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1. INTRODUCTION

If we consider f{x) such that the power series expansion of #x/ is given by
(1.1) fix) = 9, fax" .
=0

then f{x/ is called the ordinary generating function of the sequence { fn }

We define the generating function for the K power of 7, as

(1.2) felx) = 2 fExm
n=0
The complexity of expressions which involve f,f increases as & increases. This makes it increasingly difficult to
determine 7i{x/ by the methods described by Heggatt and Lind {2]. Riordan [5] devised a method to overcome

this, His approach depended basically on the expansion of f,": by the binomial theorem and subsequent examina-
tion of the coefficients. Carlitz [1] applied this to the more general relation

(1.3) Up = PlpeqtQuno (n>2), ug =1, uy=p.

He then developed an elegant approach which employed a special function of x and z and depended for success on
the identity u,+7u,7 —u;, = g¢”. Because it is so elegant and because it has appeared hitherto in abbreviated
form in papers by Carlitz, Riordan, and Horadam [3], it is propased here to apply it to the Fibonacei sequence and
to expound it in sufficient detail for the general reader to be able to foilow it. I is worth pointing out that Kolodner
[4] used another approach in which he exploited the fact that the zeros of % — 27¢05 0 + 7, with any 0 real or
complex, are /9 and 79, the powers of which are easily managed.

2. CARLITZ METHOD
Following Carlitz, we write

2.1 Fixz) = ) (1—aka)(1 = b¥x)ffx) ;//; ;
k=1

where @ = %(1+J5) and b = %(1 —/B) satisfy the auxiliary equation xZ —x—7 = 0 If we expand this,
Fix,z} using the power series expansion of fog (7 + 2/, we find that
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oo

bk — .
Fixz) = D (1—a"+ b8 c+ (ab)“x2) 2= 3 £
k=1 j=0

= —}:xilayﬂ— fj-z)+ij+7/ag(7—asz)

j=0 j=0
+§: X1 Jog (1 - bf;z) - Z x/*2 log (1+fz)
=0 j=0

= —logf1—foz) +xlog(1+Ff_42)

+x Z xj/ag (1- (a+b}sz+abfj222}
/=0

-x Exi/ag(l ~fjr12) —x ij/og (1+f;42).
j=0 =0

. _f2_ i1
Since fj+77‘j._, 7; (—7)=", it follows that

(1= G120 #fi_12) = 1~ (fp4q = Fi1)2 = Frug £-127
= 1-fz— (7 - (-1V)F2 .

These last two lines are the crucial steps because they make it possible to eliminate terms in z from the numerator
in the next few lines. It is the inability to do this with higher degree equations that seems to make the method break
down then as will be pointed out later.

Flx,z) = —log (1 —fgz) +xlog (1+f_42)

+x 3 Xl log (1 fiz - 17 2°)
(2.2) =0

~x D X log (1~ fz— (£ = (-1)1)22).
=0
The last two terms can be combined to give
o . _ j 2
N R e I B
=0 1-fiz—fjz s
where there is no z in the numerator. This becomes

X 3 Y (=1)17%
> r 2. 27
=0 r=1 (I—sz-—sz)

(2-3) oo [~-] oo
. rtrj
- j (=177 2 > ) k=2r
X E X E p z agrlfiz)
=0 r=1 k=2r
The numbers ag, are, in a sense, the convoluted Fibonacci numbers;” they are generated by the rth power

of the ordinary generating function for Fibonacci members. They will be considered in more detail inSection 4. (2.3)
becomes -

& ’.th
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x Y (—Ii’*”' 3 g k2

/=0 r=1 k=2r

in which [k/2] is the greatest integer function: it represents the integral part of the real number £/2.
If we replace this in (2.2) we get

F(x,z) = —log (1 —fgz) +xlog (1+f_;2)

o k2] o _
( +X Z X (—_rl agr Z f/-k'2’((—7)’x)’
2.4) k=1 r=1 /=0
oo [k/2] ’
= —log (1 —fgz) +x log (1+1_72) +x Z Fal Z (—_—;7—)— agrfe-2(1—1)"x) .
k=1 =T

Comparing coefficients of 2% we get

fk (~f )k [k/2] r
Pt1—aext (0" P)etn) = Lox—1—+x 37 EIL o f-al-1")

r
=1
where 2 isthe k%' Lucas number. Thus,
[k/2]
(2.5) (1= x + (1) X2 )fielx) = 1+kx Z (—1) (ag /1) i ((—1)"x) ,
r=1

which agrees with the result obtained by Riordan’s method [5]. For example, put k=2, and

1+2x (~1)1)fpl-x) = 1~ 2%

1-3x+x°)f
(1—3x +x<)falx) T

which gives

falx) S 3 SE—
1-2x—2x2+x%

]

3. THE COEFFICIENTS OF f¢(x)

It is still necessary to look more closely at the coefficients, especially for high k. Carlitz’ approach here is also re-
warding to study. Applying his method to the Fibonacci coefficients we get from before

nt+1 n+l \ k
fkm=z<a———b )
n=0 \/E
k

52 3 ( k ){ak—sbs+32k-2$b23X+a3k-.3sb35X2+ -
s=0

(3.1)

k
= 5k2 %" ( f) a*=pS(1 - a*psx)7
s=0

Define,
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k
Dilx) = T (1-a%"5h%x)
s=0

and write filx) = Fgl(x)/Dg(x), where Fg(x) is a polynomial of degree <k (k > 7). We show that the coef-
ficients of these polynomials satisfy certain recurrence relations and can be determined explicitly.

©o k
n+7 n+1 n+1 n+1
—b a —-b n
ferrlx) = ) (a ) ( ) X
P NG 5

oo k k
(3.2) a_ a”+7—b”+7) n__L( a”"’—b””) n
g NG ( ~——-—————\/§ . (ax) NG ———\/5_ (bx)

=4 fk(aX)_\/—l',E— filbx) .

Then g
(33) Frr1(x) _ & Felax)  p Fylbx)
' Dg+1(x) /5 Dilax) /5 Dylbx) ~

Now,

k+1

I (7-ak"TSpsx)

D) _ 50 = (1-bK"x) .
Dylex) k

M (7-a%*T5p5y)

s=0
Similarly,

Dit1lx) _ (7 _ k1,

Dy (bx)
Whence from (3.3) we get
b k+1
(3.4) Freglx) = =2 (1= 65" x)Fpfax) — == (1% Tx)Fy bx) .
k+1 \/E k \/g k
Put
k
(3.5) Fk(X} = Z stxs
5=0
and it follows from (3.4) if we equate coefficients of x/ that
J+1 ajbk+7 Vel k+1bj

Fir1j = 5175—7 Fig == = Fri-1 *6‘—5— F.

= fiFiit (= 1) o) Fic jot

(3.6)

which is an expression that enables us to find Fg(x) explicitly. We still need to find Oy and to do this we need the
following piece of algebra.
It can be shown easily that
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3

I (1-2%) = (-1)%29%0 + (~7)7 (*-1) 0,1
=0 (z—1)
) g2 =P 1) 1,2, 3 (20— - 2 1) 3,3
(z—1Nz%=1) (z— 1022 = 1)z - 1)
4
et = - )P - 1) 64 - 3 (1 )2%3(5-1)[4])(5
(z = 122 = W3 = 1)2% = 1) pourt *
where
[6] - [1]- s etenan o).
(z—1z% 1) (5= 1)

More generaily we have that

k k+7
(3.8) I (1-2%) = E (—1)87%s(s=1) [k: 7] x5,
where s=0 s=0
n (z— N2 =1) (2= 1)

Tk 1
S
replace z by b/a, and

[k + 1] _ (tb/a)** T — ltbsa)® = 1) - (tbsa)* 2 = 1)
s ((b/a) — (b/a)Z = 1)~ (16/2)° — 1)
$

> (1+s)
— 82

(%" —a¥* )bk — g*) - (72
S
=—{2k-s+3)
a2 (b —a)(b? — a?) - (b5 -a°)
= gksrsls-1) ket “Thests  pstsfs-1) {4}
f0f7 fs__1 sy

Thus if we replace x by a%x in (3.8) we get

k+1
(3.9) Dylx) = E (_7)%s(s+1) {f}xs
s=0

since ab = —1. This completes the examination of the nature of the coefficients of fi(x).
4. CONVOLUTED FIBONACCI NUMBERS
We shall now review briefly the so-called “convoluted” Fibonacci numbers [5]. ay; satisfies the recurrence relation
(4.1) agj— Ak-1,j— 8k-2,j = 8k-2,j-1- k>2j+2 .
Moreover, it is convenient to write
axj =0, k<2.
By definition,

I - k-2j
ajlx) = D agix"<
k=2j
Consider
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(1—x —xz(a,-(x) = agjjt (32j+1,/ - agj,j)X + (32_,'4.2,] —agi+1,j— agj’j)xz + oo

= agjjtagi1X +agigj1X +agjgx’ +
= a2+ 82j-1,X ~ 8221 82j-2,j-1 * 82j-1,j-1X +ajj1x° +
= aj_j(X}

since agj = 0, k < 2. Thus

4.2) (7—x—x2}ja-(x) = (I—X—lej_Ia-_ (x) = (I—X—lej_za-. (x) = (1=x—x%)aslx) = 1.

7 'j~1 j-2 1

Hence .

@3) ax) = (1-x-x2)" = {i)} 7,

where f{x) is the ordinary generating function for Fibonacci numbers.
5. PROBLEMS FOR FURTHER STUDY

Consider the third-order recurrence relation.
(5.1) Ky =Kp-1+Kp2+Kpz (n > 3)
and the sequences

)
g,

~

NS

1, 2, 4, 7, 13, 24, 44, -, K, -
1, 2,3 6 11, 20, 37, -, Ly -

~

in which
L0=K1—K0, L1=K2-—K1,
and for n > 2,
Lp = Kn-1#Kp-2 .
Using a simple induction proof and matrix and determinant theory, we can show that
Knt1 Kn-1 Kp 171 1)
|

Kn Kp2 Kpegf=1700 =1.
Kn-1 Kn-3 Kp-2 010
Similar treatment with a fourth-order recurrence relation and the sequences
0,0 1 1, 2 4, 8 15 29, 56, . M,, -
0,1, 0,1, 2 4, 7 14, 27, 52, -, N,, -
1, 0, 6, 1, 2, 3, 6 12, 23, 43, -, 0,, -

(5.2)

~

~

yields )
Mn+3 Mpro Mpsq Mn
Mn+2 Mn+1 Mn Mn—I

(5:3) Mpt1 Mp  Mpg Mp2|~ (=1)"
M, Mp-1 Mn-2 Mp-3

Ordinary generating functions for these are easily found, but what about generating functions for the powers of the
numbers? The forms of (5.2) and (5.3) by comparisen with

Upiqlp-7—t2 = g2 and fppsfyq—12 = (1)

rule out Carlitz’ method for finding the Kt power generating function for third- and fourth-order recurrence re-

lations. The complexity of the multinomial coefficients would seem to make Riordan’s approach break down.
Kolodner’s dependence on quadratic equation theory makes it difficult to extend his method to general cubic and
quartic equations. What approaches then can be used for recurrence relations of order greater than the second?
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A CONSTRUCTED SOLUTION OF ¢(n) =ao(n + 1)
RICHARD GUY
University of Calaary, Calgary, Alberta, Canada
and
DANIEL SHANKS
Computation & Mathematics Dept., Naval Ship R&D Center, Bethesda, Maryland 20034

With ofn) the sum of the positive divisors of 1, one finds that

(1) afn) = ofn+1)
for
(2) n = 14,206, ---, 18873, 19358, ---, 174717, ---.

Sierpinski [1] asked if (1) has infinitely many solutions. Earlier, Erdds had conjectured [2] that it does, but the
answer is unknown. Makowski [3] listed the nine solutions of (1) with n < 70% and subsequently Hunsucker et a/
continued and found 113 solutions with n < 707. See [4] for a reference to this larger table.

It is unlikely that there are only finitely many solutions but, in any case, there is a much larger solution, namely,

(3 n = 5559060136088313.
It is easily verified that the first, second, and fourth examples in (2) are given by
(4) n=2, n+i1=23"g,
where
(4a) g=3m"1_4 p=(3Tg-1)/2
are both prime, and m equals 7, 2, or4. One finds that
(4b) ofn) = oln+1) = é (9m*1 13)—6.3™ .
The third and fifth examples in (2) are given by
(5) n=3"g, n+1=2p
with the primes
(5a) g =3"7"_1q p=(3"qg+1)/2
for m=4 and 4 Then
(5b) ofn) = ofn+1) = L (gm*1+9) 1537 .

Our new solution (3) is given by (5 — 5a) for m = 16, But there are no other examples of (5) or (4) form <44.
While we do conjecture that there are infinitely many solutions of (1) we do not think that infinitely many solutions
can be constructed in this way. D.H. and Emma Lehmer assisted us in these calculations.
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