
350 A LOWER BOUND FOR THE PERIOD OF THE FIBONACCI SERIES MODULO M OEC. 1074 

Now, (5) and (7) imply that t = n and Lt = m, and (6) and (8) are never simultaneously true. Thus t > n, with 
equality only if Ln = m. By the lemma, 

k(m) = 2t = 2n 

if and only if n and t are odd and Ln = m. The conclusion of the theorem follows. 
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[Continued from page 348.] 

HkM = Ys Hkn*n (Hk(Ot = (H0)
k = rk) , 

n=0 
where 

and 

are 

HQ(X) = f0M = Y, *n = (i-*r1 

n=0 

H7M - (r + sx)(1-x-x2f1 

(2) 

(1 - 3x +x2)H2(x) = r2 - s2x - 2exH0(-x) 

(1-4x- x2)H3(x) = r3+ s2x - 3exH1(~x) 

(1 - 7x +x2)H4(x) = r4-s4x + 2e2xH0M - 8exH2(-x) 

(1- 11x-x2)H5(x) = r5+s5x + 5e2xH1(x) - 15exH2(-x) . 

The general expression for the generating function is (see [3]) 

[k/2] 

(3) (1-akx + (~1)kx2)HkM = rk-(-s)kx + kx ] P (=U- Bj akjH k.2}U-i)!x) , 
hi J 

where 

(f-x-x2rJ= jr akjX*-2i, 
k=2j 

that is, akj- are generated by the jth power of the generating function for Fibonacci numbers tn. Note the occur-
rence in (3) of the Lucas numbers an. 

FUNCTIONS ASSOCIATED WITH THE GENERATING FUNCTIONS 

In the process of obtaining (3), we use 
lk/21 

(4) gk(x) = ^5Hk(x) = Y ( k
J)°

iFk-2j((-1)'x) (F0M = H0M) , 

hO 
where 

and 
Fk(x) = [{r~sh)a]k(]-akxf1 + [(sa~r)b]k(1-bkxf1 (k = 1,2,3,-) 

a=l±JLw b = LzJA (a,b rootsof x 2 - x - f = 0), 

leading to the general inverse 

[Continued on page 354.] 


