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1. Saalschiitz's theorem reads
n

(=n)k (@) (bl _ (c—alp(c—b),
(1.1 2 @ e
where
(1.2) c+d = —n+ath+1
and

(a)g = ala+1)-(a+k—1), fa)g = 1.
The theorem has many applications. For example, making use of (1.1), one can prove [3, § 61, [7, p. 41]

n
=~ (n\® k _ (n+j)  j n-2j
(13) L (k) X = Z (7/}—3——(,7_17,- X/(7+X} / .
k=0 i<n
In particular, for x = 7, (1.3) reduces to
n
n\?® _ _(n+1)f  ,n-2j
(1.4) 3 (k) Z i 2.
k=0 2j<n
a result due to MacMahon. For x = —7, (1.3) yields Dixon's theorem:
2n s (30)1
k [2n _ n (3n)!
(1) > vk (Z) = B
=0

Saalschiitz's thearem is usually proved (see for example [2, p. 91, [6, p. 86], [8, p. 48]) by showing that itisa
corollary of Euler's theorem for the hypergeometric function:
(1.6) Flab;c;x) = (1-x)°PF(c—a,¢—b;e x),
where as usual

)

Flab;c;x) = Z

n=

(a)n (b )n

nllc),

X

As for(1.6), the usual method of proof is by making use of the hypergeometric differential equation.
The writer [3, §6] has given an inductive proof of (1.1). We shall now show how to prove the theorem by using
only Vandermonde's theorem

(C - 3)n

(1.7) Fl-n,a;c; 1) = il
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We then show how the g-analog of (1.1) can be proved in an analogous manner (for statement of the g-analog see
§5 below). Finally, in §6, we prove a g-analog of (1.5).
2. To begin with, we note that (1.4) is implied by the familiar formula

2.1) Z:: (Z)(nik) ’(a;b) ‘

where a,b are non-negative integers. Since each side of (2.1) is a polynomial in a,b, it follows that (2.1) holds for
arbitrary a,6. Replacinga by —aand b by ¢ +n — 7, (2.1) becomes

£ () ) - (o)

[N

that is,

Zn: 1)k (alk(c + k)p-k - (c—al,
k!(n — k)! n!

This is the same as

n
(—nllal _ (c—al,
(2.2) 2 Kileh —~ (el

so that we have proved (1.4).
Now, by (2.2),

(c — aln(b) = (b 4 B (ah _ ()b <~ (b+K)
Z e X ,?;5 ar Z% =1 (%) 7 5‘ -1 e g X

_ i (1) fali (bl XK1tk
k=0

k! (e
so that
(2.3) Z (C—nf;c")(b)" "= (1—x)b g ("”T”‘,(%(’i (7 I)k,
We have accordingly proved the well-known formula
(2.4) F (a,b,"c,'):x——f) = (1-x/°Flc - ab;c x).

In the next place, by (2.3),

>\ (c-a)plc-b) . (a)k (c - by k- b (a)y. o\ (6);
g alle, X 1 ”Z e () c§ (5 )FZO"”j(' ),
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oS @) () (1475 ) ™7 - D DL

prs /’(L‘)/ T—x — i (el
This evidently proves {1.6).

To see that {1.1) and (1.6) are equivalent, consider

(1-x )a+b-c Flab c x) = E (E L Z a)f([(;l}?:k «

/:0 k=0

oo n
n (ali(bielc—a— bk
=L Z Klcheln — k)1

n=0
Since
_ (a}n _ k (a}n
et = rrsm=wrtrrn=1r -V i,

it foliows that

- i b
(1—x)70CF(ab;c:x) = Z fo-a~- b)" — X" z kl(c}k((an':kb /f)g ‘(—i'k'* Tk
n=0

Hence (1.6} is equivalent to

c—a—bhl, (—n)x (a)i(b)k _fe—alylc=bln
al /Z(:) Kilch(a+b—c—n+ 1) nlch,

which is itself equivalent to (1.1).
3. it may be of interest to remark that (2.4) is a special case of the following identity:

(3.1) Z @ yx ) Z (a)” (—’5—7—) "

r=0
where
r r
(3.2) k= (—1/‘(g)>\s, kr:Z(—H‘(;)us
. s=0 ' 5=0
Indeed
- =~ el -
(7—)(}‘32%)—’ Ly (;_:XT)r:g (-1 i,;‘ Mpx (1= x)7F"
=0 -
=i 1) (a/r @ x rzé (z’i:!r)s o
- —
= (a) "
= g—;/i x" Z_:; (-1)" ('r’) iy

~ (a)
=2 W

n=0

i
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For\,=(b),/(c),, (3.1) reduces to an identity equivalent to (2.4). For

r
| - s (r 7 __nro
Ar c+r’ ke ZL:7( " (S) cts  (c)+g
5=
and (3.1) becomes

la)r x" - (a) r
6 T e Tl (2)
2

4. We turn next to the g-analog of Saalshiitz’s theorem. We shall use the following notation. Put

1) (a)y = (a)n,q = (1—al(1—qa) (1-q""a),  fa)g=1;

in particular
(9)y = (1-g)1—q?)(1-4"),  (g)p =

The g-binomial coefficient is defined by
[n] - (q)n .
k (@)k(a)n-k

it occurs in the g-binomial theorem

n
(e = (131 =qx) (1 ~q""x) = 3 (=1 [7] ¢k
k=0
We also put

oo hod n
elx) = elxg) = T (1-¢")" =3 X,
n=0 _ (q}n
n=0
where |g| < 7, |x| < 7. A more general result used below is

(3)n X" = efx)
“.2) 2 (q},, " efax)

We shall also use the identity

n_%n(n-1) x"
Z (=17 (ﬂ}n

e (x}

For completeness we sketch the proof of (4.2). Put

flx) = ;}’X’} =3 A"
-

Since e(gx) = (1 — xJe(x), it follows that

flgx) =

f(x)
so0 that

(1—-x) Z Apx" = (1—ax) Z Ang"x"
n=0 n=0

This gives
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An=Ant = q"An—q" 1ahp_y, (1-¢")Ap = (1-9"1a)Ap-1 .

Since A, = 1, we get

]._q" -1 (q}n ,
thus proving (4.2).
We shall also require the following formulas:
n
@3) > oo %—:q%k(k'”(c/a/k - ——’fc/j’:” .
=0
‘ (b ktr1)-nk _ (cla)
(4.4) go (—1) % [Z] E}LI:_ q/k(k+1) nk _ (c)nn "
- n (q}nq%n(n-ﬁ n_ _elc)
(4.5) > (-1 e (el = R

n=0
To prove (4.3), we note first that it follows from (4.2) and the evident identity

elx) _efax) _ elx)
elax) elabx)  e(abx)

n

(@.6) = [4] tohpeia™ = ey
k=0
Replacingiby = ¢™"*7 /¢, this becomes
4.7 Z [Z:l (e (@™ Je)parea™™ = (47" ase),, .
k=0
Now
ntt g~ (g™ (™% L (; e
(q a/C)n (7 . ) (7 q——;:—) <7 C)
= (1) ") (/) (/)
similarly

-ty o (7oa] (_L_2 ( _a_‘i)

(q/c)n_k(lc)Ic)Ic

= (= 7)"-kq-Vzn(n—1}+Vzk(k—1)c-n+k(ch)n_k
= (_”n-kq—yzn(n—7}+Vzk{k—1)c—n+k(c}n/(c)k )

Hence (4.7) becomes
n
1)k, Yk (k1) [n fa)g .,k _ (c/aly
g (-1)%g k] B (c/a) T

so that we have proved (3.3).
To prove (4.4), rewrite (4.6) in the form
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JE

(4.8) [2] tehtohn-rt® = tab)y .

x>
i
o

Then exactly as above

™Ms

[;} (ahela™ /e la™ /)% = (g™ a/e)s

P
[}
QS

which reduces to

n
S0 1)k ) (gR )k = (c/a)na”

k=0
As for (4.5), we take
(H} q/zn (n—1)
(a) —1)" " n
eﬂ'cj Z -1) i (c/a)

n=0
_ i 1 q%nfn—ﬁ(c/a}n elg"a)
n=0 (q)n e(an‘}

b Y%n(n-1) N e
= _n q (c/a) lc/alk | n &
Z (=1 (g, z (q)k fq"a)

) Z‘”: (/e Z o qi”("(”}( (n=1)(,ke/a)"

o (q)k

=E (c/ak & 1

k=0 (q}k 6'(17 kc/a)

_1 a_ . _efla
elc/al g (g} elc/a)

This evidently proves (4.5).

5. The g-analog of Saalschiitz’s thearem reads

(g lak (b« (c/alnlc/b)y
6.1 2. e " Tl
where
(5.2) cd = g7 ap .

The theorem is usually proved (see for example [2, p. 681, [8, p. 96]) as a special case of a much more elaborate
result for generalized basic hypergeometric series. We shall give a proof analogous to the proof in §2 of the ordinary
Saalschiitz theorem.

Making use of (5.2), we may rewrite (5.1) as follows.
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5.3) Z_Z (0™ hlahe (bl _ (c/alnlc/bl

k=0 (@hlch (g™ ab/ch (c)nle/abln *
Since
(0" I = (=1)fg#KO=TIrk () s0o) o
(g™ ab/eche = (—1)%g K1)k b e)K (e ab ) e/ ab )k
(5.3) becomes

n
(a)k(b)k c k _ (c/a),,(cﬂq
k}% (7] i, s ( &) = Tz

It follows that

(c/alnle/bln o _ 5~ (aklbl ([ gx (¢/abln

Hence, by (4.2), we have

i (c/alnlc/bln n _ _elx) Z (a)i (b (cx) k

) lahlch \ab

(5.4) (q)alc), elcx/ab)

an identity due to Heine. Clearly (5.3) and (5.4) are equivalent, so it will suffice to prove (5.4).
By (4.3},

(c/aln(c/bln n _ §~ /bl | k [ (@ oskte=1),, )k
Z Wl %3 Z -1 &) e (o/e)

k (alg(c/blk g Bk tk=1) & (tl /bln
Z” Tl (o f/a/E -

n=0

k (a)y (c/blk g 8k (k=1) k__ elx)
Z( 1) Tl (cx/a) oo oo

(5.5) =

elex/b) (q)ic ()i (ex /bl

Next, using (4.4} we get

i ok (c/b)k 6k tk=1) 5y 1K

(q)i (che (cx/b )i
oo k
- ik falg 1) ko i [k ) si+1)-i
5( i (eab) % (-1) [/] -

_lailb); - k  (qa) %k (k-1) K
E Al (cx/ab)! E (-1)f ———— ¢ (cx/ab)" .
(q)ilc)ilex/b); = (@) (a7ex/b)y

_elx) Z (k. fadle/bh g k=) ok

ﬂ
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By (4.5) the inner sum is equal to

elglex/b) _ elcx/b) )
elcx/ab)  efcx/ab) fex/b)

Hence we have

gk _(ale/blk  nk(k-1) k
(5.6) Z( 1) Wklehetox/ole (cx/ab)

_ _efex/b) i fa);(b); (ex/ab) .

elcx/ab) pors (q)i(c);
Combining (5.5) and (5.6), we get
(E/a)n((-'/b)n n - g()() la)j(b}/ I
.7 Z Talchy * " alox/ab) Z ey e/

Thus we have proved (5.4) and so have proved (5.1).

6. We now give an application of (5.1). Making some changes in notation, (5.1) can be written in the following
form.

6.1) Zk: (g™ )ita"alitabesal; ;i _ (a/blylatche (lbf )k

ahilgblilac;, 7 " Tablelach \ a

It follows that

o o0 ko k., k
(a)i(a/blic(a/che | ghex \ K _ fale  « g™ )ilg"a)ilgbc/a);
2_: K 18/0/k (arCik (M) =3 e ) jla”al; /.

o (Wklablelach \ a vt (a);(gb)i{ac);
= kK ) . i
- X i Tk (@prlabe/ali uj(+1)-jk
k{% o g =[] e

oo (a) 2 (qbc/a); -/ (-1) l] a}k . k
2 , i 19/2j190¢7alj -%j(j-1), ;
= =1 Grtabiac); © Z (77x)

We now take a = q M and replace x by ¢™x, where m is a non-negative integer. The above identity becomes

6.2) Z (@™ 2" e (a™2" b (a™2" fe )k (0 ok

por (q)i (qb)y (gc)k
m -
=3 -1V (4727 )3;(a™ " by oM 1) Z 2'"+2’)k (g™ )% .
4 (9);(qb);(qc);
j=0
The inher sum on the right is equal to
2m=-2j . .
Z (—1)K [2m—2/" q/zk(k—l)(q-mﬁx)k = (g™ Jom-2j -
k=0

We have therefore proved the identity
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2m , _om -2m , -2m
(07 helg™" /bl 0™ Vo), 3m+1, &
6.3) k§=0 (T Tab T ack (q bex)

m C(g=2m 2mE
=2 (—1)f (07" )(q /belj qm"/"("1)x1(q"m+'xlzm-z/.

= (q);(qb);(qc);
Forx = 1, (6.3) becomes
2m
(072 ) (g™ /o) la ™ /el | am+1, ik
(6.4) kz=:0 (g (gb) (ge)y fa be)

= (=17 (@amla ™™ /bc)n  —simizme1) _

(9)m (gb)m (ge)m
In particular, for 6 =¢ = 7, (6.4) reduces to
2m 3 (k)2 +3%(m—k)
k[ 2m]3 2 : m  (9)3m
. g = _7 o
€5 kg A ey

a result due to Jackson [5] and Bailey [1]. Jackson’s more general results can also be proved [4] using the g-analog
of Saalschiitz's theorem,
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