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Let (F, ) be a Fibonacci-type integer sequence satisfying the recurrence relation Fp, = pF,_ 7+ gFp2
fn = 2 in which p2 +4g + 0, andlet {L,) be the corresponding Lucas-type sequence, as deseribed in [2].
The object of this note is both to generalize Ferns’ theorem [1] on the expansion of

FX1+X2+"‘+X,, and LX7+X2+'"+X"

and to simplify the proof. Ferns' theorem was proved for the case when (F,) and (L,) were the Fibonacci and
Lucas sequences, respectively, so in the statement and proof of the theorem the reader may interpret (F,) and
{L,) as the ordinary Fibonacei and Lucas sequences, if he so desires.

Let

Sp = TF,. F

i1 Friy F

. Lo L.
Xik LXI 7 Xin-k
where the sum ranges over all permutations (ij, -, ix, j7, =, Jg-k /) of (1, -, n) such that

1 <iy <ig <ig<n and 1 <j; <jo< = <fpk<n,

for 0<k<n. Letaand fbe the roots of xz—px—q andlet A=F;—FpB, B=F;— Fpa.ThenA + 0 and

B+ 0 (see [2]) so that .
_ L7+dF1 - L7—dF1
*s < 24 ) - P ( 25 |’

where
d=JF+ag .
Then the generalized version of Ferns’ theorem may be stated in the following way.
Theorem: \f
So =Sp+d?s8+d%sy+~ and I, = dST+d38G+d%SL+ -
then § ) ‘ l
= _l_. ___1.._ _ 1 + _Z.__ + _7__ >
FX,+X2+"'+X" 2/701 ? ( An—i Bﬂ—7 ) ze ( An—i 817'7 9;
and
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Lx ptxgttxp = E; )(—An—7+ Bn~—7) Zot (An—I Bn-—i) Z°§

Pmof: It is well known that if  is a positive integer

r r
Fr= Aaa:gﬁ . Ly=Aa"+Bg" .

Therefore,
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_ L +dF, _L,—dF,

r r
a 24 B 2B

Therefore

2%([.)(7.;.)(24-... +Xp + dFX 7ixot +Xn}

X ptxgte+x
= q 17Xt n

1
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(Lyy#dFx Nlyy# dFyy) = (Ly, +dFy, )

Similarly

7
EE (LX1+X2+"'+X,-, - dFX7+X2+"'+Xn)

= L (58— dsP+d?Sh— . +(~1)"d"S") .

27g"
The theorem now follows by addition and subtraction.
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