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1. Saalschiitz's theorem reads 

(1 1) V (-n)k(a)k(b)k = (c-a)n(c-b)n 

fa k!(c)k(d)k ~ (c)n(c-a-h)n ' 
where 
(1.2) c + d = -n+a + b + 1 
and 

(a)k = a(a + 1) - (a + k - 1), (a)0 = /. 
The theorem has many applications. For example, making use of (1.1), one can prove [3, §61 , [7, p. 41] 

(i-3) i [:Y*k ^m^*1"+*>--*. 
k=0 2j<n 

In particular, forx = 1, (1.3) reduces to 

(14) V / n \ 3
 = Y (n + 1,! 2n~21 

k=0 2J<n 

a result due to MacMahon. Forx = - / , (1.3) yields Dixon's theorem: 
2n 

d.5) Y. <-* [lY - <-*r W • 
k=0 

Saalschiitz's theorem is usually proved (see for example [2, p. 9 ] , [6, p. 86] , [8, p. 48]) by showing that it is a 
corollary of Euler's theorem for the hypergeometric function: 
(.1.6) F(a,b;c;x) = (1-x)c-a-bF(c-a,c-b;c;x), 
where as usual 

* - ' n!(c)n 
n-0 

As for0.6), the usual method of proof is by making use of the hypergeometric differential equation. 
The writer [3, §6] has given an inductive proof of (1.1). We shall now show how to prove the theorem by using 

only Vandermonde's theorem 

(1.7) F(-n,a;c;1) = —7-^ . 
(c)n 
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We then show how the (/-analog of (1.11 can he proved in an analogous manner (for statement of the ^-analog see 
§5 below). Finally, in §6, we prove a ^-analog of (1.5). 

2. To begin with, we note that (1.4) is implied by the familiar formula 

k^O 

where a,b are non-negative integers. Since each side of (2.1) is a polynomial in a,b, it follows that (2.1) holds for 
arbitrary a,b. Replacing a by -a and b by c + n - 7, (2.1) becomes 

t (7)(c;v)--(c-ar-') • 
k=0 N 

that is, 

This is the same as 

2>« k (a)k(c + k)n^k _ (c-a)n 

k!(n - k)! n! 
k=0 

( 2 2 ) y» (-n)k(a)k _ (c-a)n 

„n kl(c)k (c)„ 
k=0 

so that we have proved (1.4). 
Now, by (2.2), 

Xs [C-a'nlb/n xn = *p [% n *p /jjk (n\ [Vk_ _ y ^ /^k Wk\°9k xk X^ \b + k)n y? 
" n!(c)n *-* n! ^ \kl Mk ^ MMk nl 

n=0 n n=0 k=0 • K k=0 n=0 

k=*0 

so that 

(2.3) £ (^fkxn = (1_xrbj^ ^(bkl_^\\ 
*-* n!(c)n *-*• k!(c)k \x-1 ) 
n=u k-u 

We have accordingly proved the well-known formula 

(2.4) F {a,h;C;~^j\ = (1-x)bF(c-a,b;c;x). 

In the next place, by (2.3), 

(c-a)n(c-b)n n_ h-c T p (a)k(c-b)k [ x \ k _ .a-cV (aIk. I * \k\^ / i\i lk\(bh 

nssd k=0 isssfi i=n * 
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(1-x)b'c 

oo m oo 

f - j!(c)j \1-x I V 1-x I U X) ^ j!(c)j * • 
j=0 s j=0 ' 

This evidently proves (1.6). 
To see that (1.1) and (1.6) are equivalent, consider 

Since 

it follows that 

(1-x)a+b-cF(a,b;c;x) = ] £ ^ZJZ^L xi j r (^J^ xk 

E n y ^ (a)k(b)k(c-a~h)n-k 

^ k!(c)k(n-k)! 
n=0 k=0 

la\ . = (a,n = (_nk Mn 

{a)n-k (a + n_k)...(a + n_1} r v ( „ 8 „ n + 1)n> 

U x) Fla,b,c,x) l * — ni
 x 2 ^ k!(c)k(a+b-c-n + 1)k 

n=0 ' k=0 

Hence (1.6) is equivalent to 

(c-a-b)n " ^ (~n)k(a)k(b)k = (c-a)n(c-b)n 

nT ^ k!(c)k(a+b-c-n+ljk
 nj(c)n 

k=0 
which is itself equivalent to (1.1). 

3. It may be of interest to remark that (2.4) is a special case of the following identity: 

(3.1) 

where 

(3.2) Mr - E (-Vs ( r
$ ) X,, Xr - 2J (-Vs C ) Ms 

s=0 V s=0 
Indeed 

r=0 r=0 x 

s=0 X s=0 

n^-i^A^rY-ti'-"'1^^"-"' 
r=0 ' r ~ 

/7=0 
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ForXr=(b)r/(c)r, (3.1) reduces to an identity equivalent to (2.4). For 

s=0 

and (3.1) becomes 

(3.3) £(*jL.(i-xftj^to(->LAr . 
~ r! c + r *-* (c)r+f \x-1j 
T—O f=0 

4. We turn next to the ^-analog of Saalshutt's theorem. We shall use the following notation. Put 

(4.1) (a)„ = Mn.q = (1 -a)(1 -qa)-(1- qn~ 1a), (a)0 - / / 
in particular 

<q)n = (1 - q)(1 ~ q2) »• (1-1nh Wo = 1. 

The ^-binomial coefficient is defined by 

(Q)n 

[I] (q)k(q)n-k ' 
it occurs in the ^-binomial theorem 

tx)n = (1-x)(1-qx)-»(1-qn-1x) = £ (-1)k M qM(k'1)xk 

k=0 L J 

We also put 
oo 

e(x) ' e(x,q) = 5 (1-qnxr1 = 22 -£- , 

where \q\ < 1, \x\ < 1. A more general result used below is 

(4.2) T<^xn=e{xl 
*-* (q)n e(ax) 
n=0 

We shall also use the identity 
oo 

n 

n=0 

For completeness we sketch the proof of (4.2). Put 

Since efqx) = (1 - x)e(x), it follows that 

so that 

n=0 

f(qx) _- £*. f(xh 

(1-x)J2 An*" = (J ~ax) £ Anq
nxn . 

n=0 n=Q 

This gives 
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An-An-t = qnAn-q
n~1aAn„t, (1-qn)An = (1-qn'1a)An^ 

Since A0 = 1, we get 

1 - qn {q'n 

thus proving (4.2). 
We shall also require the following formulas: 

(4"3) ^ (~1) iKl Wk
Q (C/d) "Mn~ ' 

k=0 

(4.4) V* (-1) k M (ElL 0
1/2k(k+1hnk = (c/a)n gn 

^ L*J (c)k
 Q ~ (c)n 

k=0 

(4.5) £ (-1)" (aJ"\ , . (c/aJn - -ffcL . 
n=0 

To prove (4.3), we note first that it follows from (4.2) and the evident identity 

e(x) efax) _ e(x) 
e(ax) e(abx) e(ahx) 

(4.6) ^ [ j ] (a)k(b)n„ka
n~k = fo^,, . 

Replacingihy = tf""* /c, this becomes 
oo 

(4.7) £ [2] feW'VcW7-* = fcf'V^, . 
k=0 

Now 

* - " « * « . - ( ' - ^ ' K ' - ^ ) •••( '-:-) 
= (-1)nq-y'n(n-1,(a/c)n(c/a)n / 

similarly 

h-^.(, .t=I)(, .^L).. (,.£) 
= (-irk

q-%nin-"+y*k{k-nc-n+k(<,kc)n-k 

= (-1)n-kq-*n<n-1>+*k<k-1>c-nH'(c)n/<c)k . 

Hence (4.7) becomes 

Ar=0 
so that we have proved (3.3). 

To prove (4.4), rewrite (4.6) in the form 

L i nknKk(k-1) [n] <ak ,,}k = (c/a)n 
('1) q M Wk

(C/a) (c)n ' 
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(4.8) Y, ft] (a)k(h)n-kh
k = (ab)n. 

k=0 
Then exactly as above 

£ [ J ] (a)k(q~n+1/c)n„k(q-n+1/c)k = (q~n+1a/c)n 

k=0 

which reduces to 

As for (4.5), we take 

e(ad 
e(c) 

£ (-V^^^fakfq^n^ = (c/a)nan . 
k=0 

eM yp (-1)° (aJ^r7-l k/af 
n=0 

- y (-if Q%n{n-1)(cMn e(gna) 
„% <*>» e(Q"c) 

^o (q)n £o (g)k 

^ icteh k ^ „ QW"-lHakc/a)n 

(c/a)k gk 7 
£?0 (q>* " e(qkc/a) 

:/a) ^ (qk e 

k e(a) 
e(c/a) ^ (q)k e(c/a) 

k=0 

This evidently proves (4.5). 

5. The ^-analog of Saalschiitz's theorem reads 

,, ^ y* (q"")k(a)k(b)k k s (c/a)n(c/b)n 

~ '<q)k(c)k(d)k Q ' (c)n(c/ab)n ' 

where 
(5.2) cd = q'n+1ab. 

The theorem is usually proved (see for example [2, p. 6 8 ] , [8, p. 96] ) as a special case of a much more elaborate 
result for generalized basic hypergeometric series. We shall give a proof analogous to the proof in §2 of the ordinary 
Saalschiitz theorem. 

Making use of (5.2), we may rewrite (5.1) as follows. 
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(5 3) V * (Q~nikMk(b)k k s (c/a)n(c/b)n 

h (q)k(c)k(q~n+1ab/c)k " Mn(c/ab)„ 

Since 

(5.3) becomes 

It follows that 

(q-")k = (-1)kqm(k-n-nkWn/(Q)n-k . 

(q-n+1ab/c)k = (-1)kq'M<k+1)-"k(ab/c)k(c/ab)n(c/ab)n.k , 

V M (a}k(b)k fr/ah> I jL.\k = (c/aUc/b)„ 
h L*J Mk(c/ab)n

 ,C/a°Jn-k [ ab I (c)„(c/ab)n 

E (c/a)n(c/b)n „ = i p f̂ê &>Ar / CY\ * y > fc/a^" / 
„ /W„fcA, " ^ W * t o * \ a& J ^ (g)„ 

n=0 k=0 n-0 
Hence, by (4.2), we have 

/ R / L \ V (c/a)n(c/h)n n = e(x) \ ~ " (a)k(b)k t C_x\k 

l b , 4 ) ^ (q)„(c)n ~ *fc*/aW yn (q)k(c)k [ab) ' 
n=0 k-0 

an identity due to Heine. Clearly (5.3) and (5.4) are equivalent, so it will suffice to prove (5.4). 
By (4.3), 

oo 0 0 / 7 

£ (c/a)(c/b)n „ = y. feU „ _ * r„-| Mk^Oc-Df^ 

E , .* (a)k(c/b)k '/,k(k-1),/alk V ^ fo C/^/? y n 

fc=0 n-0 

= y h1)« MkM»k qy^k-i)(cx/ajk __eM_ 
fa (q)k(c)k e(qkcx/b) 

k~0 

Next, using (4.4) we get 

£'-"' idwSk '"*"<""* 

-E'-"'fer'-«''g'-"'W^,w'"* 
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By (4.5) the inner sum is equal to 

e(qicx/b) = efcx/b) (cx/bj. 
efcx/ab) efcx/ab) J 

Hence we have 

k=0 

Combining (5.5) and (5.6), we get 

(q)k(c)k(cx/b)k 

eMM £ (^h. (cx/ab)i . 
eicx/ab) " (qmch 

j=0 J J 

(5.7) £ <C1YC/>)n *° - -F^TTT E rffi- lcx/ab>i • 
„ (q)n(c)n efcx/ab) ^ (q);(c); 

n-0 j=0 J J 

Thus we have proved (5.4) and so have proved (5.1). 
6. We now give an application of (5.1),. Making some changes in notation, (5.1) can he written in the following 

form. 
k k k 

(R \\ V 1 fa" ¥9 a)j(qbc/a)j j = (a/b)k(a/c)k / qbc\k 

f - ; (q)j(qb)j(qcjj Q (qb)k(qc)k { a I ' 
1=0 J ' ' 

It follows that 
k <,-k\/„k y * (a)k(a/b)k(a/c)k (qbcx \ k

 = sr* (jtk_ k ^ (q~ )j(q a)j(qbc/a)j / 
f t (q)k(qb)k(qc)k \ a ) ~ L* (q)k* L* (qljfqbljfqclj Q 

k=0 k=0 i=0 J J ' 

V l!L V U1)J l k \ <ah+k(qbc/a)j %j(j+1)-jk Zjr (q)k Zjr ' " [ /J (qb)j(qc)j * 
k=o ro 

, f M; / ^ f £ ^ ,-WMy f ^ (q~ix>
k . 

*rt (q)j(qb)j(qc)j ^ (q)k 

1=0 J ' ' x=0 

We now take a = q m and replaces by gmx, where m is a non-negative integer. The above identity becomes 

(6.2) V r '"2^T^tT—" fr*"f W 
~ (q)k(qh)k(qc)k 
k=0 E (-i)i (q'2mhj(q2m+1 hc)j mj-W-Dyi V * (^2m+2j)k (nm-iy\k 

' " (q)j(qb)j(qc)j Q l * (q)k
 {Q ** 

j=0 J ' k=0 
The inner sum on the right is equal to 

2/77-2/ 

We have therefore proved the identity 
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2m -mOm Om Om 

(6-3) £ (vktokfak (q bcx) 

Z <-1)i (V~2mhi(il~2m+1/bc)j amj-'Aj(j-1) j, -m+j , 

M Wlbt/fqc)/ " X (q X>2m-2' 

?QTX= 1, (6.3) becomes 

(6 4) V (q'2m)k h~2mMk (q~2m/ck ,n3m+1hr!K 

= (-1)m W2m(Q~ m /bc)m -%m(3m+1) 
(q)m(qh)m(qc)m 

In particular, for b = c - 1, (6.4) reduces to 
2/77 , r-o 1 * %(m-k)2+X(m-k) ( . 

(6.5) X (-'>"[?]' *2 = (->,m (ItUF > 
a result due to Jackson [5] and Bailey [1 ] . Jackson's more general results can also be proved [4] using the ^-analog 
of Saalschutz's theorem. 
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