
SOiVIE IDENTITIES OF BRUCKIVIAN 

L CARLiTZ* 
Duke University, Durham, i o r th Carolina 27706 

S. Bruckman [1] defined a sequence of numbers -j An I by means of 

(1.1) (1 -zrUl+zF* = £ Anz
n , 

n=0 
so that 

(1.2) An = £ (-Dk2'2k ( 2k
k ) . 

)k=0 
He proved the striking result 

HO\ V 1 o2n n!n! A2 V2n+1 _ arctan x 
{1'6) l * 2 WTlJiAnX ' v r ^ ' 

n=0 
which is equivalent to 

( u ) A2 __ 2-2n ( * , ) £ (_1)n-k2-2k ( * ) _ ^ _ L . 
k=0 

Gould [4] has discussed Bruckman's results in some detail and indicated their relationship to earlier results. He re-
marks that "a direct proof of (1.4) by squaring (1.2) is by no means trivial." However, he does not give a proof of 
the formula. 

The purpose of this note is to show that (1.3) is a very special case of a much more general result involving hyper-
geometric polynomials. We also show how a generalized version of (1.3) can be obtained using a little calculus. 

2. In the standard notation put 
Mn(b)n 

n! (c)n 

(a)n = a(a + //••• (a + n - 1), (a)0 = I 

F(a,b;c;z) - £ ^ z " 
ti "!(C,n 

where 

Weisner [6] has proved the formula 

(2.1) £ — ^ Fn (-n, a; c;x)F(-n, h; c; y) 

n=0 

= (1 - z)a+b~c(1 + (x- 1)z)~a (1 + (y- DzFb F(a,h; c; J ) . 
where 
(2 2) t = ^^~ 

(] + (x- 1)z)(1 + (y- Vz) 
This result had indeed been proved earlier by Meixner [5 ] . For an elementary proof of (2.1) see [3] . 

Replacing x, y by 1 —x, 1 -yf respectively, Eq. (2.1) becomes 
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(c)nz
n 

n=0 

(2.3) J2 (^n7- Fn (-*. V c; 1 - x)Fn(-n,b; c; 1 - y) 

= d - Z)a+b-c(i - xzr
a(1 ~ yzrbF(a,b; c; V, 

where 
(2 4) F = JLzxllLzJdk 
UA} S (l-xz)d-yzj' 

In particular, for c = a + bf Eq. (2.3) reduces to 
(a+b)nz

n 

n=0 

Consider 

(2.5) Yl -JT~ Fn(~nfa;a +b; 1-x)F(-n,b;a +b; 1-y) 
n=0 

= (f - xzFa(1 - yzFbF(afb; c; H. 
3nsider 5 

E (c)n c, , n V 1 (c)nz" V * (-n)k(a)k f jk 

-^F(-n,a;c;1-x)z" - ^ —^ L, i m r " ' ^ 
n=0 n=0 k=0 

k=0 n=k 

OO 

L^i n! 
i=0 

V i ^ 2 F(-n,a;c; l-x)zn = (l-z)a~c(1 - xzFa . 

k=0 

where we have used 

(a)n , f i 

n=0 

It follows that 

Mn 

n=0 

Thus, for c = a + b, we have 

(a+b)n 

n=0 

(2.6) £ — ^ T " ^ " ^ a + b ; 1 - x ) = (1- zFb(1 -xzFa . 

St follows that 

(2.7) f f - /7, c?;a * 6/ / - * j = x 'W- /? , 6 ; a ^ ; / -x~1). 

3. We now specialize (25) by taking 

(3.1) a = V2f b = 1, c = 3/2. 

Then (2.5) becomes 

( 3-2 ) H ^ ~ f - Fn(-n,y2;3/2;1-~x)F(-n,1;3/2;]-y) = (1 - xzFVs!(1 - yzF1 F(V2,1; 3/2; ) . 
n=0 

In view of (2.7) this may be replaced by 

(3.3) Y L ( ^ ^ - ~ Fn(-n,Y2;3/2; 1 -x}F(-n,%;3/2; 1 -y~1) = (1-xzF*(1-yzF1F(X,l;3/2; ) . 
n=0 

We define the polynomial An(x) by means of 
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oo 

(3.4) £ An(x)zn = (1-zr1(1-xzF* . 

n=0 
This is equivalent to 

(3.5) A„(x) = T 2~2k { 2k )xk . 
k=0. 

Comparing (3.4) with (1.1) or (3.5) with (1.2), it is evident that 

(3.6) An - An(-1) . 

It will also be convenient to define 

(3.7) An(x) = xnAn(x~1) = £ 2"2k ( 2k )xn~k . 

Comparing (3.4) with (2.6), we get 

(3.8) An (x) = ^ ^ F(-n, %; 3/2; 1-x). 
n! 

Thus (3.3) becomes 

(3.9) V - ^ J - AnMAn(y) = (1-xzrV2(1-yzr1F(y2,l;3/2; ) . 
*-* (3/2ln n=0 

Since 
(1/21 = P'2n n- -IJUJn ' (2 Vf 

and 

zF(V2,1;3/2;-z2) = V (-Dn f r r = arctanz, 

(3.9) may be replaced by 

(3.10) £ <-1)"22" ^j!k!friZ2n+'Anfx)An(y) 

n=0 

= j (j _ ^ 7 _ K t f / + y z 2 ; } "Cretan z ( -JhiMLud- \ J * 
( \l1+xz2)(1 + yi?)}\ 

For x = y = -1, it is evident from (3.6) and (3.7) that 

(3.11) V ^ 2 n
 7 ^ T 7 ^ V " + / = Kf 7 - z ^ a r c t a n - ^ 

^^ (2n +1)! * 
n=0 

For y=x, the right-hand side of (3.10) becomes 

% 

(2n + V! n " ' \ 72 
n=0 ] - z 

a-xrUi+xz2r\mm <L=iL* = £ (~1)k {^2^^(^xz2r2k-{3^ 
1+XZ k=Q 

±(-,fi(±*j^±(-V> (*+> + *)* 
2n+1 k==0 J'=0 

Comparing coefficients of z we get 

(3.12) 2»AnMAnM = ̂ ^ E (*-/** )4^1y 
1=0 

The corresponding formula for An(x)An(y) is more complicated and will be omitted. 

2n-2j 



124 SOME IDENTITIES OF BRUCKIVSAN [APR. 

For* = - 1 , (3.12) reduces to 

(3 13) A2 = (2n + 1)! V (i\"-i I 2n-j + y2 \ 2~2j 

U'U) An n!n! ^ ( V [ 1 I 2n - 2j + 1 ' 

which may be compared with (1.4). 
Formulas (3.11) and (1.3) are equivalent. This is a consequence of 

arctan — ^ — = i>arctanz. 
1-z2 

We remark that in a recent paper [2] Bruckman has considered a different generalization of An. 

4. We can also prove (3.10) in the following way. To begin with, take 

77 __z)k+(3/2) 
(i-zr1d-xzr1/2 = a-zr(3/2) ( i + !±f*>i) = V (-^2'2k (ik \-U^*£*K 

k=0 

= E <-»kr2k (2k) (i-x)k*k E {k+\+% y • 
k=0 j=0 

It then follows from (3.4) that 

(4.1) AnM - t i-VFr* ( * )( - * ) ft-*," - **» ^±M ± <-Vk[ I ) (±g 
k=0 k=0 

Since 

0 k=0 

it follows that 

(4.2) AnM = 2-2n®L±M f (1-{1-x)t2)ndt 
n! n! J 

. 0 
and 
(4.3) An (x) = 2-

2n <M±1}L { (x + (1- x)t2)ndt. 
n!n! J 

Thus 
oo oo / 

tn02n n!n! A f„a t..u2n+1 _ \T* / *i/? A /„i~2n + ] t /..,/<, ..u2\ndt S (-1)"22" ( i M l An^n(y)z2n+1 = D (-V"AnMz2"+1 f (y + (1-Y)t2)nt 

n=0 0 

z J | 1 + {y + (1-y)t2)z2T | 1+x(y + (1-y)t2)z2Y'dt 

Jia 

(4.4) f 

/7=0 /?-0 

J 

6 
We shall make use of the formula 

" y2 

-& " 7 arctan * ' ab'~*'b 

(a' + b't2)(a+bt2)V2 (a'tab''-aW% \a'(a + bx2) I 
where , 0 0 

\a = 1+xyzz
t b = x(1-y)zd 

\a' = 1 + yz2, b' = (1-y)z2 , 

ah' = a'b = (1-x)(1 - y)z2, a + b = 1 +xz2 . 

We therefore get 
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n=0 . i 

= {(1-xHl-y)(1+xz2)\-'A*riXan \z {-ZL-xM-Y^ \ \ * 

which is identical with (3.10). ' \(1+xz2)(1+yz2) )\ 

APPENDIX 
5. We shall prove the following identity. 

n=0 r=0 s=0 

OO 

where I c„ K I dn \ are sequences of arbitrary complex numbers and 

v w - £ O^L Cn+r^ y DniXyiZ) __ ̂  <±pidn+s{ ft-
r=0 s=0 

We may think of (4.1) as an identity between formal power series. 
PROOF OF (5.1). The left-hand side of (4.1) is equal to 

(5.2) £ (-^crdsxY±(±jn("r)("s)z». 
r,s=0 n=0 

The right-hand side of (5.1) is equal to 
oo 

~2n-r-s 
—j— un+s\-yt/ \s -£/ 

n=0 r=0 s=0 
d-*rX £ ~f(^ni: -y^On+A-xzfY. % - dn+s(-yz)^-zF 

n=0 ' r=0 ' s=0 

- d-*rx £ £ (-vr+s %f^j^cn+rdn+s/'
+ry^zn^(i-zr2n-r-s 

n=0 r,s=0 

min (r,s) 
r+s-n 

= a-zf- E M ^ A V X ^ W - ^ E W-n),(s-n)imn " 
r,s=Q n=0 

Comparing this with (5.2), it is evident that it suffices to show that 
00

 n . , , , . min(r,s) r+s„n 

6-3) E^(;(s"j^-^xy/-zr— E i^i^imn-
n=0 n=0 

If we multiply both sides of (5.3) by xrys, and sum over r, s, we get 
00 t\\ °° r s mln(r<s) r+s-n 

E ^ f ^ f ^ ^ - " - ^ E W H - ^ E flirafcjTC 
= tt_7r* V ^ frK^r V (X + n,rfa + n}s (xzflvzf - (i_7r

x V ( M L f / z ' Z^ „/ 2„ Z-r r;5; r*s
 f / £! La n! 

n=0 (I ~z* r,s=0 U-Z) n=0 

. -Oazilf /__^_ f ^ f i-je^y1™ = (i-z)x(i-(i+x)zrx(i-a+v)z) 
(1 _z)2n \ 1~Z j \ 1-z) 
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Thus (5.3) is equivalent to 
[1 - (1 + x)(1 +ykFX = (1 - z)X \[1-(1 +x)z][1 - (1+y)z] -xyz \'X 

and so to 
(1-z)[1 - (1 +x)(1+y)z] = [1-(1 +x)z][1 - (1+y)z] -xyz. 

This equation is easily verified. 
This completes the proof of (5.1). 
The identity (5.1) contains numerous interesting special cases. In particular, taking 

(5.1) becomes °n~ (C)n'
 dn~(d)n 

n=0 r=0 s=0 

~0 "'• (1-Z)2n 

where now 

(5.7) 

Cn(x,z) = £ (\ + n)r(a)n+r 1 -xz 
r!lc)n+f \1-Z 

r=0 •-

(\ + n)s(h)n+s 
U^<J ^ 5i(d)n+s { i-z) 

s=0 

This result was proved in an entirely different way by Meixner [5 ] . 
We now specialize (5.6) further by taking \= c = d. Thus (5.7) reduces to 

Cntv) = E ~ T ( f T J T = Mn (l + J^J y3'" - (a)n(1-z)a+n(1-(1-x)zr 

Dn (y,z) = (b)n (1 - z)b+n (1-(1- y)zFb-n 

Therefore (5.6) reduces to 

n=0 r=0 s=0 
oo 

= d _ z)
a+b-ca _ // _ x)zra(i -a- v)zrb Y —n- ( &?- )n 

ii z) u U x)z) (/ (i yjzj ^ nf \ ( 1 _ ( 1 _ x ) z j ( 1 _ ( 1 „ )z) -
# v n = 0 

This is the same as (2.1). 
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