NOTE ON SOME GENERATING FUNCTIONS

L. CARLITZ*
Duke University, Durham, North Carolina 27706

1. Inarecent paper in this Quarterly, Bruckman [2] defined a sequence of positive integers B by means of

co

. k
(1.1) (1=x)"(14x)7% = 37 B X—
o 2k
This is equivalent to the recurrence
(1.2) By = By-q+(2k — 1)(2k — 2)Bj_> (k > 2), Bp=8B;=1.
Making use of (1.2) he showed that
X oo
x*/2 f -t x2k*1
(1.3) e e Vdu Z B TEs
0 k=0
and
s ) N, g2k
(1.4) (1—x<)  arctanx kz_% B el
Bateman [1] has discussed the polynomial g, (y,z) defined by
(1.5) (1+x) 2 (1=x) = 37 x"gnly, 2);
n=0
see also [3]. On the other hand the Jacobi polynomial [6, Ch. 16]
n
(o,8) _ a+n \[B+n\[{x—1 ki x+1\"k
(1.6) Pl (x)-Z(n_k)(k (=) ( =%2)
k=0
satisfies
(a-n,B-n) n___( x+ 7 )0‘ x=1_1\°
(1.7) ZP,, (x)z 1+ 5 Z (7+ 3 z)
n=0
and in particular, forx =0,
(1.8) > plenBnl (g)en = (14 52)%(1 - 52)® .
n=0
It follows from (1.1) and (1.8) that
(1.9 I By = 22kpf-rk1-k) gy = (_1)k g2k pl- 1Kk g

*I
We shall show that both (1.3) and (1.4) can be generalized considerably. We also obtain the following congruence
for B, :
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r
(1.10) 3 (-1 ( r ) BrssmBlrsim = 0 (mod rlm"),
s=0
where m and r are arbitrary positive integers.
It would be of interest to find a combinatorial interpretation of By .
2. The writer [4] has obtained the following bilinear generating function:

- nl . gng,_ gynnple-n~o-y-n) [ X+ 1\ p(6-n,~p-v-n) [ y+1
2.1) E) L = 17ty = 17w P e Z)P (y I )
-
= (1-w)/ P71 --xw)a(l-—yw)BF[ —a, By, AX=Iy = Thw
where as usual (1= xwl(T—yw]

Flzb;c; z) = Z (Zi"(f}])" n and (aly, = afa+1)-(a+n—1), (alp
n

0]
-

In particular forx=y=—1 and v = —a—(, Eq. (2.1) reduces to

(2.2) Z 2 B}n 4w nP(oz—n/f n)m)’p(ﬁ-n a—n)m} _ (7+W)a+[3/_-,: a, —B; —a—B; _ 4w

(1+w)?] .
It is convenient to replace @, 8 by —a, —@, so that (2.2) becomes
= -
23) D M grwrplentn) giplbnenn) g) < (14 w) 0 FE | a,Brarfr—
(a+B), 2
n=0 (1+ w}
Specializing further, we take 3= a + %, so that
n! 47" (~a=-n,-a~Y%-n) (~a=2%~-n,~o-n)
(2.4) E s 4P (0)P} (0)
= (1+w)2a%F | a,a+ % 20+, —2
. (1+ w)z.J
Next in formula (2) of [6, p. 661,
| Yha, a+ Bra—b+1; —3__ | = (1+2)?Flabra—b+1:2]
L (1+2)?
take a=2a, b =’ . We get .
(2.5) Flaarszars 4z 7 |- (1+2)2F[2a, ; 20+ %; 2] .
(1+2)?

Hence (2.4) becomes
2.6) Z T 4w Rl el plrectienecn) g = (14 w)FFl2a, % 2a+ tiwl
n

Since
PR 1) = (=1)" PP (x),
(2.6) may be written in the form

oo

(2.7) D0 ot 4w P (0) 2 < (1w FLza, 5 20 1y -w]
2/n
n=0

In particular, for a = %, it follows from (2.7) and (1.9) that

oo

2720y 2 -% _
,?::”'(3/2) BZ = (1—w) % F[1,5,:3/2; ~w] .
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Replacing w by 22, this becomes

(2.8) L (2””), = 2(1-22)7F (1, 2, 3/2:-27) .
Since
i 2] _ (1/2)n 201 _ 2+t
ZF[1, %;:3/2: —z¢] = ;} (—1)7 (3/2}" n+ Z (-1)7 2—172—;—7_ = arctanz,
o

it is evident that (2.8) is the same as (1.4).
3. In(21)takex=~1, y =0, y=-a- 8. Since, by (1.6),

plmecmg) = (& ) ,
it is clear that (2.1) reduces to

z-‘ —a—-8), B) ( )Zn np(anﬁ—n)(w ) (7+w}°‘F[—a, B —a-p 7+W]
n E

Replacing a8 by —a, —f3, this becomes

- (a) - -
N n_on (-a-n,~B-n) = «
(3.1) E(H e A (0) = (1+w) F[aﬁa B; 7+w]
In particular, for ﬁ= %, we get
{a), n_n pl-a~-n,~%-n) _ - . . =2z 1
(3.2) Z i 2 (0) = (1-27F | a, #;a+ s 72 J
Fora=1, Eq. {3.2) becomes
(3.3) Z _ " B = (1-z)71F r 1, %:3/2: - 722 ]
neo 2"(3/2), L —Z

This is not the same as (1.3).
The right-hand side of (3.2) is equal to

= (a){H), camr = (a) (%), i (QFr)s s
;“:) rila+ %), (~22)7(1~2) Zé rifa+ %), (=2z) Zé T
Z = p

r (e
}: (a),z" EO: -2 T

Hence (3.2) implies

o oo n oo y r oo
272" pl-amn,-%-n) p; _ n P (B (%e)pt-22) 2"

2 0= 3 2" 20 =2 T ?_:5 T, 2
= n=r

n=0 n=0 r=0
so that
oo e r
z" (=ai=n,=Ye=n1) _ %z %(__i)_
(3.4) Z (G‘.‘—f yz}n Pn (0) = e E rifa+ Z’)r
n=0 r=0
For a=1, Eq. (3.4) reduces to (1.3) .
4, Put
(.1) (1-x)%(1+x)° = 3 cplaBi”

n=0
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Then

.00

Z Cm (a,ﬁ)cn(a/ﬁ)xmyn

m,n=0

i

exy)et8 (g Xty "‘( M)"
(1+xy) (1 “Xy) 7+7+Xy

(1+xy)*® Z ck(aﬂ)( 7+xy>

oo oo

5 Ck/as)z( Jesys 3o (@) Xy

I

k=0 s=0 r=0
- X B[ e
m,n=0 stt=m
k=s+t=n
it follows that
min({m,n)
(4.2) emlo,Blenla,B) = E ( m ;7—72t ) ( atpf— /tn —n +2t) Cmtn-2t(@B)
=0

The proof foliows Kaluza [6] ; see also [3].
Comparing (4.1) with (1.1), we have

(4.3) B = 2X-klek(—1,-%).
Thus (4.2) implies

min(m,n) —1
(4.4) BmBn = 3, (~1)02¢ |7 )(” >t! I (2m+2n -2t =2/ + 1)Bmen-zr -
+ e J\¢ j=0
p_

Form =1, Eq. (4.4) reduces to (1.2). It is not difficult to prove (4.4) by induction.
The writer has proved the following result [5].
Let f(n), g{n) denote polynemials in » with integral coefficients. Define v,, by means of

(4.5) Ups1 = Fnlup +gln)u,_q in > 1),
where

(4.6) ug = 1, uy = #0), g10) = 0.
Then v, satisfies the following congruence:

@.7 A%y, = A%y, =0 (modm'),
forall m > >0, r>1, where

,
= Z: (- 7)r—s( g )Un-fsmU{r—s}m .
s=0
Comparing (4.5) with
Bht1 = By +2n(2n +1)B,_y1 ,
it is clear that (4.6) holds. We have therefore

(4.8) Z( ”r—s | ) Bp+smBr-sim = 0 (mod m!r*1)72] ).
s=0

However a better result can be obtained. By (4.4) we have

(1=x)1=y)1+x)P(1+y)P = (1+xy —x —y)*1 +xy +x +y)°

[APR.
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Zr: (1) ‘\; ) BntsmBr-s)m = Z (_”r-s< g )Z (—1)t2¢ (n+tsm>((r——:')m )t!- tﬁ7

s=0

r

s=0 t ) /=0

. ¢ Zt t—1
< (2n +2rm — 2t — 2j + 1)-Bptrm-2¢ = E (-1) 5 Bptrm-2¢ 11 (2n+2rm =2t - 2j + 1)
" d I=0

,
.on -1y (1) s,

where

fis) = (n+sm—t+1)(lr—s)m—t+1) .

Clearly

fls) = ag+aysm + ---+a2t(5m}2t ,

where the a; are integers. Then

r , 2t
E (-1)" s( : ) f(s) =Z am? A0 = 0 (modrim”).
5=0 i=r
Since
ot t=1
Il (2n+2rm-2t-2j+1)
t! j=0

is integral, it follows at once that

-

©

.
Z (—-1)~° (: >B,,+sm8(,_s;m = 0 (modrim”).
s=0
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