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1. It is well known (see for example [2, p. 14] and [1]) that the number of sequences of zeros and ones of 
length n: 
(1.1) (a1fa2f'"fan) (af = 0 or 1) 

in which consecutive ones are forbidden is equal to the Fibonacci number Fn+2- Moreover if we also forbid 
a j = an= 1, then the number of allowable sequences is equal to the Lucas number Ln„p More precisely,for the 
first problem, the number of allowable sequences with exactly k ones is equal to the binomial coefficient 

' n-k+1\ 

\ k J ' 
for the second problem, the number of sequences with k ones is equal to 

In-k+1\ _ I n - k - l \ 
\ k ) [ k-2 J ' 

We now define the following functions. Let 

(1.2) Hn,k) = xQ*i+2*i+"'+n*n , 

where the summation is extended over all sequences (1.1) with exactly k ones in which consecutive ones are not 
allowable. Also define 

(1.3) g(n,k) = ^'q^
+2a*+'"+nan . 

where the summation is the same as in (1.2) except that ar=an= 1 is also forbidden. We shall show that 

(1.4) f{n,k) = qk*[n-k
k

 + 1 ] 
and 

(1.5) g(n,k) = Q
k*["-k

k
+1] -q"+(k-»'["-!L2'] • 

where 

L*J (1-g)(7-q2>...(1-q*) ' 

the (/-binomial coefficient. 
These results suggest that we define ^-Fibonacci and q-Lucas numbers by means of 

(1.7) Fn+1(c)= D / ' [ V ] 
2k<n 

(1.8) Ln(g) = Fn+2(q)-qnF'n_2(q) , 

where 
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d.9) W*;«£ *'**"*[V] • 
2k<n 

It follows from the definitions that 
t [ Fn+1(q)-Fn(q) = qn-1Fn-1(q) 

(1.10) <J 
( F'n+i{q)-F'nlq) = qn+1F'nJq) . 

Thus 
(1.11) ^ - Fn+1(q)+qn(Fn(q)-F^2(q)). 

However, Ln(q) does not seem to satisfy any simple recurrence. 
2. For the first problem as defined above it is convenient to define fj(n,k) as the number of allowable sequences 

with exactly k ones and an =j, where j = 0 or /. It then follows at once that 
(2.1) f0(n,k) = fQ(n-1,k) + f1(n-1,k) (n > 1) 
and 
(2.2) f7(n,k) = qnf0(n-1fk- 1) (n > 1). 

Also it is clear from the definition that 
(2.3) f(n,k) = f0(n,k) + fi(n,k) . 

Hence, by (2.1 )# 

(2.4) f(n,k) = f0(n+1,k). 

Combining (2.1) and (2.2) we get 
(2.5) f0(n,k) = f0(n -1,k) + qn'1f0(n -2,k-1) (n > 2). 
This formula evidently holds for k = 0 if we define f(n, -1) = 0. 

It is convenient to put 

(2.6) fotW'Vo %">%. 
Also, from the definition, 

(2.7) fofW'H %l% 
and 

( / (k = 0) 
(2.8) f0(2,k) = \q (k=1) <{$ ik=li 

(0 (k>1) 
St follows that (2.5) holds for n >2. 

Now put 

(2.9) &(x,y) = X ) fo(^)xnyk . 
n,k=0 

Then, by (2.6), (2.7) and (2.5), 
oo 

<$>(x,y) = 1+x + Yl J^{f0(n-1,k) + qn-1f(n-2,k-1)\xnyh 

n=2 k 

= 1 +x^>(x,y)+qx2y&(qx,y), 
so that 

(2.10) Q(x,y) = j^— +f^$(qx,y). 

Iteration of (2.10) leads to the series 
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where 
Mk+i = (1-x)(1-qx)-(1-qkx). 

Since 

Mk+, _n where s~u 

is defined by (1.6), it follows that 

*=0 s=0 

-Z X>*M*v 
/?=0 2A:</7 

Comparison with (2.9) gives 

(2.12) f0(n,k) = qk2[n-kj . 
Therefore, by (2.4), 

(2.13) f(n,k}.= qk*[n-* + 1'] 

3. If we put 

(3.1) f(n) = J2 f(n'k} * 
2k<n+1 

it is evident that 

f(n) = Xqa^2a^'"+na^ , 

where the summation is over all zero-one sequences of length n with consecutive ones forbidden. This suggests 
that we define 

(3.2) Fn+1(q) = f(n-V= J^ qk% [n ~k] (n > 0) . 
2k<n 

We may also define 
(3.3) F0(q) = 0, F1(q)=1. 
The next few values are 

F2(Q) = h F3(q) = 1+q 

Fjq) = 1+q+Q2, F5(q) = 1+q + q2 + q3 + q4 

F6(q) = 1+q+q2 + q3 + 2q4 + q5 + q6 

F7(q) = 1+q+q2 + q3 + 2q4 + 2q5 + 2q6 + q7 + q8 + q9 . 

It is evident from the above that Fn(1) = Fn, the ordinary Fibonacci number. To get a recurrence for Fn(q) we 
U S e r- -I r " -, 

[i] = «n-k\r-1iHn-k
1\ • 

Then, by (3.2), 
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w«>-w - E **2([\-*H"-r7j) - E **2v-2*[\-v] 
AT A 

-,-' E «'*-'p L" r- >' 1 - «- ' E ̂  [" - J -21 -
so that 
(3.4) Fn+1(qj = Fn(q)+qn'1Fn^(q) (n > V. 

This of course reduces to the familiar recurrence Fn+j = Fn + Fn^ when q = 1. 
It follows easily from (3.4) that Fn(q) is a polynomial in q with positive integral coefficients. If dfk) denotes 

the degree of Fk(q) then d(1) = d(2) = 0f d(3)=1, d(4)=2, d(5) = 4, - . Generally it is clear from (3.4) that 
(3.5) d{n + 1) = n-1+d(n-1) (n > 11 
Thus 

d(2n + 1) = 2n- 1+d(2n - 1), d(2n) = 2n-2 + d(2n -2), 
which yields 
(3.6) d(2n + 1) = n2, d(2n) = n(n - 1). 

If we replace q by q~1 we find that 

Hence [z]-^[z] 
(3.7) FnH(Q-1)= E «*-""["~k

k] • 
It follows that 2k<n 

q
n2F2n+1(q-1)=Y,«(n-k)2\2n^k] 

(3.8) 
k=0 

n-1 
qn(n'1)F2n(q'1) = £ q(^)(n^-1)^2n-k-q 

k=0 

It follows from (2.11) and (3.2) that 

°° k2 9k 

n=0 k=0 {X)k+1 

G.E. Andrews proposed the following problem. Show that Fp+i(q) is divisible by 7 +q+~- + qp~7, where p 
is any prime = ±2 (mod 51 For proof see [3] . This result is by no means apparent from (3.2). The proof depends 
upon the identity 

(3.10) Fn+1 - £(-Vkx'/*k(5k-V[e'!k)] -
k=~r 

where 
elk) = [1/2(n + 5k)], r = [\(n+ 2) J 

In general it does not seem possible to simplify the right member of (3.9). However when x = q it is noted in [3] 
that 

CO CO . 

(3.11) ' * E W - E ' r r = 5 {1-x5n+1f1(1-x5n+4f1 . 
„=, k=0 'V* n=0 

4. We now turn to the second problem described in the Introduction. To determine g(n,k) as defined in (1.3) 
it is clear that 
(4.1) g(n,k) = f(n,k) - h(n,k), 
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where h(n,k) denotes the number of zero-one sequences (a<i,a2, —,an) with k ones, consecutive ones forbidden 
and in addition aj=an=t. Then ^2 = ̂ - / ~ # w n i ' e a3 and an„2 (if they occur) are arbitrary. Thus, for n >4, 

h(n,k) = qn+1+2(k-2)f(n-4,k-2) - q^^ffr,-2,k-2), 
so that (4.1) becomes 
(4.2) g(n,k) = f(n,k) -qn+2k-3f(n -4,k-2). 

Combining with (2.13) we get 

(4.3) g(n,k) = qk\ n~k
k
 + 1 ] -qrtk-1)* Q » - * j 'J <n>4, k>2) . 

As for the excluded values, it is clear that 

(4.4) g{n,0) = 1, g(n,1) = ? [ ' " ] (n > V. 
Also it is easily verified that '• 

g(3,k) = 0 (k>2), 
so that (4.3) holds for all n> 1. It is convenient to define 

(4.5) 
Now put 

(4.6) 

Then by (3.2) and (4.3) we have 
(4.7) 
where 

(4.8) 

It is easily verified that 
(4.9) 

We now define 
(4.10) 

(4.11) 
We have 
(4.12) 

g(0,Oj = 1, g(0,k) = O (k>0). 

g(n) = 2-t B(n,k). 
2k<n+1 

g(n) = f(n)-qnf'(n-4) , 

f'(n) 

2k<n+1 

(k+2) '[-£"] • 
fin) - f'(n - 1) = qn+1 fin - 2) . 

L„(Q) = Fn+2(q) - q" F'n-2(q) <n>2), 

Fn+1(q) = f'(n-1), F'o(q) = 0, 

F'nH(q)-F'n(q) = qn+1 F'n.-,(q) ; 
this recurrence should be compared with (3.4). 

The first few values of Ln(qj are 
L2(q) = 1+q+q2, L3(q) = 1+q+q2 + q3 , 

L4(q) = 1+q+q2+ q3 + 2q4 + q6 , 

L5(q) = 1+q+q2 + q3 + 2q4 + 2q5 + q6 + q7 + q8 . 

It follows from (4.8) that 

(4.13) 
n=0 k=0 

The first few values of F'n(q) are 

F'i(q) = q, F2(q) = q, F'3(q) = q+q4, F'4(q) = q + q4+ q5'.. 

F'5(q) = q+q4(1+q+q2) + q9, F'6(q) = q +q4(1 + q +q2 + q3') +q9(1 +q +q2). 
Thus, for example 

L4(q) = F6(q)-q4F'2(q) = (1+q+q2+ q3+ 2q4+q5+ q6) - q5 , 

L5(q) = F7(q)-q5F'3(q) = (1+q+q2+ q3 + 2q4+ 2q5+ 2q6+ q7+ q8+ q9) - q5(q+q4), 

in agreement with the values previously found. 
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It would be of interest to find a simple combinatorial interpretation of F'n(q). 
5. By means of the recurrence (3.4) we can define Fn(q) for negative n. Put 

(5.1) Fn(q) = (-I)"'1 F„n(q) . 
Then (3.4) becomes _ _ _ 
(5.2) Fn(q) = qn{Fn.1lq) + Fn^2(q)) (n >2). 
where 

Put 
F0(q) = 0, F1(q) = q. 

(5.3) $(x) = £ Fn(q)xn . 

Then n=0 

oo 

<&(x) = qx + Y^*n(~Fn-lW + ~Fn-2Whn , 
n=2 

so that 
(5.4) $ (x) = qx+ qxtl + qx)^(qx). 
Thus 

#(x) = qx + qx(1 + qx) j q2x + q2x(1 + q2x)&(q2x) f 

= qx+ q3x2(1 + qx) + q3x2(1 + qx)(1 + q2x)$(q2x). 
At the next stage we get 

$ (x) = qx + q3x2(1 + qx) + q6x3(1 + qx)(1+ q2x) + q6x3(1 + qx)(1 + q2x)(1 + q3x)<$>(q3x). 

The general formula is evidently 
QO 

(5.5) *W = J2 qm+1)(k+2)^+1(^+qx)(1+q2x)'' (1+qkx). 
k=0 

Since 
k 

(1 +qx)(1+q2x) -. (1 +qkx) = £ [ jQfW'+'V , 
(5.5) becomes 1=0 

oo k °° 

®M = X ) qm+1)(k+2)xkH V [ k\qm+1)xi = JZ xn+1 J2 \ " 7/\gm'+1)+y*(n~f+1)(n-/+2) 

k=0 1=0 n=0 2j<n 
Comparison with (5.3) gives 

(5.6) Fn+J(q) = E \»jl]q*<M><»+*>-«l*1<l-1> . 
2j<n 

The first few values of Fn(q) are 
F2(q) = q3, F3(q) = q4(1 + q2), F4(q) = q7(1+q+q3), 

Fs(q) = q9(7+q2 + qS + q4 + q6), F6(q) = q13(1+q+q2+ q3+ q4+ q5+ q6+ q8) . 
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