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In this paper we are concerned with a question that has already been answered, involving Fibonacci-type sequences 
and their characteristic numbers. We are only interested in primitive sequences iconsecutive pairs of terms have no 
common factors) and for these sequences we ask: What numbers can be the characteristic of a sequence, and given 
such a number, how many sequences have it? 

Thoro [1] has shown that D may be the characteristic of a sequence if and only if Z7 has prime power decomposition 
D = 5°p?ip?* -C . 

where e - 0 or 1 and /?; = 10m ±1 for all i, while Levine [2] has shown that for such D, there are exactly 2n pr imi-
tive sequences possessing it. Levine's proof involves the use of quadratic fields and rings of integers in such fields. 

Our purpose, here partly fulfilled, is to construct an elementary proof. In this paper, we show the ideas of our 
argument, and the difficulties encountered. 

In what follows, Fn and Ln are the nth Fibonacci and Lucas numbers, respectively, while Hn,H%,An,Bn, etc., 
will represent the nth term of some general Fibonacci-type sequence. It can be shown that any sequence has a "pivo-
tal" element, such that it and all of the elements after (or before) it are of the same sign, which we take positive 
when convenient, while the element before (or after) it is of the opposite sign and all the elements before it have 
alternating signs. With the exception of the Fibonacci sequence | •••, 1, 0, 1,1, 2, — j , we will always assume that 
for a sequence 

HQ is the pivotal element. Finally, if j Hn | is a sequence, then by [ Hn\ we will mean the conjugate sequence 
whose terms are given by _ 

Hn = (-VnH.n . 
Henceforth, when we say sequence, unless otherwise stated, we will mean Fibonacci-type sequence. 

We begin by stating the identity 
(D Fm+1Fn+1 + FmFn = Fm+n+1 , 

which can be proved by induction on either m or n. There are several similar identities: 
(2) Lm+iFn+1 + LmFn = Lm+n+1 

(3) Hm+-jFn+i + HmFn = Hm+n+i 

W) Lm+iLn+i + LmLn = 5Fm+n+i 

and in general, 
(5) Hm+1H%+1+HmH%= Gm+n+1 

gives the terms of a sequence \Gn\. What we have, then, is a way of combining pairs of sequences to obtain a new 
sequence, a type of multiplication of sequences. We will see shortly that this operation is commutative and associa-
tive, as may already be apparent. 

We will need to recall a few notions concerning sequences. 
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For any sequence, there is a positive number C, called the characteristic number for the sequence, such that 
(6) Hn^Hn+1-H

2
n= ±C, 

where the sign varies according as n is even or odd. 
Also, for any sequence, there is a function which generates the terms with non-negative subscripts, given by 

(7) JoltLll = ± HnXn. 
1-x-x* nsgQ 

Recall, too, that given any two sequences \ Hn > and {#/?}, we can form what is called the convolution of 
the sequences, given by the sequence 

Ml* 
which is not Fibonacci-type and which has terms given by 

C0
 = HQHQ* C% = HXHQ+ HQHU C2 = H2H* + HXH* + H0H2 

(8) 
On = HnH% + Hn_1Hi + .r + H1HZ_1+H0HZ . 

The terms of \Cn\ satisfy the recurrence 
(9) Cn+4 - 2Cn+3 - Cn+2 + 2Cn+i +Cn = 0, 

and are generated by the product of the generating functions for J / / n [ and j ^ L 

do) (H^^m^n:^ a -
(1-X-X*) n=0 

We will now see that the convolution of the sequences ] / / n [• and i H* 1 is closely related to the sequence 
| Gn 1 given by Eq. (5). 

For a Fibonacci-type sequence j An i we have 
(11) An+2-An+1-An - 0. 

The sequence j Cn \ above does not satisfy Eq. (11), but if we let 
(12) On+2-Cn+i - Cn = An 

then we observe that 

&n+2 ~ &n+1 ~ &n = (Cn+4 - Cn+3 ~ Cn+2> ~ (Cn+3 ~ Cn+2 ~ Cn+1> ~ (Cn+2 ~ Cn+1 ~ Cn) 

= Cn+4 - 2Cn+3 - Cn+2 + 2Cn+i + Cn = 0. 

So the | An y forms a Fibonacci-type sequence. Since two adjacent terms of a sequence determine the sequence, 
we have only to look at A0 and At to knowall about I A,,!.. We will see that A0 = Gl and At = G2. 

From Eq. (8) and then (5), we see that 
A0 - C2 -Cx ~CQ = (H2H- + HlH* + H0H^)-(HlH^H0Ht)-(H0Ht) 

= (H2 -Hx -HQ)HZ + (H1 -HQ)H* + H0H* = (0)H*+(H^)Ht + HQH* = GX , 
and, since 

C3
 = H3H*' + H2H*+ HXH2+ H0H*', 

Ai = C2-C2-Cx = (H9 ~H2- HJH* + (H2 -Ht~ H0)H* + {HX - H0)H^ + H0H^ 

= (0)H* + (0)H*+(H„JH* + HQH* = G2 . 
Thus, we have 
(13) Gn = Cn+1 -Cn- Cn-i , 

which can be interpreted in terms of generating functions. Using Eq. (10), we have 
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(1-X-X2) n=0 n=1 n=2 

Co + (Cx - CJx + J2 tin- C„-1 - Cn„2)x
n 

or, 

(14) / ^ ^ ^ -cHi-Ck + t Gn^ . 
1-X-X* n==2 

Thus, we see that, if we simply multiply the numerators of the generating functions for | Hn J- and | / / ^ | , we 
obtain, except for the first couple of terms, a generating function for | Gn j . 

From this, it follows immediately that our operation of multiplying sequences is commutative and associative, 
since multiplication of polynomials is commutative and associative. 

Next, we will show that, when we multiply sequences, the product of their characteristic numbers give the char-
acteristic of the product. Unfortunately, we have no neat way to show this, so we indicate the steps in the rather 
messy but elementary calculation. If we let 

{A„} = \-,a,h,a + h,- J. and \ c n ] = \ - , c, d, c + d, • • ] , 

then their product, which we denote | ACnj, has 

\ACn | = | -,bd + ac,(a + b)d + bc,(a+2b)d+(a+h)c,-\. 
Ignoring the question of sign, J An \ has characteristics2 +ab - b2, and \Cn] has characteristic c2 + cd - d2. 
We compute the characteristic of J ACn | , and find it is the product of these, as follows: 

fbd + ac] [(a + 2b)d + (a + b)c] - [(a + bid + be]2 

•= [abd2 +2b*d2 + abed' + b2cd + a2cd + 2abcd + a2c2 +abc2] - [a2d2 +b2d2 +2abd2 +b%c2 +2abcd+ 2b2cd] 
= a2c2 +a2cd-a2d2 + abc2 + abed-abd2 - b2c2 -b2cd + b2d2 = (a2 +ab-b2)(c2 +cd-d2). 

Thus, the characteristic of the product is the product of the characteristics. 
These are the tools we wish to use in our argument, which rests upon something we have so far been unable to 

show with an elementary proof. We want to show that, for a prime p = Wm ±1, exactly two sequences have/7 as 
their characteristic, and that these are conjugate to one another. Then we would like to show that these are the 
atoms from which we can build the whole universe of sequences. 

Suppose that we are successful in dealing with this basic problem of showing that exactly two sequences corres-
pond to a prime p = Wm + 1. Then, we have several lemmas that show that we can build from the sequences cor-
responding to prime characteristics. 

Lemma 1. The product of a sequence » | An \ and it$ conjugate { An \ is not primitive, unless it is the se-
quence | Fn j . 

Proof. Let a, b, c> 0 and let 
\An\= \~,-a,b,c,.»\) 

i.e., b is the pivotal element of | An J-. Then, 
\ A n \ = \-,-c,b,a, - i and A0Al +A_%A0 = ba + (~a)b = Q, 

so \AAn | has a zero. But, only a multiple of the Fibonacci sequence can have a zero. Since the characteristic of 
\AAn J- is the product of the characteristics of \An\ and j An\, which are easily seen to be the same, we 
see that j AAn I = < cFn \, where c is the characteristic of J An I. Since c ^ 1 as long as ] An i £ i Fn j-,we 
see that i AAn I is not primitive. 

Lemna 2. If we write | /4™ | for the product j ^ A ^ - / ! ^ I where A appears/?? times, then if 
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a + bx 

1-x-x2 
EAnXn 

n=0 

so that 
(a + bx)m/(1-x-x2) 

generates \ A™ j except for the first few terms, then we can write 

(a + bx)m _ n / . , (Am+Bmx)x m-1 

i Am \ 
1-x-x* 1-x-x* 

wherePm-i(x) is a polynomial of degreem - 1 and Bm, Am are consecutive terms of j A™ \ 

Proof. We delete. The idea is to expand (a +bx)m and then divide by (1 - x - x2) and get the remainder, which 
is linear. 

Lemma3. Given \ An \ and all its powers \ A™\ as above, the Am'$ and Bm's introduced there satisfy 
the following recurrences: 

Am+1 = (a+b)Am+aBm 

BmH = aAm+bBm 

Am+2 = (a+ 2b)Am+1 + cAm 

Bm+2 = (a + 2b)Bm+1 + cBm , 

where c = a2 - ab - b2 is the characteristic of j An \. 

Proof If 
(a+bx)m _ n (,jAm+Bmx)xm^ 

1 • 1 -X - X ' 

then 

l*+MmV = ( a + b x ) P m - l M + ^ ^ ^ ? l 
7 -x-x' 1 -x 

- „ ' / - i , (aAm + <bAm + aBm)x + bBmx2)xm'1 

- PmW+ -z 

p'm(x)+xr i aAm + 

1-x-x* 

((a+b)Am+aBm)x + (aAm +bBm)x2 

1 

Pm (x) f x m \ <(d + b>Am +aBm, + (aAm + bBm>x 1 
L l - x - x 2 J 

= pm (x) + 
(A m+1 + Bm+1 ix)xr 

1 -x - x' 
and 

Am+1 = (a+b)Am+aBm 

Bm+1 = aAm+bBm . 

Now, using these, we have 

Am+2 = (a+b)Am+1 +aBm„i = (a + b)Am+1 + a(aAm + bBm) 

= (a+b)Am+1+a2Am+h(aBm) = (a + b)Am+1 + a2Am+ b(Am+7 - (a + b)Am) 

= (a+2b)Am+1 + (a2 - ab - b2)Am , 
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Bm+2 = aAm+1 +bBm+1 

= alia + b)Am + aBm ) + bBm+1 

= la + b)(aAm) + a 2Bm + bBm+1 

= (a + b)(Bm+1 - bBm) + a2Bm + bBm+1 

= (a + 2b)Bm+1 + (a2 -ab-b 2 )Bm . 

Lemma 4. If a sequence is primitive, then its product with itself either is primitive or has 5 as a factor. 
Proof. We have a sequence generated by 

(a+bx)/(1-x-x2), 

where (a,b) = 1. Note that (a,b) means the greatest common divisor of a and b, and that for a sequence to be primi-
tive is to say that any pair of consecutive terms are relatively prime. Now, 

(a+bx)2
 = a2 + [(a2+2ab) + (a2+b2)x]x 

1-x-x2 1-x-x2 

so we must consider la +2ab, a +b .). We suppose that some prime p divides both a + 2ab and a + b . 
If p \a(a + 2b) and p\ (a2 + b2), then 

P\(a2+2ab~a2-b2) = 2ab - b2
t or, p\b(2a-b). 

\ip\a, then since/?|fa +b2), p\b, and \\p\b, thenp|a for the same reason. But, (a,h)= 1, sop cannot divide both 
aandb, andp\(a +2b),p\(2a -bl So, 

p\[(a+2b)+2(2a-h)] = 5a, 

andp15 because/? does not divides and/? is a prime. Then, we may conclude that (a +2ab, a +b ) is a power of 
5. But, we will show that (a2 + 2ab, a2 + h2) must divide D, the characteristic of our given primitive sequence. Since 
D contains at most one factor of 5, we will have the desired result. 

Note that D = ±(a2 -ab- b2). we suppose that d ? 1 and that d\(a2 + 2ab), d\(a2 + b2). Then, 

d\[a(a2+2ab)-(a+b)(a2+b2)] = a2b-ab2-b3 = Db 
and 

d\[h(a2 + 2ah)-a(a2 + b2)] = -a3 + a2b+ab2 = -Da. 

We let (D,d) = d'. Then d/d'\Db/d' and d/d'\Da/d', but since (d/d'f D/d') = 1, d/d'\b and d/d'\a, and since (a,b) = 1, 
d/d/= 1 or d = d'so that, since (D,d) = d, we see that d\D. 

Lemma 5. If j Hn | has starting pair b,a and (a,b) = /, then 

(a2+2ab/a
2+b2) = 5 

if and only if | Hn \ = \ H'Ln (; i.e., I Hn \ is the product of some \ H'n | with the Lucas sequence. 

Proof. The if part is easy. Let { Hn \ = | H'Ln f. Then 

| H2 }={H'LH'Ln\ = {H'2L2\ . 

But, | L2 \= { 5Fn | so 

K h \H'n
2l{5Fn\ = {5H>n

2) 
and clearly 5 divides each term, including a2 + 2ab and a2 + b2. 

Now, for the only if part. We let (a,b) = 1 and 

(a2 +2abfa2+b2) = 5. 
Since 5\ (a2 +2ab) and 5\ (a2 + b2), 

51 [(a2 + b2)-(a2 + 2ab)] = b2 - 2ab. 



243 

Now, 

Of\l THE SOLUTIOWS TO THE DI0PHAS\IT!!\1E EOOATiOW x2 + xy - y2 = +D 
m THE NUMBER OF FIBONACCI-TYPE SEQUENCES [OCT. 

5\a(a+2h) and 5\b(b - 2a). 

If 5\a, then since 5\(a2 + h2), 5\b, and \f5\b, then 5\a for the same reason. So, 5 cannot divide both a and b, and 
5\(a + 2b) = 5M, 5\(b - 2a) = 5M'f so a = M + 2M'mti b = 2M - M'. 

Now we set up the system of equations 

a = rLk+1+$Lk 

b = rLk+sLk-f 

which we know has solutions. We will show that rand s are integers which will complete the proof of Lemma 5. We 
use Cramer's rule. 

a Lk 

h Lk-1 
M +2M' Lk 

\2M-M' Lk-i 
Lk+1 Lk 

tk Lk„i 
(-1)k+15 

(M+2M')Lk-1 + {M'-2M)Lk 

(-1)k+15 

(2Lk„<i + Lk)M'+ (Lk-i - 2Lk)M _ 5FkM
/-5Fk.1M 

(~1)k+15 <-1)k+15 

Similarly, s is found as 

= (-VkH(FkM'-Fk-7M) 

Lk+1 a 
Lk b 

s =-
ik+1 

Lk+1 Lk 

Lk Lk„f 

= (~ir!(FkM-Fk+1M')f 

so that we see both r and s are integers. 
Lemma 6. If (Ak,Bk)= 1 and (Ak+1,Bk+i) = 7, then (Ak+2,Bk+2)= 1. 

Proof. We \v\.p\Ak+2a*\dip\Bk+2,p a prime. Then, certainly p divides the characteristic of the sequence 

{~-,Bk+2,Ak+2, - J , 

and since this is just the (k + 2)nd power of the characteristic of j —, b, a, — I and p is a prime, 

p\D = a2-ab-b2 . 

Now, since 
Ak+2 = (a+2b)Ak+1+DAk 

Bk+2 = (a+2b)Bk+1+DBk 

we have that 
p\(a+2b)Ak+1 and p\(a+2b)Bk+1. 

\\p does not divide (a +2b), then p\Ak+-j mo\p\Bk+i, but (Ak+i,Bk+i)= 1, so p\(a +2b). But, we can show that 

(a+2b,D) = I 

Certainly (a,D) = 7 because anything thad divides both a and D must divide b and (a,b) = I So, 

(a + 2b,D) = Ma + 2h),D) = (a2 + 2ab, a2 - ab - b2). 
if 

then 
p\(a2+2ab) and p\(a2 - ab - b2), 

p\(3ab+b2) = b(3a+b) 

and sincep does not divide/?, we must h%MQp\(3a +b) sop\(6a + 2b). Now, sincep\(a +2b), we see thatp\5a and 
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since/?/f^p|5, or,/? = 5. 
M5\Ak+2 a n d 5\Bk+2* then 5\Dk+2, the characteristic of | - , Bk+2fAk+2, - } . But then 5\D and 25\D2. 

Thus, Z? cannot be the characteristic of a primitive sequence (borrowing Thoro's result [1]). So, we may have had 
(a,b) = 1, but we would not have had 

(a2 + 2ah, a2 + b2) = I 

Thus, nor would we have had (Ak+1, Bk+1)= I So we see that (a+2b, D) = 1, and thus (Ak+2, Bk+2) = I 
Notice that Lemma 6 shows that if a primitive sequence is not a Lucas mixture, then all of its powers are primitive. 

Our final sequence building lemma is 
Lemma 7. If | An J has starting pair b,a with (afb) = 1, and \ Cn \ has starting pair d,c with (c,d) = 1, 

and if (DhD2) = 1, where D / = a2 - ab - b2 and D2 = c2 - cd - d2, then \ ACn } is primitive. 
Proof. \ ACn [ is generated by 

(a+bxHc + dx) _ ^n,l(ad + bc+ac) + (bd + ac)x]x 

1-x-x2 1-x-x2 

We must show that 
(ad + bc+ac,bd + ac) = I 

We letp\(ad + be + ac) andp\(bd + acl Then 

p | Idlad + bc+ ac) - c(bd + ac)] = ~a(c2 -cd-d2) = -aD2 

and 

p\lb(ad + be + ac) - a(bd + ac)J = -cla2 -ab-b2) = -cD-j . 
Also, 

p\[(ad + be + ac) - (bd + ac)] =ad-f-bc-bd/ 

so 

p |[c(ad + bc- bd) - d(bd + ac)] = b(c2 ~ cd - d2) = bD2 

and 

p\[a(ad + bc-bd)-b(bd+ac)] = d(a2- ab - b2) = dD 1. 

Thus we have that p\aD2 and p\bD2 , and since it is impossible for/? to divide both a and b, p\D2. Likewise,p\D7. 
But this cannot be, since (D^t D2)= 1. So, \ ACn \ is primitive. 

Note that, while Lemma 7 tells that, given a pair of primitive sequences with characteristics £ / and C2 relatively 
prime, we can construct a sequence with characteristic C]C2 that is also primitive, it does not say that, given two 
distinct pairs of sequences, their products are different. 

There is also the question of whether, given a sequence with characteristic C-jC2f it can be factored into a product 
of sequences with characteristics £7 and C2. This question corresponds to the problem of unique factorization in 
integral domains. In Levine's proof [2 ] , he was able to use the well-known fact that factorization is unique in a cer-
tain integral domain, the "algebraic integers" in the algebraic number field Q(a), the rational numbers extended by 
a= (1 + %/5)/2. We have so far been unable to show that we have unique factorization by means similar to those we 
have employed above. 

As for the problem of knowing that exactly two sequences correspond to any prime characteristic/? = 10m ± 1, we 
have at least shown where to look for sequences having a given characteristic. 

Lemma 8. If | Hn \ has characteristic C, then j Hn \ has a term in the interval -sjc <x <%/c. 
Proof. We suppose that | Hn f has no terms in the interval -\fc < x < sjc. Then let Hk be the first term greater 

than sjc. We ask, where does Hk+f lie? If Hk+7 < 0, then by assumption Hk+i < -\fc, and, in fact, 

Hk+1 < -(Hk+4c) 
or else Hk+2 will be in the interval -sjc < x < sjc. If Hk+1 > 0, then Hk+i > yjc and, in fact, Hk+7 >2Hkor 
else Hk_i will be less than or equal to Hk and yet non-negative. This cannot be, because if Hk^ < Hk, then 
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-sJC < Hk-j < sjc , 

and if Hk-i = Hk, then Hk~2 = 0 and 0 is in the interval. 
So, in Case 1, where Hk+i < 0, we have 

Hk+1 < ~(Hk+s/c), 

but all we will use is \Hi<+1\ > \Hk\.\Ne\et 

Hk = a, Hk+1 = -b, b > a > 0 ; 
then Hk+2 = a - b < 0. Since 

HkHk+2-H
2

k+1 = a2-ab-b2 < 0, 
we see that 

a2-ab-b2=-C, or, C = b2 + ab-a2. 

Now, since a <b, we have 
a <b 

2a < 3 b 

2a2 < Sab 

a2-2ab+b2 < b2 + ab - a2 = C 

Hk+2 < c 

or \Hk+2\ < \fc, and Hk+2 is in -s/c < x < >Jc. 
Now, in Case 2, where Hk+1 > 0, we have Hk+1 > 2Hk. We let 

Hk = a, Hk+1 = 2a + bf 

where a,b > 0. Then Hk-i = a+bf and since 

Hk.1Hk+1-Hl= (a+b)(2a+b)-a2 = a2 + 3ab+b2 > 0, 

we have 
C = a2 + 3ab+b2. 

But then H2<c because 
C-Hl= 3ab+b2 > 0, 

so |//£ | < V ^ / contrary to assumption. We are forced to conclude that j Hn f has a term in the interval —yjc <x 
< x / C . 

Lemma 8 tells us where to look. Now we only have to know what we are looking for. Finding a sequence with char-
acteristic C is the same as finding a solution to the diophantine equation 

y2 + xy-x2 = ±C, 

because then y, x, x + y will be consecutive terms of a sequence with characteristic C. We convert this equation to 
an equivalent one as follows: 

(15) y2+xy-x2 = ±C 

4y2 + 4xy-4x2 = ±4C 

4y2 + 4xy + x2 - 5x2 = +4C 

(2y+x)2-5x2 = ±4C 

(16) Y2-5X2 = ±4C 

If y and x solve (15), then 2y +x and x solve (16). If Y and X solve (16), then (Y-XJ/2 and X solve (15). (Note 
that (Y - X)/2 must be an integer since Y and X must be of the same parity to solve (16).) 

If /and x solve (15), then / = //£_ 7, x = Hk give a sequence with characteristic C. Then 

2y+x = 2HM +Hk = Hk^+Hk+1. 
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This is often called the generalized Lucas number, corresponding to the sequence j Hn I , and is written 

Hk-1+Hk+1 = i k . 

Now our problem is reduced to that of looking for solutions to (16) with 0 < X < sfc. That is, we need not con-
sider —%/c < X < 0, because the only X term in (16) is a square term. 

If we find a so lu t ion^ , it has a corresponding K0. But this Y0 may be taken to be positive or negative. Also, there 
is possibly a / * , different from K0 numerically, that also corresponds to X0. In this event, we would have that 
(X0, Y0) solves (16) for +4C, and (X0, Y*) with the -4C, or vice-versa. So, with a given XQ, there may be four Y'% 
that correspond, but no more. 

Given a solution (X0, Y0), we can obtain a sequence by letting 

Hk = X0, Hk.f = (Y0-X0}/2. 

Also, any sequence containing X0 and having characteristic C is obtainable in this way. To see this, we let Ak = X0, 
and observe that (Ak, 2Ak-i + Ak) solves (16), so that 2Ak-i + Ak was one of the (possibly four) Y'% that went 
with A^.Then we would have set 

Hk = Ak/ Hk-j = f(2Ak_i +Ak)-Ak]/2 = Ak.7. 

As for the choice of (X0, Y0) or (X0, -Y0) to construct a seuqence, we will obtain a sequence or its own conjugate. 
By taking (XQ, Y0), we obtain 

Hk = Mo* Hk-l = (Y* -X0)/2, 

so Hk+i = (Y0 +XJ/2. By taking (X0f -YJ, we obtain 

% = XQ, Hk„i = (-Y0 -X0)/2 = -Hk+i ' 

so \Hn\ is conjugate to j Hn \ . 
Similarly, if we take (~XQ, Y0) or (-X^, -Y0), we get nothing new. 
As for the choice between (X0, YJ and (X0, Y*), at this point we have to say try them both. We believe that this 

still yields the same sequence, but as yet have no proof. This corresponds to situations in which the same number 
(up to absolute value) occurs twice in a sequence; for example, —, - 7 , 5, - 2 , 3, 1,4, 5, 9, — has two 5's. 

At any rate, the problem of finding sequences with a given characteristic is reduced to that of finding solutions in 
a bounded interval to a particular diophantine equation. 
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