1 Fpy X4 X
Nyyevey nk=0
SN
(-1)’c. F .
J;) 7€ Ficep-a;
Tk k
I (1+x) 0 @1-3x,+x%)
=1 J j=1 J J
Hence we also have
n
- 2 : DL, g K
(3.5) Ln1+- + 0y tp Fn1 FnkX1 X[
ng, e ,0y=0
S
(-1)’c. L .
) i=0 j T ktp-2j
k k
O @1+x) I @~ 3%, + x2)
i=1 L i T
4. We consider next the series
e} 0
mnp_ 1 X n+p_antpy ptm pptmy, mtn o miny m on p
E Fn+pr+mFm+nX y Z o E @ -p" ") B ) e g )Xy z
m,n,p=0 ™ m,n,p=0
_ 1 3 1 g 1 R 1 1
(@-B)3 ((1-0%x) (1-0?y) (1-?z)  (1-0%x) (1+y)(1+z) (1-B%) (1+y) (1+z)  (1-B%x) (1-B%y) (1-B2z)
1 (1-p%) (1-%y) (1-B%2) - (1-x) (1-A?y) (1-a?z) 1 @ - B2)x

(@-B)3 (1-3x+x% ) (1-3y+y%) (1-3z+22) (@-B)3 T (1-3x+x%) (1+y) (1+z)
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It follows that

0

E ; m n p
4.1) Fn+pr+mFm+nx y z
m,n,p=0
_ 1 3x - 33Xy + 8xyz 1 Z X
5 2 2 2y b
(1 - 3x +x%)(1 - 3y + y*)(1 - 3z + z%)

(1-3x+x2)1+yQ1+z) '

It can be shown that the right member of (4.1) is equal to

4.2) q - 5T + 2pr + 2qr + r® - ¢
(1+x@+y@d+2z)@-3x+x*)1 -3y +y)A - 3z + z%)

’

where

p= DX q= )Xy, I = Xyz

A somewhat more general result than (4.1) is

E : m n _p
(4.3) Fn+p+er+m+rFm+n+rX y 2
m,n,p=0
_ 1 Far - Fap g Zx* Fg y 20XV - Fyy g%0E
5

(1 -3x+ x2)(1 - 3y + y2)@ - 3z + z%)

i (_l)r Fr - Fr_zx
5 E @ - 3x + x2)1 + YA + 2)

Similarly we can show that

[}

E : m n p
(4.4) Ln+p+er+m+er+n+rx y z

m,n,p=0

Loy = Lgp g 2% + Lgy 4 DXy - Ly, Xz

(1 -3x+x%)(1 -3y +y)1 - 3z + z2)

L - L b4
+ (_1)r'§ \ r r-2 ,

Lad(1 - 3x + )1 + YA + 2)
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We remark that the left member of (4.3) canbe transformedin a rather interesting way.

Put
m' = n + p, n' = p+ m, p' = m+n .

Then
(4.5) -m' + n' + p' = 2m

m' - n' + pl = 2n ,

m' +n - p = 2p
so that
(4.6) m' +n" +p'" = 0 (mod 2)
and
(4.7) m'= n'+p, n = p +m', p = m-+n'.

Conversely if m', n', p' are nonnegative integers satisfying (4.6) and (4.7) then m, n, p as
defined by (4.5) are also nonnegative integers. Hence replacing x, y, z by vw, wu. uv,

(4.3) becomes

ml nl pl
4.8) E F oty Tty Fp'+ru VoW

ml’nl,pl

2 2 2
FSr - F3r_22uv + F3r_4uvw Z u - F3r—6u VW

(1 - 3vw + v¥?w?)(1 - 3wu + w2u?)(1 - 3uv + ulv?)

_ -1 2 b Fp= Fp W
g (1 - 3vw + Vw2l (1 + wu)(l + uv)

A similar result can be stated for (4.4).

=1
5
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