FIBONACCI NOTES
4: g-FIBONACCI POLYNOMIALS

L.CARLITZ*
Duke University, Durham, North Carolina 27706

1. We shall make use of the notation of [1]. In addition we define

(1.1) Snla) = $plag) = 2, ["—%-T ]qkza"'ZkJ (n=1).
2k<n ’

| n;k]_[n—:—1]=qn—2k n;f-i—I] i

Since

it is clear that

On+1la) —adpla) = Z ( ";k] _ [n_lli_ 11 )qkzan-Zk _ Z qn-2k[n;f-7— 11 qk‘zan—Zk

2k<n 0<2k<n
_ n-1 n—k—1 (k=1)* _.n-2k _ _n-1 n—k—2=_k*_ n-2k-2
kAR KSRl Flat it LD DI A VAR
0<2k<n 2k<n-1
Hence
(1.2) Ont1la) —appla) = g™ T pp_sfa) (n>1).

The first few values of ¢,,(a) are easily computed by means of (1.1) or (1.2).
¢10a) = 1, ¢200) =5, ¢3la) = a°+q,  ¢ala) = 2% +ql1+qla,
o5(al = a4+q(7+q +q2}32+q4, ogla) = a5+q(7+q +q2+q3}33+q4(7+q+q2)a .
d7(a) = ab+q(1+q +g2+q3+q%)a% +q*(1+q+9% N1 +q%)a% +47 .

If we put ¢ofa) = 0 then (1.2) holds for all n > 7. By means of (1.2) we can define ¢, (a/ for all integral n. It is
convenient to put

(1.3) Onla) = Pplag) = (=1)" " ¢_p(a).

Then (1.2) becomes

(1.4) Bnla) = " (a0p-1(a) + B p_n(a)) (n=2),
where

(1.5) Bolal = 0, ila) = q .

The next few values of @, (a) are
f2la) = g%, B3la) = q*(1+4%8%), Fala) = ¢”((1+q)a+q%a°),
Fsla) = q°(1+(q% +q° +q%)a% +¢%7),
Bela) = q"3(1+q+q°%)a+ (g +q%+q5%+¢%)a% +4%a").
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Put

(1.6)

Then by (1.4) and (1.5)

so that
(1.7)
Thus

FIBONACCI NOTES

Ofax) = Z Onla)x" .
n=0

’

®lax) = gx + Z " (aPp-1(a) + Bp-2(a))x" ,
n=2

Dfax) = gx +qxla+qgx)P(a, gx).

Pfa,x) = gx +qgxfa +qx) { a2x +q%x(a +g°x)® (3, ¢°x) }
= gx +q°x2(a +gx) + 3 x%(a + gx)a + ¢ %x) @ (a,q%x).

Continuing in this way we get

(1.8)

Since

(1.8) becomes

It follows that

(1.9)

Since

it is clear that

that is,
(1.10)

2. It is evident that
(2.1)

Also it follows from

that
(2.2)

o

D(ax) = z qysz+7)(k+2)xk+7(a+qX}(a+q2X} "-(8‘/'qu}.

k=0
k Iy
(a+qx)a’ +qx) (a2 +q*x) = [ f]q@(’”}ak'jxl .
=0

o0 k
Bfax) = E qu(k+1}(k+2}Xk+1 Z [;_c]q%/(/ﬂlak—/x/‘
k=0 j=0
_ n+1 n—j7 ,%j+#1)+%n~j+1)(n-j+2) jn-2j
. X Z [ i q a .

n 2j<n

$n+1(¢7) = Z [nj—/] qZ(n+1)(n+2)—n/'+j(j—1)62n-/' .

2j<n
‘o n » .
tnrile) = 22 ["77] %77
J
2j<n
Gp+1fa) = qn+7¢n(q(n+7}/2a},

Pnla) = qn¢n(qn/2a} .

Fnlg) = ¢p(lq).

2 —
Foerle) = 35 ¢ [ 4]
2k<n

Fola) = ¢"¢nla™, q).

[APR.
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We have defined [1] the g-Lucas number

(2.3) Lolg) = Fps2(q) —q" Fpoo(g).

Hence, by (2.1) and (2.2),

(2.4) Lnlg) = dps2(1q) —a%bp2(a™", q).
In the next place put

(2.5) ila) = Oala,q) = dpla,qg )

When g is replaced by q'7, it is easily verified that
n—k k(2k-n) [ n—k
("]~ ["c ]

Hence
bnerlag ) = Z [ n;k gk -2k
2k<n
so that )
e 0" 51(9) = Gpr1lag™? q),
n particular we have )
@1 0" 2 Fnrtla") = $perla™Z q)
and
(2.38) H T Elg™ ) = 9nlg# (7 g).
3. Returning to the recurrence (1.2), we have
(3.1) abnlal = Gpr1la) —q" $pogla).
Thus
8% 0nla) = Gneala) = (1+q)g" " $pla) +q*" 26y 2(a)
and

a30nla) = dprala) = (1+q+92)g" Speqla) + (1+q +92)g%" 3 p_1(a) =g Cpp_30a) .
This suggests the general formula

k
3.2 a“9nla) = %‘, (=1 [ K@ A0 g gite)

where k >0 but n is an arbitrary integer.
Clearly (3.2) holds for k = 0, 7, 2, 3. Assuming that it holds up to and including the value k, we have, by (3.1),

k
a/<+1¢,7 (a) = Z (_7)/‘[ j_(:]an—%j(j+7) { ¢n+k—2/+7(ﬂ) _qn+k—2j—7¢"+k_2i_7(a)}
j=0

K
=3 -1 f]q’"'yz’(ﬁ”(ﬁn»ck-zﬁﬂa)
j=0
k+1 . . Y -
+Z (—1)] [/f 7} q/n—/21(/+1)+k-/+1¢n+k_2j+7(a)
j=1
k+1 o)
- ik K k-+1 ) in-Kj j+1 _
T vl K PR E et
pa

Kk+1
= Z (—7)’[ k; ! ]q’"'%’(’+7)¢n+k-2j+1(a) )
=0

This completes the proof of (3.2).
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Special cases of interest are obtained by takingn = k, —k, 0, 1 in (3.2). We get

K
(3.3) akq)k(a) = Z (—I/j [llf]qki_yaj(i+1}¢2k_2j(6),
=0
K
(3.4) okla) = 35 (<) [ K ]a g ga),
j=0
K
(3.5) 0= 3 (-1 $ a0 gy ita),
0
K
(3.6) k=3 (—7)/[f]a_y’jﬁ")¢k-21+7(8/ .
j=0

[APR.

Note that in approximately half the terms on the right of (3.6) the subscript k-2j+7 is positive but is negative in the
remaining terms. Also, if we prefer, we may eliminate negative subscripts in (3.4), (3.5), and (3.6) by making use of

(1.10).
It is clear from (1.1) that we may put
(3.7) a* = Y (~1)gl ek jor-zirita)

2j<k

where the coefficients Cy ; are independent of a. This formula is of course not the same as (3.6). To determine Ck,j

we multiply both sides of (3.6) by a and then apply (3.1). We get

M = 30 (=1 aICk; { bk-jeata) - 4* P pygite) }
2j<k

= Z (—7)quck,j¢k_2j+2(a)+ E (—7)jqk-/+76'k,j_7¢k_2,'+2(a/.

2j<k 2j<k+1
It follows that )
(3.8) Cr+1j = Ck,j+qk—2/+70k,j_1 (2 <k).

The first few values of Ly ; are easily computed by means of (3.8).

No 7 2 3
0|1
1
2|1 7
3|1 1+q
4|1 1+qg+q® 1+q
511 Itg+q*+q 1+2q+q*+¢°
6|17 1+g+q*+q¢*>+q* 1+29+2¢>+2¢° +q* +q ° 1+2q+q*+¢°
7\ 1| T1+at @A qR gt gt | 1429420433 # 200 + 27 + g + g7 1439 +307 +30° + 20" +4° +¢°
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It is evident from (3.8) that Ck,j isa polynomial in g with nonnegative coefficients and that
(3.9) Cro=1 (k=012 )

(3.10) Crj=0 (2j > k.
Also it is easily seen that

k-1
(3.11) Cr,1 =L7—__qq_ (k> 1) .
To get Cx,2 we take /= 2 in (3.8). Thus

_ _ _ k-1
Ckr1,2= Ch2 = 4°3Ck,1 = ¢*° —7—7—3—0—- .
which holds for & > 3. Hence
k
= 1§ -8 _ i1
Ck+1,2 =4 L g (1 -9"7),
=3
which reduces to ,
(3.12) Ck+7,2— L 21 +q [k—
In the next place, taking /= 3 in (3.8),
Ck+1,3 = Ck,3 = 4 °Cu2 (k = 5).

We find that

(3.13) Ck+7,3=q—’ [k52]+[k57]—-q—7—
By means of (3.8) it can be proved that

(3.14) deg Cr j = jk— %j(3j+1).
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The proof is by induction on k. The second term on the right of (3.8) is of higher degree than the first term, so that

degChsrj = k=2 +1+degCpjog = (k=2j+1)+(j— 1)k = %lj — N3 = 2) = jlk+1) = Hi(3} + 1),

It would be of interest to find a simple explicit formula for C ;. The problem is equivalent to inverting

(3.15) up = Z [";k] qkzv,,_Zk mn=012--).
2k<n

In this connection the following two inversion theorems may be mentioned:

l. ur = z: [;] Vr-2s (r=2012-)

2s<r
if and only if
z (-1)°q Ysls~1) _1—q" [I’——s] Ve 2 =012
2s<r g™
" Zj[_ ] [s——I]}*VI‘—Zs (r=2012-)
<
if and only if Z<r

L (-1)¢ Yes(s+1) [ ]Ur—2s (r=2012-).

2s<r
For proof of these and some related inversion theorems see [2].
4. Returning to the recurrence (1.2) we now construct a second solution Y ,,(a) = Y ,,(a,q) such that

.1) Vola) = 1,  Wila) =
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and of course

(4.2) Ups1(a) = alnla) +q"  Yp1(a) (n>1).
Put
4.3) Wiax) = Y Ynlax" .
n=0
Then

W(ax) = 1+ax + 2 (a,-1(a) +q"'2¢n_2 (@)x" = 1+ax¥(ax) +x2¥(a, qx),

n=2
so that
1 x2
(4.4) W(ax) = + W(a,qx).
1—ax 1-ax
Iteration of (4.4) yields
— r(r—l)X2r
(4.5) \If(a’)(} = (aX}
r=0 r+1
Hence
W(ax) = Z g1 2r Z [r:s] 2555 = E X Z [n:r] g"fr-1)n-2r
r=0 s=0 n=0 2r<s
which implies
(4.6) Ynla) = Z ['n :r] grlr=1)gn-2r
2r<n
We have therefore n

.7) 0 Ypla) = opesla”a) .

Finally we mention the following continued fraction formula.

APR. 1975

2 gn ® .o(a) 2 /
a9 .9 - n+21a - n—k+1 k* n-2k+1 n—k k(k+1) ,n~2k
N A Y 7 2 ["7k77] d" 2 [k ] a
g On+1(a7"a)  2k<n+1 2k<n
An equivalent result has been obtained by Hirschhorn [3].
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