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Let ¢ <p < k and v be positive integers, 7 be a nonnegative integer, ¢, = 7 and { 2,9, - } be a sequence of
marks. Further let Ty ; be the Stirling numbers of the first kind defined as the coefficients of

k
(1 fx) = 9 Tid = xlx=1)x=2) wfx —k+1)
j=1
and let
(2) Llv,p, ) =3 1,0y = 1y8d %, ~ %, .

where the summation is over all the sequences of integers r,, r,, -+, ry satisfying
p=try=2r =2r,=-2tr=p-gq ad di=ri;-r;.
In connection with integration of differential equations of a group, A Ran proved in his thesis [1], using analyti~
cal methods, that
k
3) > Tejlli+np q) =0
=1

identically, i.e., that on the left side of (3) the coefficient of every product HQ?i equals zero.
Here the proof of (3) is given by combinatorial methods. To begin we write (2) in the form

) aj
4 L, pq) =Y Rlvp g amn) I g,
) p.al = "Rlv,p, g 819 o

where the summation 2 * is over all sequences of nonnegative integers a,, a,, -+, g satisfying Zia;= g, and

(5) B=Zai,

and prove the following

Lemma.
q
(6) Riv,p,q, a8 m2i') = 3 cnlp—h)",
h=0
where the coefficients ¢, do not depend on v {but may depend on g, g, 2 and mz;x’ ) and are such that
q
(7 S culo-ht=0  t=01-,a-1.
h=0
Proof. The proof is given by induction on a. For a2 = 1 we have
v-1
Al .0, 1, %) = (=) 2 p'lp—a)""" = B (Y~ (p ~a)'),
=0
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which satisfies both (6) and (7).
Suppose now that (6) and (7) are satisfied fora =5 — 1. It is easily seen that

v-b
Rlv,p g bne )= (-1 Y pPR—B-T.p-ng-nb-1, 1 /foy),
n B=0

where 77 obtains the values of / for which a; > 1. We make use of (6) with 2= 4 — 1 and in order to stress that the co-
efficients ¢, depend on n we write them in the form ¢y 5. We have

v-b q
Rlv,p, g, b, 7% ) = 3 (o—n) Y 0P 3 ennlo— )P
n B=o  h=n
qa v-1 q
=3 (p—n)[z —’3,-;-’1(p"—(p—h)")— > Ay Cnh(ﬂ—h)V—B—I].
n h=n gv-b+1  h=n .

By (7) follows that

q
Y ennlo—h"FT =0
h=n
foreverynand for0<v—f—-1<b- 2, i.e.,, forv—b +1<f<v— 1and consequently

_ q
(8) Rlv,p, g, b, mz?') = Z b-mn) . Z —L:’gi (Y- (p-hnY)
n h=1

which proves (6) fora = 4.
To prove (7) let us denote for every

q
= Cnh 4ot t
9 Dft) = 35 = (0"~ (p—h)").
h=n
Evidently Dpy(0) = 0. For ¢ > 1 we have

‘T q -1 -1 q
= n.h i t-i~1 _ i t=i~1
Dl = 3 S oh 3 plp—n)™"T = 300" 3 enalp—n)T
h=n i=0 =0  h=m

By (7) witha=5b -1,

q
Z cnlh(p—h)t"‘I =0

h=n
fort=1,2,--,b— 1and 0 </ <t~ 7and consequently Dp(t) =0 for0 <t <b - 1. By (6), (8) and (9),
q .
Z chlp—h)* = Rlt p, g b m2)) = }: (0 —n)Dylt) = 0, t=01-,b-1
h=0 n
which proves (7) with a = 4.
Theorem.
k

S Twjlli+npq) = 0.
j=1
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Proof. By (4), (6) and (1) we have

k k q q ]
Z Tk,jL(/+ npgl= Z Tk,jz I Qj'x’ Z {.‘h(p—h}j+n
=1 j=1 - i=1 . h=o
* g .9 k ) . * - q a“ q
=Y 0 Y ot Y Tiflo—F =20 T o Y enlp-h)"o-hl
=1 h=0 j=1 i=1 h=o

By definition p — A is an integer satisfying 1 <p — # <p <k — 1and consequently by (1), f(o — h) = 0 which
proves the theorem. i
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Much mare recently (1973), Jacobczyk [6] has given new iterative procedures for determining answers to both:
(a) foreach k, 7 <k <, which will be the k™ place to be cast out?
(b) for each &, 7 <k < N, when will the " place be cast out?
(The ““Oberreihen’” methods described by Ahrens also provide answers to both guestions.)
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