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1. INTRODUCTION
Tridiagonal matrices are matrices like

b7 cy 0 0
a2 by ¢ 0O
() 0 a3z bz c3
0 0 ag bg c4
g 0 0 a5 bs c5
g 0 0 0 ag bg
and are made up of three diagonal sequences {a;}, {b;}, { z:,-} of reaf or complex numbers. They are of much use
in the numerical analysis of matrices. They also have interesting arithmetical properties being connected with the
theories of continued fractions, recurring sequences of the second order, and, in special cases, permutations, graph
theory, and partitions. We shall be considering two functions of such matrices, the determinant and the permanent.
By the permanent of the matrix

SO
(SIS RN

A= {ay
is meant the sum ’/ sn><n

perA = 231,'"/7)32,17(2) - an,w(n)
(n)

extending over all permutations
- ( 1, 2,-, n )
n(1), w(2), -, nln)
Thus the definition of the permanent is simpler than the corresponding definition of the determinant in that no
distinction is made between odd and even permutations. In spite of this apparent simplicity, permanents are usually

much more difficult than determinants in their computation and manipulation. For tridiagonal matrices, however,
determinants and permanents are not very different. In fact we see that

by cq
= +
per [ 2 bz] bibo +azcq

by ¢c7 0
per{ az b c2 = bybobz+aghzcy +azbico
0 az b3

and

and, in general, the permanent of the tridiagonal matrix based on {a,- } {b,- }, {c,} is equal to the determinant
of the matrix based on {—a,-}, {b,-}, i } Thus it is sufficient and simpler to consider the permanent function
of tridiagonal matrices. In fact we shall need only the method of expansion by minors in developing what follows.

2. STANDARDIZATION OF TRIDIAGONAL MATRICES
For our present purposes we make the assumption that the elements 4 on the main diagonal are all different from
zero. |t is therefore possible to divide the elements in each row by its main diagonal element. Thus we obtain a
matrix of the form

150
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1 ¢, 0 0 0 0
Az 1 C 0 0 0
0 Az 1 C3 0 0
2) 0 0 Ag 1 Cq 0
0 0 0 As 1 Cs
0 0 0 0 As 1

whose permanent (or determinant) is related to that of the original matrix (1) by the factor 6765 - bg. Our next
step towards standardization is to observe that the permanent of (2) is not a function of A5 and € but only of their
product A»C;. To see this, we expand the permanent by minors in the first column gbtaining

7 0 :
b2 0 o 1 ¢c30 071
Az 1 €3 0 0 As T Ca 0
per| 0 Ag 1 Cq 0 | +AxCyper| 4 4
0 0 As 1 Cs 0 As 1 L5
° 0 0 Ag 1

g 0 0 Ag 1
which is a function of A>C;. By induction, therefore, the permanent of such a matrix as (2) will depend only on
A2C1,A3C2, , Aplpay .

Hence, without loss of generality, we may assume that the £’s are all equal to 1 and by an obvious change in nota-
tion define the standard tridiagonal matrix by

7 1 0 0 0 g

a;p I 71 0 - 0 0

0 az 1 7 . 0 g

M=M, = Mylas, az, -, a7} =} 0 0 az 7 - 0 /)

We denote the permanent of this matrix M/ by
A=A, = Aplay, az, -, Qp-7) = perMplag, az, -, Gpeq)

We also adopt the conventigns
(3) Apg=1 and A;=20.

3. BASIC PROPERTIES

We begin with the basic recurrence for A .

Theorem 1. 1fn > 1,

Apfag, =, ap-7) = Dp-glag, -, ap-2) +ap-1 Ap-2(ay, -, an-3)

Proof This follows at once by expanding A, by minors of the elements of the last column of M, (ay, -, ap-1/
This recurrence is an efficient way of calculating successive A’s when the a's are given. It is clear from (4) that A,
is linear in each of its independent variables ay, -, @,—7. For future use we give Table 1 of A,,. We dbserve from
this table that A, is unaltered when its arguments are reversed. in general we have

Theorem 2. Apfag, ag, -, an 1) = Aplap.y, Ap-2, -, a1l

Proaf The theorem holds trivially forn =0, 7, 2. f true forn — 7 amd n — 2, (4) becomes

Aplag, ag, -+, ap-1) = Bp-glap-z, -+, a}+ap7Bp-2(an-3, -, az).

But the right-hand side is the result of expanding the permanent of M, (a,,-7, a,-2, -, @7/ by minors of eiements
of its first row. Hence the theorem is true for n and the induction is complete.
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Table 1
n Apfag, az, -+, ap-1)
-110
7
1
1+aq

g

1

2

3 |T+aq+ay
4 |1T+aj+ap+az+araz
5

Ttas+az+az+ag+araz+az0q+0a70g

5
6 7+Z aj+ a3z +axag+aza5+a10gq +A2a5+a705+A70305
=1
Since A, is linear in each variable a; one can ask what are the functions G; and A in
(5) Aplay, -, ap-1) = Gj+ Hja; (1 <j<n).

It is clear from (4) that when j=n — 7
Gp-1 = Ap-qlay, -, an-2), Hp-1 = An-2(‘17, -, Ap-3).
The general theorem is
Theorem 3. In (5),
Gj = Ap-jlajeg, -, ap-1)Ajlay, -, aj_q1)
Hj = Apjqlajrg, =, ap-1)Ajg(ayz, -, aji-2) .

Proof: This can be proved by expanding A, by minors of the elements of itsjth column and using Laplacian de-
velopment of these minors. However, a simpler proof is afforded by the introduction of the following generalized

permanents A - defined for K <r by
(6) Ak, = Aglag, az, ) = Dglargt1, Qp-k+2, ) Q1) = DglQrg, Qp2, =, Qprg+1).

In particular we have
Ak = Aklag, ag, -, ak-1).

Theorem 1 applied to these two equivalent definitions gives us the following useful relations.

) Ak = Ag-1,r+Opg+1DK-2,r

(8) Axr = Dg-1,r-1 +Qp1 Ag-2,r-2.

We claim now thatfor 0 < K < n

) Ay = AgnBp-k * Ap-k AK-1,nDn-K-1 -

In fact this is trivial when K =0 by (3) and (6) and when K = 7 it is a restatement of Thearem 1. To proceed induc-
tively for K to K + 7 we note that
Bp-k = Dpe(k+1) * An-(K+1)Dn-1-(K+1)
by Theorem 1. Substituting this into our induction hypothesis (9) we obtain
Ap = An_(K+1){AK,n +an-/<AK—1,n} *n-(K+1) AK,n An-1-(K+1) -
But by (7) the quantity in the braces in AKJ,,,,,. Hence our induction is complete. If nowwe put K=n—j andr=n

in (6) and (9) the theorem follows.
As a corollary we have
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3l plaq, ap, -, apq)
aaj = Aj__,f(],,, as, -, a‘j—Z)Aﬁ"j—7{a‘j+2; ., an_I)_

4. CONNECTION WITH CONTINUED FRACTIONS

The ratio of two A’s is the convergent of a continued fraction. More precisely we have

Theorem 4.

7+ |ﬂl az| Ap-7] _ Aplag, az, -+, ap-q)

ot
L7 Ap-rlaz, ag, -, ap-z)

+
|

Proof. By Theorems 2 and 1 we may write
An(ﬂ.’, ., a”_7) - An(an—L ., a7)
Ap-qlag, -, an1)  Dp_glan_g, -, az)

_ Bp-glapg, -, az)+a;Bp2(ap7, -, az) _ 1+ a;
An—7(an—1, tty a‘2} An_7 /An_z

Iterating this identity until we reach A; /Ag= 1, we obtain the theorem.
As an example, in case all the a's are equal to 1 we get the Fibonacci irrational

0 = %(1+5) = 7+|77|+|7”+---

whose successive convergents
1,2/1,3/2,5/3,8/5, -

are the ratios of consecutive Fibonacci numbers F,+7/F,. Hence
(10) Ap(1,1,1,, 1) = Fpsq

153

a fact which follows at once from (4). Conversely as soon as we have developed other formulas like (10) we can

evaluate other continued fractions of Ramanujan type given in Theorem 4.

5. PERMANENTS WITH PERIODIC ELEMENTS

We are now prepared to consider the case in which the elements a of A are periodic of period p so that a;., = a;.

We shall find that the permanents
As, A.<;+p, A.f;+2p,

constitute in this case a recurring series of the second order with constant coefficients depending only on p and the
values of a 7, ap, -+, ap but not depending on s. From this it will follow that A, is a linear combination of two Lu-

cas functions Uy, and Up+7, where h = [n/p] whose coefficients now depend on s = n — Aip. More precisely
Up = Un(PQ) = (a" —b")/(a~b),

where
P=a+h Q=ab
and
(11) Up=0 U;=1 Ux=P
and
(12) Up = PUp-7— QU .

We denote the nxn permanent based on the periodic a's by

Aplag, az, -, ap)
so that (10) becomes
Ap(i) = Fpeq .
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6. THECASEp=1
In this simple case we have

Theorem 5.
(13) Aplag) = Upsq(1, —az).

Proof. By (12),
Un+1(1,—ay) = Un(1,—az)+ayUp-1(1,-az) .
But by (4),
An(dy} = An_1(d7)+a7An_2(d7}

since ap,-7 =ay forall n
Hence both A, and Uj,+; satisfy the same recurrence. They also have the same starting values forn = —7 and n =
0. Hence the two functions coincide.

Corollary. Ap-g(a) = { (1+7%4a)" ~ (1-JT74a)"} /(2"/T+4a).
B’oof Referring to (13) we see that a and b are roots ofxZ —x—a=0 Examples of the Corollary are
Ap-1(0) = 1

Dpoq(=7) = Bél—g sin (mn/3)

Apr(3) = {27~ (=17} 3.
This last example leads, via Theorem 4, to
21, 2|, 2|, .. -
+ 2 =
7 7 +“ +|7 + 2

as is easily verified.

7. THECASEp=2
This case is also relatively simple. We have
Theorem 6. Ap ((,:L;, (.12) =(1+a;+ ag}An_2(d7, [12) - a,azA,,_4(d7, dz}.
Proof. First suppose 7 is odd so that a,,-7 = ap. Then Theorem 1 gives
Ap = Ap-1+a28p-2 = Ap-2+a;Bp-3+a28p-2.
But Ap3=A0Ap2-0a2004.
Elimination of A3 gives the theorem for n odd. If n is even, we simply interchange the roles of a; and as.
The counterpart of Theorem 5 forp =2 is
Theorem 7. Aoplay, az) = Upri(1+ag+ap, aras) —azl,(1+a;+az, azay)
Azps1(a102) = Upsr(1+ag+az, azaz).
Proof. LetW, = Agpfay, az). By Theorem 6
W, = (1+a;+aWp1 —ajasWp_o
with
Wo=1 W;=2A»220as,a2)=1+ay.

But
Up+1(1+ag+as, ajaz) —axUn(1+a;+as azaz)
enjoys the same recurrence and the same initial conditions. This proves the first part of the Theorem. The second
part is proved in the same way.
We note that, unlike A, (ay, az), the function Ao, 17(Gy, az) is symmetric in az and as.
Examples of Theorem 7 are
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Aopspll, 1) = 2" Aop(0,7) = 27, Aguli, 0) = 2"
Aogns1(l,=1) = Fpez,  Dopli, i) = Fpaa, Agnl=1, 1) = Fyey

Dgpr1(cs, &%) = BIM1+(=1)"),  Agnlcs, &52) = (—1)"
A2n+7(—-(.:3 ,0.52) =n+li, Azn(——(,:J, ~P) = 1-nw

Aoy_gfi,—i) = 5%—2 sin (mn/3)
s 5 (242)" —(2-2)" S5 (242) (2 -J2)"

A2ﬂ-7(7/ 2) 2\/5 , Azn”, 2) 2
o = g2mi/3 o Z1+3i

2
7 2 7 2 - /5
tofle B e de- vz,

Inspection of the above examples shows them to behave exponentially, linearly or periodically as » — «, Thisis a
general fact, true of periodic a's of any periad length p.

Here

The last two results easily lead to

8. THE GENERAL PERIODIC CASE

We now take up the complicated general case of g > 3, although the theorems we are about to obtain hold forp =
1 and 2. For this purpose we enfarge the definition (6) of Ak r to include the cases K > r. That is, we define for the
periodic case

A rlar, az, -+, Gp) = Dglapfer1, Grtcs2, . Gpe1),
where the subscripts of the a's are to be interpreted modulo p. Thusifp =4,
A5,2(c'z7, as, a3, a4) = Asla_s, a-q, ag, a;) = Aslas, az, aq, ag)
A4,7(&7, az, az, C"L4/ = A4(a_2, a.yj, (10) = A4(CL2, as, (14)
Azolas, ag, az, aq) = Aglay, az) .

It is easily verified that . .

Ag 2fay, ap, ag, aq) = Bg3tardzg
which for K =5 and r = 2 is a particular case of (7). Formulas (7) and (8) are still true in general by Theorem 1.

Theorem 8. For G<s<p let
Alp,s) = Ap st asdpg57
Blp,s) = as(BpsDp-2s-1 — Bp-1,58p-1,5-1)

Thenifn=s (mod p),
Apep = Alp,s)&, — Blp,s)App .

where the argument in all the A's is ([17, as, -, ap).
Proof. Letn=ph+s 1fin () we set K = p and use the fact that a,,+; = as+; we get
(14) Aphts = Bp sBp(h-1)+s + UsBp-1,s Dp(a-1)+s-1 -
In the same way replacing n by n — p and setting K =p — 7 we have
(15) Ap(h-1)#s=1 = Dp-1,5-18p(h-2)ts + AsBDp-2,5-1Bp(h-2)#s-1 -
Beginning with (14) and continually applying (15) gives the following for A,
h-1

- h h-1
Aph+s = Ap,sAp (h=1)+s +Ap— 1,sAp— 15-1 Z CLsM { Ap—2,s-7 } r 7Ap(h—/.£—7)+s +Ap-7,sas { A/3—2,.9—1 ; Agg.
M=1
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h-1
(16) Ap- 7,SAp—7,S-7 E a'u{ Ap—2,s—7 } N-IAp(h—/J—IHS
=1
= Dppss — ApsA P INPIV PR U |
phts psBp(h-1)+s — AsBp-1,52s-1 | Bp-2,5-1
Next we multiply both sides of (16) by a;A .2 6.7 and add

h-1

asBp-7,58p-1,5-1 Ap th=1)+s
to both sides. If we subtract this result from (16) when 4 is replaced by A + 7 we get
Ap(h+1)+s - Ap,sAph+s = Qg {Ap—2,8-7 Aph+s - Ap,sAp—z,s—I Ap (h=1)}+s
* Dp-p5-1 Ap- 1,58p (a-1)4+s }

Collecting the coefficients of App+g and App-7)+ gives us the theorem.
Our next goal is to show that A(p,s/ and B(p,s) depend on p but not on s,

Theorem 9. Blp,s) = (-1)Pajaz -ap .

Proof. It will suffice to show that
(7 ApsBp-2,5-1—Dp-1DBp-1,5-1 = (= 1Pas_ras2 Qg—pt1 .
where the subscripts on the a's are to be taken modulo p, because then, by definition of B(p,s) we

Blp,s) = (—1)Pasasg Qept] = (—7)pa7a2--~ap.

[APR.

To prove (17) we note that it holds for p = 1 since the left member is —1 and the product of @'s is vacuous. Assum-

ing the result holds for p and noting that (7) gives

Lp+1,3 = Bps+UspLp-1,s
and

Ap,s—I - A,o— 1,51 = as—pAp,sAp-2,3—7 .
We have

Ap+7,sAp— 1,5-1 — Ap,sAp,s—I = —Ap,s [Ah,s—I - Ap— 7,s—1]
s plpgsBp-1,5-1
= —Qs—p [Ap,s A;9—2',5-1 - Ap- 1,5 Ap— 1,5- 1]

+
= (-1)P Ias—7as~2“'as—p+1as—p .
Hence (17) holds for g + 7 and the induction is complete.

Theorem 10. Alp,s) is not a function of s.
Proof. Using both (7) and (8) with k = p and r =5 and s = 7 we have
Alp,s) = Aps+ashposg = asAp-2,5-1+Bp-1,5-1+Us-18p-2,5-2

= a5_1Ap_2’s_2+Ap’s_7 = A(p,s— 1).
Hence Afp,s/ does not depend on s,

We can write
(18) Alps) = Alpp) = Py = P = Aplayg, -+, ap-1) +aplp_2lay, -, ap.2)
and
(19) 0p = Q= (-1)Pajay-—ap
and restate Theorem as follows
Theorem 11. Apip = PAp—QApp .

Armed with this information we can at once evaluate Ap(ay, -+, ap) as a linear combination of two consecutive

members of the Lucas sequence { Unm (P,G/f as follows.

Theorem 12.
(20) Appts = DgUp+1(P,Q) + (D prs— PAGJUR(P.Q).
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Proof. This relation holds for # = 0 and, since U2(P,Q) = P for h = 1. By Theorems 11 and 12 both sides enjoy
the same recurrence. Hence they coincide.

9. MIORE ON THE FUNCTION P
The function
P = Pylag, az, -, ap)
defined by (18) is not as simple as 2. We already know that

Py =1 and Po=1+ay+ay.
We can tabulate P, as follows

Table 2
p Pplaz, ap, -+, ap)
1711
2| 1+ag7+ay
3| 1+ay+az+az
4| 1+a;+az+az+aq+a;az+azay
5 3 2
5 7+E a/+Z a;Qj+2 +Z ajGj+3
i=1 i=1 i=1
6 5 2
6|1+ aj+ > ajaj— AjQje7 + Y, GiGj#20it4
i=1 i<j<6 =1 i=1

Further entries in this table are left to the curiosity of the reader. It will be observed that the entries cease to be
symmetric functions of the a’s with p = 4.

10. FIBONACCI-TYPE A’S

The permanent of a tridiagonal matrix with periodic a's will depend on Fibonacci numbers if we can make P = 7
and @ = —17 since
Un(l, =1) = Fp,.
For p = 3 this requires
Pz = 1+ay+as+az = 1, —-03 = azazaz = 1.
This means that the three a's are the roots any cubic equation of the form
(21) xZtex—1=0.
The simplest example is ¢ = 0 for which
a; =1 a2=w, a3=o.>2
or some other permutation of these. For this case Theorem 12 gives the examples
Agh(i, w, (J:) 2} = Fh+7 - wzF,,
A3h+1(i, w, C:)z) = Fper + 0.)2/:,7
A3h+2(i, w, (;)2} = ZFh+7 .
Another special case is that of ¢ = —2 in which the roots of (21) are —1 and the two Fibonacci irrationals, for
example

a; = 0, az = 0, az = —1.
For this choice we get
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Azn(6,0, —1) = Frep
A3h+1(é,y,—7.) = Fh+1_6Fh
A3h+2(9.,§,—7.) = (7+9}Fh+1.

The reader may wish to write such formulas for other permutations of 9, g, 1.
For p = 4 our requirement becomes
(22) Q7 +a2+a3+04+a7a3+ 0204 = 0, ajasazay = —1.
Examples are _
a;=i, azx=-1, az=—-, ag=1 a7=w, ag=4§H, a3=w2, ag = 0.

More general examples are

ay = Bl—t+/eF —4e), as = Blt+/t* +4€),
az = %l—t— /1?2 —4e), ag = Bt -/ +4€),
where ¢ is any real or complex parameter and e€=11In any case there are eight permutations of the four a's that
maintain (22). These are, in cycle notation
(1)(2)(3)(4), (1)(3)(24), (13)(2)(4), (13)(24)(12)(34), (14)(23), (1234), (1432).
With any one of these choices we have for A, = A,,(d,, az, as, d4)
Ayp = Fpeg—agqll+as)Fy
Bgp+1 = Fper—agagfp
Agp+z = (1+0a7)Fp+1 —agazaqfp
Agn+z = (1+ag+az)Fpiy .

Instead of forcing A, to involve the Fibonacci numbers we can make it a linear function of n by choosing P =2 and
Q = 1 because U, (2,1) = n.
For p = 3 the conditions become

(23) ar+az+az = 1, ajazaz = —1.
One obvious solution is to choose two of the a’s equal to 1 and the third —1. Thus we find
Aspll, 1,=1) = 2h+1, Agper(i, 1,-7) = 1, Azpeali, 1,—7) = 2h+2,  Azp(i, —1,1) = 1,
Agpe(l,=1,1)=20+1, Agnspli,—=1,1)=20+2, Agn(~1,1,1)=1, Dgner(~1,1,1)=1, Agneal-1,1,1)=0.
Another choice of a's satisfying (23) is any permutation of
-2¢os (2n/7), —2cos(4n/7), —2cos(6n/7).
The most general solutions of (23) are of course the roots of
x3—x%+ex+1=0
and this leads to the linear function
Azpss = As+ (Age3—Aghh.

The reader may have observed in the above that, of all the formulas for Ahp+s, the simplest is that fors=p — 1.
The reason for this phenomenon is to be seen by substituting s = —7 in Theorem 12. We obtain simply

App-1 = Bp-1Up(P,0).

Yolodotokoiok



