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1. The object of this note is to prove the following ^-identity: 

(*) V (-D"-k (fk (a)k(b)kQ
y°<"-k)<n+k-1l(ab)"-k = (a)n+1 V <-1)k \n. 1 q

m(k'1> —£ 
fa (g,k fa L J / - « q°*a 

k=0 1-q b 
where 

W/t = fofl^* = (1-a)(1- qa) - ft - qk'1aK (a)0 = 1, 

(q)k = (M)k = d ~qHl- q2) •» (1 - qkK (q)0 = 1, 

M = 7
 (BhL- = \ n .) (0<k<n) 

L*J (qhcWn-k L " - * J 

%k(k-1) aK 

and q is not a tth root of unity, 1 <t<n. 

(q)kWn-k 

'oot of unity, 1 <t 

Since each side of 

n-kWn , . /, , J/3(n-k)(n+k-1),.in~k _ /*, i V * / f j A r r ^ l „1/*k(k-1) ak 

Kb 

is a polynomial in b of degree </7, it will suffice to show that (1) holds for b = q~r, 0 < r < n. 
We have 

fVn±l 
-r 

(j _ g-T) ... (j _ q-1)(1 _ g)(7 _ q2) ... (1 _ qn-r} = f - t f V ^ ^ f o W n - i - . 

Thus the right-hand side of (1) reduces to 

(2) ( - i r r \ ^ ^ ^ f ^ ^ = (-Vn(q)nq
1/2n(n'1)'nra^r . 

As for the left-hand side, since 
(q-r)k s ( J _ q-r}(1 _ q-r+1) ... (j _ qf**-1 j = f_7/q-rk+%k<k-1) (J _ Qr)(j _ qr-1} ... (J _ qr-k+1} 

_ \(-1)kq-rk+m(k-1)(q)r/(q)r-k (0<k<r) 
\ 0 (lor) , 

we get 

y (_J)n-k(q)n_gn.k(/'A(n.k)(n^1), f_J}kq-rk+Jik(M) Wj_q-r(n-k) ^ p ^ Xnfn-V-nr^ y f r ] ^ / -

fa (q)k W<* fa1 J 
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We shall now show that 
r 

(3) J2 \ k] ^ ^ = 1 (r= 0.1,2, ••), 
k=0 " " 

so that the left-hand side of (1) is equal to 
(-1)n(q)nq

1/2n(n~'1)~nran-r 

in agreement with (2). 
To prove (3) we take 

net *- OO o n 

/ X^V r"\ fn\ nr-k _. V"» (a)k 

~ k=0 — 

OO 

E -Mk J< .. e(x) 

r=0 k=0 "* k=0 r=0 
By a well known identity 

(q)k e(ax) 
k=0 

where 

(4) e(x) - V / — « II (1-qnxr 
^0(q)n n-0 

Thus 

r=0 r k=0 
and (3) follows at once. 

This evidently completes the proof of (*). 
2. The identity (*) can also be proved by making use of the -̂analog of Gauss's theorem (see for example [1, p. 

68]): 

(c) V (a,^bk I 2L )k - e(xh(x/ab) 
^ (q)kMk \ ab 1 e(x/a)e(x/b) ' 
k=0 

where e(x) is defined by (4). 
Define the operator £ by means of 

Enf(x) = f(g"x) (n = 0,1,2,.-) 

and A" by means of the operational formula 
An = (1-E)(q-E)..(qn-1 -E). 

Then it is easily verified that 

r=0 
It follows that 

n 
A" = £ (~1)n~r\ n

r]q
1/2r(r-7)En-r . 

r=0 

A V = J^ (-1)n'r[nry
/2r{r"7)q(n'r)kxk = (qk-1)(qk-q)..(qk-qn~7)xk , 

r=0 

so that 
( 0 (n > k) 

(6) Anxk = I 
( (-1)kq1/2k(k-1)(q)kx

k (n = k) 

Wow multiply both sides of (5) by fx)n and apply An. Then divide by xn and put x = 0. in view of (6) the LHS 
becomes 
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J2 i8)ffk (abrk . (-1)n-kgX<n-*)(n-k-1)**(n-k) . (_7)n g%n(n-1) ^ 

(7) #i , , 

Wk 

As for the RHS, we have first 

/ i e(xje(x/ab) _ e(qnx)e(x/ab) 
' '" e(x/ah(x/b) e(x/a)e(x/b) 

y^ fg-"/4 , „ ,/ y - Mk j x_ 

J=0 J k=0 

- E ^ E L*] (s)k<at>rk(q-"/a)r.kq»<^ . 
r=0 k=0 

Apply An, divide by xn and put x = 0. We get 

(8) (-1)nqy*n(n-1) £ ^ 1 (a)k(abr
k(q-n/a)n_kqn(n-k) . 

k=0 
Since 

(q-»/a)n_k = (1-q-n/a)(1-q~n+1/a)-(1~q-k-1/a) = (-1)n~ka~n+k
 q'1^(nH)+Vsk(k+1) 

>(l-qk+1a)(1-qk+2a):-(1-qna) , 
(8) becomes 

n ,- n (a) 
a1/2n(n'1)(ab)"n\% (-1)k\ n] q1/2n(n-1^nk+1/2k(k+^hn"k nH 

k=0 1-q a 

= (-nnq%n{n'1)(ahrn £ (-i)k[n
k\q*k(k'm1)bk - ^ g 

k=o 1 ~ Qn < 
Comparing this with (7) it is clear that we have proved (*). 
3„ We have 

n 

n=0 " k=0 K 

_ y (^kpk xk y (_j)ngy,n(n-1)(cikabx)n 

M (q)k £>• 
Also, since 

(a)„H = (a)n-k(1-qn-ka)(qn-k+1a)k , 

oo fl oo oo 

V (a>n+1 y" V ( i\k\ nl n
1Ak(k-1) hk Y^ / 1]k%k(k-1)bkxk \ p (a)" (nn+ la]i yn 

Thus (*) is equivalent to the identity 
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£ (-1)°QX°<"-1>(abx)" V (^L(Q"x)k - £ ) ^ 2 - y V (-1)Kq
Y>kik-1} K ^ (bx)k 

n=0 k~0 <q>k ^o'q)n k^O Wk 

0) _ V (b,n y" V 1 /- Hk„%k<k-1) (qn+1b)k , , k 

~ n1^ h ~wr(ax)' 
n=0 k=0 

where now \q\ < 1. 
4. The following special cases of (*) may be noted. For b = q we have 

Yzkik+D 

•k 
a 

(10) n
 r n ak 

= (1-qn+1) £ (-D^ njgy2k(*-V a 
1-Qn-k+1 

k=0 ' q 

For a = q this reduces to 

" ~ %k(k+1i 

' ' -k+1 

and 

*=o k=o i - qn~ 

\n + l\ = 1-«"+1 f " 1 
I '< I )_Qn-k+1 \.k] 

k=0 
(11) becomes 

(12) £ (-Vn'k(q)kq
1/2(n'k)(n+k+3) = (q)n+l + (-Dnq1/2(n+1)(n+2) • 

k=0 
Somewhat more generally, it follows from (10) that 

(13) ] T (-1)n-k(a)kq
1/2h'k)(n+k+1}an-k = (a)n+1+(-1)nqy2n(n+1)an+1 . 

k=0 
We shall give a direct proof of (13). The formula evidently holds for n = 0. Assuming that it holds up to and in-

cluding the value n, we replace a by qa and multiply both sides by 1-a. Thus 

£ {-^k(a)k+W
Mn'kHn+k+3)an'k = (a)n+2 + (-1)nq%(n+1)(n+2)an+1(1-a) . 

k=0 
Hence 
n+1 
22 (-irk+Ua)kq

1/2(n-k+1)(n+k+2)a^k+1 = (a)n+2 + (-l)ng*(n+1)(n+2)Qn+1 ff _ a) + (_1}n+1 

• jtin+Mn+Qji+l^ (a)n+2 + (-1)"+1g%(n+1)(n+2)an+2 
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