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1. It is well known (see for example [2, p. 14] and [1]) that the number of sequences of zeros and ones of
length n:

(1.1) (ag,az, -, ap) faj=0 or 1)

in which consecutive ones are forbidden is equal to the Fibonacci number F,.o. Moreover if we also forbid
ay; =ap =1, then the number of allowable sequences is equal to the Lucas number L,,_;. More precisely, for the
first problem, the number of allowable sequences with exactly & ones is equal to the binomial coefficient

Tn—k+1
VoK

for the second problem, the number of sequences with & ones is equal to
(n—k+1> _ (n—k—l)
k k-2
We now define the following functions. Let
(1.2) fink) = Zq1*222* *nan

where the summation is extended over all sequences (1.1) with exactly & ones in which consecutive ones are not
allowable. Also define

(1.3) glnk) = 2:qu,311L232.,L.,.+na,r, ,

where the summation is the same as in (1.2) except that a7 =a,, = 7 isalso forbidden. We shall show that
(1.4) f(n,k) =qk’{n—lz+7 ]

and

(1.5) alnk) = g** [T T] g kT

where

(1.6) [e] - (1=q"N1=g"")(1-¢g"*"")

(1-a)(1-q7)~(1-g")
the g-binomial coefficient.
These results suggest that we define g-Fibonacci and g-Lucas numbers by means of

(1.7) Frerla) = 25 "<
2k<n

(1.8) Lnlg) = Fpeolg) —q" Fpoo(qg) ,

where
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(1.9) Freala) = 3 q®H 0 kT
2k<n ’
It follows from the definitions that
(1.10) Fri1(a) = Fola) = "7 Fp_y(q)
Freila) = Fola) = ¢""TF7 () .
Thus
(1.11) Lolg) = Foiqlg) +q"(Fplq) — Fp_o(q)).

However, L,(q) does not seem to satisfy any simple recurrence.
2. Forthe first problem as defined above it is convenient to define fj(n,k) as the number of allowable sequences
with exactly & onesand a, =/, where j=0 or 1. It then follows at once that

(2.1) foln,k) = fgln — 1, k) +f1(n — 1,k) (n>1)
?gdZ) filnk) = q"foln—1,k- 1) (n>1).
Also it is clear from the definition that
(2.3) fln,k) = foln,k) +fq1(nk) .
Hence, by (2.1),
(2.4) fin,k) = foln+1, k).
Combining (2.1) and (2.2) we get
(2.5) foln,k) = foln —1,k) +q" fgln = 2,k — 1) (n>2.

This formula evidently holds for & = 0 if we define f(n, —7)=0
It is convenient to put

(26) o0k = {5 K39,
Also, from the definition,
(27) fol1k) = {5 %29
and
{7 (k=0
(2.8) fol2k) = <q (k=1)
é 0 (k>1)
It follows that (2.5) hiolds for n > 2.
Now put
(2.9) Dlxy) = Y folnkx"yk .

n,k=0
Then, by (2.6), (2.7) and (2.5),

Bluy) = 14x+ D D { foln—1,k)+q" " fin -2,k - 1)} x"y*
n=2 k
= 1+x®lxy) +gx2y dlgx, y),
so that
-1 qxzy
(2.10) D(x,y) % +7-x Dlgx, y).

Iteration of (2,10) leads to the series
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= K2 2k k

(2.11) Dlxy) = 97)7’;27} ,
k=0

where

(dksq = (1—=xH1—qgx) —(1—g¥x).
Since

(X)kl./.y =Z [k;s:ﬁ Xs'

where s=0

is defined by (1.6), it follows that

d(xy) = Z qk2X2kyk Z [k:sJ X5
k=0 s=0
o o
_ Z Z gk [nkk]Xnyk

n=0 2k<n
Comparison with (2.9) gives
(2.12) foln) = ¢ " K]
Therefore, by (2.4),
(2.13) fin,k) = qkz[ n _/f * 1]

3. If we put

(3.1) fin) = ., fink),

2k<n+1
it is evident that

f(n) = 2q31+232+"'+”an

’

where the summation is over all zero-one sequences of length n with consecutive ones forbidden. This suggests
that we define

(3.2) Frerla) = fn—1) = 3 q¥ [";k_l (nh>0.
2k<n
We may also define
(3.3) Folg) = G, Fqilg) = 1.
The next few values are
Falg) = 1, F3lq) = 1+q

Fylg) = 1+q+9%  Fslg) = 1+q+q2+q°+q*
Felg) = 1+qg+q2+q3+2g%+q%+4¢°
Flq) = 7+q+q2+q3+2q4+2q5+246+q7+q8+q9_

It is evident from the above that F,(7) = F,,, the ordinary Fibonacci number. To get a recurrence for F,(g) we
use .
n| - n-k| n—1 n—1
[f] = ezl L]

Then, by (3.2),
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Fovafa) = Fafa) = 3 € ([ 7% -
k

Fn—k-—1 _ k2 n-2k[n—k—1]
k ])~Zq q !- k=1 j
- k

- _142 e 1 - 2 ke —
=anzq(k1_; tnkfji ___qn7>::qk[n I/: 2] )
k

5
so that

(3.4) Fpe1lg) = Folg) +q"™ 7 F,_s(q) (n>1).

This of course reduces to the familiar recurrence F,+7 = F,+ F,-7 when g=1.
It follows easily from (3.4) that F,(g) isa polynomial in g with positive integral coefficients. If d(k/ denotes
the degree of Fi(g) then d(1)=d(2) =0, d(3)=1, d(4) =2, d(5)=4, --. Generally it is clear from (3.4) that

(3.5) din+1) =n—1+dn~-1) fn > 1)
Thus
d2n+1) = 2n~1+d(2n - 1), d(2n) = 2n -2 +d(2n - 2),
which yields
(3.6) d(2n+1) = n?,  dl2n) = nfn—1).
If we replace ¢ by q"’ we find that
l:n] N k’-nk[ n]
k|9 k|-
Hence :
(3.7) Fasrlg™) = 30 ¥k 7ok
It follows that 2k<n
2 n 2 [~
9" Fanerla™") = Y g/ {2",: k]
k=0 -
(3.8) n—1
g"m 1V, (g71) = E g (=) (nk=1) [LG —lf - 1]
k=0 i
It follows from (2.11) and (3.2) that
bl =, k* 2k
(3.9) D Faerlghx” = =
n=0 k=0 Xk+1

G.E. Andrews proposed the following problem. Show that Fp+1(q) is divisible by 7 +g +---+qp’7, where p
is any prime = +2 (mod 5). For proof see [3]. This result is by no means apparent from (3.2). The proof depends
upon the identity

,
(3.10) Fner = (—”"X%k{%”[e?kﬂ ’

k=-r
where

elk) = [%(n +5k)], r=[+(n+2)]
In general it does not seem passible to simplify the right member of (3.9). However when x =g itis noted in [3]
that

oo 0o kz o _ )
(3.11) 7+Z Fn(q)qn = E ?7_= I (7—X5”+7) 7(7_X5n+4} 7 )
n=1 k=0 Tk n=0
4. We now turn to the second problem described in the Introduction. To determine gfn,k) as defined in (1.3)

it is clear that
(4.1) gin,k) = fln,k) —hink),
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where A(n,k) denotes the number of zero-one sequences (2 1,42, -, 3,) with k ones, consecutive ones forbidden
and in addition a7 =a,=1. Then ap=a,.; =0 while a3 and a,_o {if they occur)are arbitrary. Thus, for n >4,
k=2

hink) = g 1*2002 g, 4k 2y = g3 gy 2 p—2),
so that (4.1) becomes

4.2) gink) = fnk) —q™*2k3fn -4 k- 2).
Combining with (2.13) we get
(4.3) gink} = qkz[n—i+7]_qn+fk—-1}= l‘_n;/_(; i'J (h>4 k>2) .

As for the excluded values, it is clear that

(4.4) dng) =1, gnt)=q[7]  (n>1).
Also it is easily verified that -
9(3k) = 0 (k=2),

so that (4.3) holds for all 7 > 7. Itis convenient to define

{4.5) 9(0,0) = 1, glok) = 0 (k>0).
Now put
(4.6) oln) = D glnkl.
2k<n+1
Then by (3.2) and (4.3) we have
(4.7) gln} = fin}—q"Fln -4},
where
v "‘ +2)* —k+
(4.8) fin) = 2, q'%*? I:” k ’_] .
2k<n+1
it is easily verified that
(4.9) Fin)=fln—-1) = ¢"" ¥ ln-2) .
We now define
{4.10) Lofg) = Fhiolq) —q" F;_o(q) in=2),
@11 Freqlg) = fln—1), Folg) = 0.
We have
(4.12) Frerlg) = Filg) = ¢" T Fp_4(q) ;

this recurrence should be compared with (3.4).
The first few values of Z,(g/ are
Lofg) = 1+q+q%  Lslg) = 1+g+¢%+q% .

Lalg) = 1+q+q2+q3+29% 445,

Lslg) = 1+q+q2+q5+20% +20° +q®+q7 +q% .
It follows from (4.8) that

(4.13) S Frealaix® =3 g%k fxdss
n=0 k=0

The first few values of Fj,(g) are
1(9) = g, Folg) = g, F3lq) = g +47, Falg) = g +q%+4°,

Fslg) = g+q*(1+q+¢%)+q°  Filg) = q+q*(1+q+q%+q%) +q%(1 +q +42).
Thus, for example
Lalg) = Fglg)—q?Falg) = (1+q+q%+q°+2¢% +q%+46) -4,

Lslg) = F7lg) —q®F3lq) = (1+q+q2 +q3+2¢% + 205+ 2q5 +¢7 +q8 +4%) - 4%1q + %),

in agreement with the values previously found.
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It would be of interest to find a simple combinatorial interpretation of F,(g).
5. By means of the recurrence (3.4) we can define F,(g) for negative n. Put

(5.1 Fnlg) = (—7)”"F_,,(q) .
Then (3.4) becomes _ _ _
(5.2) Fnolg) = q"(Fp-1(q) + F,_2(q)) (n>2).
where _ _
Folg) = G, Fqq) = q.
Put
(5.3) Dlx) = Y Folg)x" .
Then n=0
®(x) = qx+ Y q"(Fp1lg) + Fp2l)x"
n=2
so that
(5.4) D(x) = gx +qx(1+qx)Plgx) .
Thus

D(x) = gx +qx(1+qx) { @Px +q%x(1 +¢%x) (g% x) }

= qx +q°x2(1 +qx) +q32 (1 +qx)(1 +q%x)D(%x) .
At the next stage we get

Dlx) = gx +q3x2(1 +qx) +qCx3(1 + gx)(1 +¢%x) +qOx3 (1 +gx)( 1+ g°xN1 + g3 x)D(q°x) .

The general formula is evidently

(5.5) Bfx) = 3 g#kHIOI2 K17 1 0x)(1 +9%x) - (1+Kx).
k=0
Since
k afe .
(1+a0)(1+q%) - (1+4%) = 3 [ K]0,

(5.5) becomes _ =0

oo k , oo .

_ Wlk+1)(k+2) k+1 K\ %il+1) j _ +1 n =l %ili+1)+%(n~j+1) (n-+2)
fI)(x)—Zq e E[/J"“ x—Zx” E[IJq .
k=0 j=0 n=0 2i<n
Comparison with (5.3) gives
(5.6) Frigla) = Z [nl—- jJ g Blnt 1) n+2)=njti(j-1)
2i<n

The first few values of F,(q) are
Folg) =q°  Fslg) = q*1+4°),  Fulg) = ¢”(1+q+4°),
Fsla) = °(1+q2+q% +q%+40),  Felg) = q"3(1+q+q2 +q%+q% +q®+45 +4%) .
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