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Definition 1. A set of integers -J bf- >. > 1 will be called a base for the set of all integers whenever every integer 
n can be expressed uniquely in the form 

oo 

" = Yj aibi > 

where a,- = 0 or / and 
oo 

£ * # • < - • 
i=1 

Thus, a base is obtained by taking b; = +2' for each / so Song as terms of each sign are used infinitely often. Also, a 
sequence j d,-1. > 7 of odd numbers will be called basic whenever the sequence 

{di2
i~1}i>1 

is a base. If the sequence j d,-1. > 1 of odd integers is such that dj+s = dj for all /'% then the sequence is said to be 
periodic mod s and is denoted by j dj, d2, dj, »•, ds I . 

Theorem 1. A basic sequence remains basic whenever a finite number of odd numbers is added, omitted, or re-
placed by other odd numbers. 
Proof. This is proved in [1 ] . 
Theorem 2. A necessary and sufficient condition for the sequence id/l.> 7 of odd integers, which is periodic 

mod s, to be basic is that 
m 

0*22 ai2'~7d; s ° (mod2ns~1) 
i=i 

is impossible for n > 1, and a,-= 0 or / for all i> /. 
Proof. This is also proved in [1 ] . 
Theorem 3. Let a, b,c be a periodic mod 3. If a = d(23K + 1), where d is an integer and 

(1) d + 2b+4c = 0 (mod7), 
or 
(2) b+2d + 4c = 0 (mod7), 
or 
(3) c + 2d + 4b = 0 (mod 7), 
or 
(4) c + 2b+4d = 0 (mod7)f 

or 
(5) d + 2c + 4b s 0 (mod 7), 
or 
(6) b+2c + 4d = 0 (mod7), 

then a,b,c is non-basic. M 
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Proof. In case (1) holds, consider the expression 
u = a+2h+22c+.. + 23K~3a + 23K~2b+23K-h + 23K+h+23K+2 

= a(1 + 23+--+23K~3)+2b(1+23+"+26K*'3) + 22c(1+23+-+26K-3) 

= a . l + 2b-*- = ^ + 22c°2-—=-L 
23-f 23-1 23-1 

23-1 23-1 23-1 23~1 

It follows that u is divisible by 2 - 1 since, by hypothesis, 
(23-1)\(d + 2b+22c). 

Hence, by applying Theorem 2 with n = 3 and s = 2k, \a,b,c\ is not basic. 
Suppose now that (2) holds and that 1 aA^} is basic. By Theorem 1, we may interchanges with b the first 3K 

times these numbers appear in the sequence | a,b,c I and still have a basic sequence. Consider 
v = b+2a +22c + - +23K~3b +23K~2a+23K'1 c + 23K b + 23K+2c+ - + 26K~3 b + 26K~~1 c 

= b(1 +23 + - +26K~3)+2a(1+23 + - +23K~3)+22c(1 +23+ ••• +26K~3). 

As above, this reduces to 

v = (b+2d + 22c)(26K - 1) 

23 - 1 

and since (23 - 1)\(b+2d + 22c), v is divisible by 26K - 1. But then, as before I ^A^ I is not basic. 
The remaining cases are handled in the same way, with an appropriate permutation of the first few terms in the 

sequence 1 aj),c\ and so the proof is complete. 
Theorem 4. Let 

a = eJ2™^ll and b = d(2_6J^J) # 
p2K __ i p3K _ i 

where e and d are integers, K^Q, and 3/K. \$e+2d+22c is divisible by T, then | ^ A ^ | is non-basic. 
If oof Consider the expression 

w = a + 2b +22'c + ••• + 22K"3*a + 22K"2b + 22K~1c + 22K+1 b+22K+2}c + -+ 23K~2h + 23K~1 c+ - + 26K~1 c 

= a(1 + 23 + - + 22K~3) + 2b(1 + 23 + >>> + 23K~3) + 22 c(1 + 23 + -•• + 26K~3) 

= a . (22K-D + 2b . (23K-V +22QB (26K-1) 
n3 i n3 * po i 

= e . (26K-1) . (22K-1) +2d m (26K-1) m (23K-1) +22c m (26K-1) = (e+2d + 22c)(26K-1) 
22K-1 23-1 23K_1 23_1 2

3-1 23-1 

Since e+2d + 22c is divisible by 7, w is divisible by 26K - 1, and I ^ A ^ } is non-basic by Theorem 2. 
Theorem 5. Let 

where e and d are integers, 

a = e 

KfO, 

(26K-
23K _ 

3/K. If 

Jl 
• 1 

and 

e + 2d + 22c 

23K 

is divisible by 7, then i a,b,c i is non-basic. 
Proof. This time we set 
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v = a+2b+22c + - + 23K~3a + 23K~2b+23K~h + 23K+2c+- + 26K~1c 

= a(1 + 23 + - + 23K~3) + 2b(1 + 23 + - + 23K~3) + 22 c(1 + 23 + - + 26K~3) 

= 

= 

a.£!Li± 
23- 1 

nSK -i 
e • - -

23K- 1 

+ 2h • 

23K_ 

(e+2d + 22c)(26K 

23_ 1 

23K -
l3"-

- 1 

~1) 

-_± 
• 1 

2d 

+ 22c 

26K -

23K -

26K-1 

23-1 

-1 23K-

-1 23-

-J 
1 

+ 22c •*-— 
23 - 1 

Since 
e+2d + 22c 

is divisible by 7, v is divisible by 26K - 1 and as before J^Ac } is non-basic. In a similar way, we obtain the fol-
lowing theorem. 

Theorem 6. Let 

, . eJifH^M and „ 
22K-1 

/here e and d are integers, K^O, 3/k. If 
e + 2d + 22c 

= d(26K-1) 

22K' - 1 

is divisible by 7, then < ajb,c I is non-basic. 
Other similar interesting results may be found in another article in [2]. 
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