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1. The object of this note is to prove the following g-identity:
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is a polynomial in & of degree <n, it will suffice to show that (1) holds for b=¢", O<r=<n.
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Thus the right-hand side of (1) reduces to
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We shall now show that
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To prove (3) we take
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By a well known identity

Z (ale & . elx)
(q)k efax) ’

where
(4) (}_‘g‘x s T (=g
efx, ::5 o~ 0 q"x
Thus
3 x ST r-k _ elx) _
Z‘; (q), P _k_] (a)ica alax] efax) = elx)

and (3) follows at once.

This evidently completes the proof of (*).

2. The identity (*) can also be proved by making use of the g-analog of Gauss's theorem (see for example [1, p.
68]):
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where efx) is defined by (4).
Define the operator £ by means of
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and A” by means of the operational formula
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Then it is easily verified that
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It follows that
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Now multiply both sides of (5) by (xJ,, and apply A”. Then divide by x” and put x = 0. In view of (6) the LHS
becomes
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Apply A", divide by x” and put x = 0. We get

n
(8 (- ”nq%n(n— 7) Z {Z :] (a}k(ab}—k(q—n/a)n_kqn(n—k) )
k=0
Since
(G fadpeie = (1= /a1 =g /o) (1= g™ o) = (—1)7Kamth gFinlnt 1)k lkct1)

(1=g T a)(1-g%*2a) - (1-q"a) ,
(8) becomes
n : (a)
q%n(n—ﬂ(ab)—n Z (_”k[ ﬂ g #nln=1)-nk+3%k (k1) ik nt1
= - 71— qka
k=0

n .
_ %nln-1) 1 - ) k[ ni wkk-1),k _(@)nt1
= (——7}"!7 nin (ﬁb} n (—7} [ZJ q b 7_——n—k—a
k=0

Comparing this with (7) it is clear that we have proved (*).
3. We have
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Thus (*) is equivalent to the identity
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where now |g| < 1.
4, The following special cases of (¥} may be noted. For 6 =g we have
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For a =g this reduces to
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We shall give a direct proof of (13). The formula evidently holds for 7= 0. Assuming that it holds up to and in-
cluding the value n, we replace a by ga and multiply both sides by 7 —a. Thus
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