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1. In this paper we evaluate certain cases of the expression

(1.1) E max(A1,A2,~--,An),
where

Ak = agq+ - +akmy

and where the sum is over all the a’s, each ranging from zero to some positive integer. We also consider analogous
sums for min. For example we obtain, from some general results which we establish, the formula
r
> maxfa+hc+d) = 22( : ) + 170( 4 \+420( A )+420( ; ) + 743(\ ; )
a,b,c,d=0
Some general properties of more general cases of (1.1) are established.

Solutions of many problems, particularly combinatorial problems, are often expressed in terms of such sums. For
example, without going into detail, we frequently encounter sums of max and min in problems of enumerating
arrays. See H. Anand et al. [1] and Carlitz [2] for details.

In a related work, Carlitz [3] and [4] obtains, and relates to other problems, generating functions for max (ng,-..,
ni) and min(nq, -, ng). More generally, he evaluates

Z Mr(n1, ., nk)Xr;l ...sz (r: 71 ., k) ,
ny, =0
where M,(ny, -, ng) is defined by the following two properties: (a) it issymmetricin ng, -, ng,; (b) if ny < ny
< < g then
Mnq, -, ng) = n, (r=1 -,k .

He also evaluates the related series

£

n Myln,,,ng)
D K (r=1,-k.
gy, ,me=0

Roselle [6] examines the relationship between this series and the Eulerian function.

Other than [3], [4], [6] and this paper, there apparently has been very little published on problems of this nature.

A number of techniques are employed to solve various aspects of the problem and computer computation was
necessary in some instances. ‘

The main results of this paper are (3.3), (4.3), (4.7), (4.8), (4.11), (4.12), (4.13), (4.14), (4.15), (5.7), (5.9), (5.10),
(5.13), (5.14), (5.15) and (5.16).

2. Preliminary to our discussion we need some basic properties of Eulerian polynomials. The A" Eulerian poly—
nomial, a,(x), is defined, following Riordan [5], by

aplx) = (1—x)™1 E Kxk
k=0
From this definition we get
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anlx) = nxap-1(x) +x(1—x)Dap_1(x) ,
where D is the differential operator. Hence, the first few polynomials, which we will use later, are
aglx) = 1, azlx) = x, aslx) = x°

aslx) = x>+ 4% +x, aglx) = xX*+ 103+ 11x2 +x.

X,

A recurrence and a table for the coefficients (Eulerian numbers) of Eulerian polynomials and a generating function
for a,(x) may be found in [5; pp. 39, 215].
As for convenient notation we write
max
min
where we wish to discuss both max (a,b) and min (a,b).
Also we adopt the convention

(ab) ,

b= dp = (1=x)1=x2)(1=xp,).
3. Taking the simplest case first we evaluate the sum

oo
Z min (iq, - in) .
iy,in=0
To do this, we put
- i
3.1) Fixy, =, xa) = Y D>, min (i1,+in)X 7 X

Ty rg=0 iy, ,in=0
which becomes

oo

- L. . i
Fixg, =, xp) = 671 D minliy, ., in)xX7 - X
iy, in=0
Now since

min(i=1,+,iq=1)
min (g, ~,in) = Y 1= > 1,
j=0 ky #+1=i,
knti+1=in
it follows immediately that

co

H : i i - X1X9 X

S min (i, g} X = ¢7! L2
iy (1—x1x2-x,)
iy, in=0
Therefore,

- X1X2 X
(3.2) F(X;/, "',X,-,) =¢ 2 __A1X27%n ]
1—)(1)(2 ...Xn

Comparing the coefficients in the expansion of (3.2) with those of (3.1) gives

ry,.rp n
(3.3) S minfiz - ig) = P 10 (r;—j) .
iy, ,in=0 j<min(ry,-,rp) i=1
If ry=--=r,=r then the right side of (3.3) reduces to the familiar series
r
2"
j=0

4. Thesum
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(4.1) Z max (iq, =, ip)
iy in=0

is apparently more difficult to evaluate. If n=2 we may use (3.3) and the identity

(4.2) min (i,j) + max (i,j) = i+j
to get
s min(r,s)
(4.3) Y max(ij) = Brlr+ s+ 1) #sls+ 1)r+1)— 3 Ar=jNs—j) .
ij=0 =0

Now, considering the case of (4.1) where all the r's are equal we define

,

(4.4) Folt) = % max(iy, i) .
iy, in=0

Then by an inclusion-exclusion argument,

r r
! \
= n ; ; n ; :
Folr) =11 / Z max (iy, ---,I,,-1,r)—( 2) Z max (iq, =, in-2, 1,1
: i1z"'zin-1=0 iy sin-s=0

F ot (—7)0FT ( Z) max (r, -+ ,r) + Fplr —1)

or
n A
(4.5) Folr) =r 3y (Z) (~))K*  (r e 1)" e Fofr—1)  (r>1).
k=1
The expression
n
(4.6) > (R e
k=1
may be simplified, according to the binomial theorem, giving

(r+1)" 0"
so that (4.5) becomes
(4.7) Folr) = rlr+ 1)7 ="+ Fofr— 1) (r>1).
Applying (4.7) to F,(r— 1) we get
Folr) = lr+ 1) =/ e — 1) = (r = 1) T+ Fplr—2)

and continuing in this manner we eventually arrive at

r-1 r-1
Falt) = 32 (r=Klr+1 K" =37 (r=k)™7
k=0 k=0
r r r r n-1 o
Fal) = 3" Kk +1)" = 3" k™7 = 3 kike )"~ k") = 3" kY (7)/4 .
k=0 k=0 k=0 k=0 j=0

Now by comparing the last expression with (4.4) we have .
r r n-

(4.8) Folth = > max(iz,—ip) = 3 3 ( 7)/#'*’

iy, in=0 k=0 j=0
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or, in the usual notation for Bernoulli polynomials,

r n-1

(4.9) Z max (i7, =, in) = Z (7) Bj+2(r1;1)2— Bjs2(0)
iy, ,in=0 j=0

The first few special cases of F,(r), obtained from (4.7) are
Fol1) = 2" =1, Fp(2) = 2.3"=2"—1, and F,(3) = 3.4"—3™11+2.30 _ 2" _ 1.
Next we evaluate the generating function

(4.10) D Falrx" .

n=0

From (4.8), (4.10) becomes

o n-1 r

©o n ) r . oo X I"
z—% Z(y\ Z_: k,+7xn _ Z_: > (7) E k/+7xn__§; (Z) 2—‘ kn+1Xn
n=0 j=0 k=0 n=0 j=0 k=0 n=0 k=0
r e et r °°
DI DIEDIUICTED WO Ik
k=0 n=0 J= k=0 n=0
r o0 r
DI DT LR T S TRy 7
k=0 n=0 k=0
r r
= D M1k —x)TT =3 k(1 k)
k=0 k=0

,
=x Y K1tk Dx)7 (1 - k)T

k=0
We have therefore proved

o oo r r

@A) 3 Rl =D 3 max(ip, e inx” = x Y KT =tk 1) (1 k)T
n=0 n=0 i, ,in=0 k=0

From (4.11) it is easy to see that

- n,r_ _ X - kyk
2. Faltx"y 71—yl 2 (71— 1k + 1)x)1 — kx)
n,r=0 k=0

If, on the other hand, we define

Galy) = D3 Falrly"

r=0

then using the recurrence (4.7) and setting F,(—7) =0 we have

Galy) = 3 (rtr# 10" =T )y "+ 3 Fplr—1ly" =3 rte# 17 = 4y 25 Fallly”
r=0 r=0 r=0 r=0
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Then
- n -
(1=y)Galy) =3, (rir+1)"=r™7)y" = \“‘ Py (k)=
r=0 k=0 r=0

oo oo

( > Z rk+7 r Z ,,n+1yr

r=0 r=0

]
M= L

=
]
QS

(7—y)k+2 (7_y}n+2 =0 k (I_V)k+2

NIE

) ( I/Z ) ak+7/y) a,,+,7{y} . Z ( n ak+7(y)

Il
[}

where ap(x) is the p™ Eulerian polynomial introduced in Section 2.
Therefore, we have

oo r n-1
= i e r_ n M .

(4.12) G,ly) E E max (iy, =, inly" = E ( k) P

=0 iy, ,in=0 k=0 (1-y)
From (4.12) and from the list of Eulerian polynomials in Section 2 we easily arrive at the special cases

2 3 3
Goly) = J-—L Gsly) = ﬂ/—’ﬂ%}’— and  Ggly) = 1o0t8502 "2@” v
(1-y)* (1—vy) (1—y)

The expansions of each of these generating functions yield, for r >0,

r

(4.13) E max(ab}-3( ’+2)+(r'§7> .
a,b=0
r ! s \ ; )
- 7t r+3 jfr+2 fr+1
(4.14) E max (a,,c) = 71\ 4 )+ 70( 4 ) e )
a,b,c=0
and
r / \ )
(4.15) S maxlabed) = 15 124 ) +as(T53) w25 (752 ) (157
a,b,c,d=0 ' '
respectively.
In general, from (4.9) it may be seen that F,(r) isapolynomial in r of degree n+ 7.
5. In this section, we consider A(r,m,n) and B(r,m,n), where
r
(5.1) Aflr,m,n) = Z max(a;+ - +am, b+ +h,),
ay, amby ., bp=0
and
,
(5.2) B(r,m,n) = Z min (ag + - +am, by +- +b,) .

ay, ,amby e bp=0

It is convenient to let the expression a,6=0 mean ay, -, a,,, b7, -, b, =0.
Using the formula

MaX(ab) = Bla+h+ |a—bl),

min
(5.2) becomes
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(5.3)

Now
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r

B(r,m,n) = % Z (a7+-+apm+by+-+hy) =% Z la1+---+am—b,~---—bn‘
a,b=0 a,b=0
m+n
= (_’M'l’_(%"ﬂ_.__ -4 Z |81+"-+am——b1—--- _bnl
a,b=0

(5.4) Za1+ ctam—by—-—b, ~-—L(a1+ +am—b,—--~—b,,l+z:(a1+---+am—b1—----bn),

a,b=0

I

where / and // stand for

and

ag+-+apy, < by+--+b, < rmax(mn)

by+-+b, <ay+-+ay <rmax(mn).

respectively, and where it is understood that a;, b; < r.

Moreover,

Z (a,-/-...—[-am_b’_ ...._bn)

!

r max(m,n)

5D SRS SRR TS

k=0 b +tby=k a;+-tam<k
bi<r ajsr

L}

rmax (m,n) k

2 PINEDY 2 -k

=0 b+ +bn—k a,+- fam=f
bj< aj<r

[}

Now let P(a,b,c) be the number of partitions of a > 0 into at most b parts, each part <c, and let P(0,b,c) = 1.

(5.5)

rmax(m,n) k

Dlagttam—by——bp)= D3 (k=jIPlknrIPlim,r) .
/ k=0 j=0

By a similar argument we find

(5.6)

rmax(m,n) k

Z (ag+-+aym—by— - —b,) = Z Z (k —j)Plk,m,r)PGi,n,r) .
IZi k=0 j=0

By substituting (5.5) and (5.6) into (5.4) and referring to (5.3), and then by applying this same argument for .A(r,m,n)
we find that A(r,m,n) and Bfr,mn) are given by

(5.7)

a,

respectively.

_ (m+n)rlr+1)™"
) o fag+ - tam byt tby) = - 4

s, amby o b <r

rmax(m,n) k
£ % > 3 (k=) PtknrIPlim,r) + Plkm,r)Plinr)l.
k=0  j=0

Now, although (5.7) expresses our problem in terms of a difficult partition problem the formula is nevertheless very
useful in that it affords us a method of determining the generating function. Here we observe, from (5.7), that A(r,m,n)
and B(r,m,n) are polynomialsin r. Furthermore, their degrees are less than or equal to m +n + 1, for if not, then
for large values of 7, Bfr,m,n) will be negative. In fact, in view of special cases, we may conjecture that the degree of
Alr,m,n) and B(r,m,n) is precisely m+n + 1.

We may now evaluate several cases. First, we consider B(r,2,1).
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r

Blr.2,1) = E min (a+b,c) = Z (a+h)+ Z c_i NS .

a,b,c=0 ath<g atb>=c c=0 a+b=c
a,b,c<r a,b,c<r

After some manipulation it is seen that

r c
E (a+b)=22 Z k = %Z c3+3c2+2¢)
a;b<<c c=0 k=0 atb=k c=0

a,n,csr

and

3L WL

c=0 atb=c
Then we have
r min(a+b,r)
_ 1,3 - 7 2 2_
B(r,2,1) Z ( 3 k k ) + Z (r+1) r(r+ 1+ Z Z c.
c=0 atb>c ab=0 e=0
a,b,c<r

Since the degree of B(r,2,1) is at most 2+ 1 + 1, it suffices to compute B(r,2,7) for r=1,2, 3, 4. 1f we put

r  minfath,r)

so that
(5.8) B(r2.1) = 2 rlr+ 7}2——r(r+ 1) +K,

then it is easy to compute K;=3, K2=20, K3=71 and K4z=185. Then from (5.8), we have
B(1,2,1) = 3, B(22,1) = 22, B(3,21) = 81 and B(42,1) = 215.
Then we find the differences
AB(r21) =3  A2B(rn21) =16  A%Br21) =24,  A*Blr21) =

Substituting these values into Newton's expansion for the generating function we have

4

Do B2k = 3 A*Blg21) KX (3070442

k=0 k=0 (1—x)k*7 (1-x)°
Upon expanding we get

;
(5.9) B(r21) = Z minf(a+bh,c) = 3(’23> +7( ’+2) + ( ’27)
a,b,c=0
From (4.2),
r r
Z (max (a +b,c) + min (a +b,c)) = Z fa+h+c)
a,b,c=0 a,b,c=0

which, from (5.9) reduces to

,
(5.10) bZo max (a+b,¢c) = 3(’23>+7(’+2) \’27) +§r(r+7)3.
a,b,c=
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Next we put B(r,2,2) = B(r) for brevity, and consider
r

(5.11) Blr) = . minfa+h,c+d) .
ab,c=0
From (5.7) we have
2r  k
Blr) = rlr+1)% = 3 3~ (k= jPlk2rIPG2r) .
k=0 j=0

Hence B(r) isa polynomial in r of degree <5 Therefore the generating function is

o

5 .
. !
2 Blox =3 ABo) —X—
r=0 =0 (1- X)’+7
Resorting to a computer to calculate A'B(0) for i= 1,2, 3,4, 5 (5.12) becomes

oo

S ik - 10, sox? , 2006% , 25t 9n®
=0 (1-x)? (1-x)% (1-x)* (1-x)° (1-x)
Expanding for the coefficients we find

r

(5.13) > mintarbcrd) = 10(7) s a0{ ) e20( 5 Vw22 (] )2( 1)
ab,c,d=0 '
In the very same way that we obtained (5.13) we get
r . : B :
(5.14) > maxlatbcrd) = 22( 1) +170( 5 ) #a20( 5) vazo( ;) +1a8( 1),
a,b,c,d=0
r .
(5.15) > minta+brod) =7 (7| +61( ) 1m0 5)e168(5)459( 1)
a,b,c,d=0
and
r N . i .
(5.16) > maxlarbrcd) =25( ) +199( 5 |+501( 5 )+s08( ;) +181( 7).
a,b,c,d=0

6. Theauthor wishes to express hisappreciation to Prof. L. Carlitz for suggestions which resulted in simplifications
of several areas of this work and to Worden J. Updyke, Jr. for the programming and computing necessary in estab-
lishing (5.13), (5.14), (5.15), (5.16). The computations were performed on an IBM 360 model 20 at the Electronic
Computer Programming Institute, Greensboro, North Carolina. Computer time was provided by the Institute.
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