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A problem which appears in many textbooks in number theory, e.g. [1], is the following: 
If ap = bp (mod /?), then ap = bp (mod p2). 
In this paper this result will be generalized to higher powers of the prime /?. Also, there will be a generalization to 

a composite modulus. 
Lemma 1. If n is a positive integer for which ap ^bp (mod/?), thenar/? (mod/?). 
Proof. Let/? = 1;then, a^ap^bp^b (mod/?)by Fermat's Theorem. Suppose that ap = bp (mod/?) implies 

that a ^ (mod/?). \fapk+1^bpkH (mod/?), then (aPkf ^ (bPk)P (mod/?). Hence, 

aPk = (aPkf s faP*;p s ^ (mod/?) 
by Fermat's Theorem. By the induction hypothesis, a =b (mod/? A 

Lemma 2. If ^ - i&P'7 (mod /?"), then 
pn\(aPn-1 + aPn-2b + ~ + bl>n-1). 

Proof. By Lemma 1,/?l (a - b), and, thus, a = b + tp for some integer f. Then, with d = pn, 

a = b + (tp) 

a2 = b2 + 2b(tp) + (tp)2 

as = b3 + -+(tp)3 

ad-l s bd-1 + (d_ t)bd-2(tp) + -+(tp)d-1 . 

By multiplying the ith row by b , we obtain: 

abd-2 = bd-1 +bd-2(tp) 

a2bd-3 = bd-1 + 2b*-2 ftp) + bd-3(tp)2 

ad'2b = bd-1 + (d- 2)bd~2(tp) + -+b(tp)d-2 

ad-1 = bd-1± (d_ j)bd-2(tp) + ...+ (tp)d-t _ 

The coefficient of bd"k(tp)k~1 in the expansion ad~1 + ad'2b + - + bd'1 is 
d-1 

£ ( , ! . , ) • 
Using the identity 

23 



24 ON CONGRUENCE MODULO A POWER OF A PRIME FEB. 1976 

rewritten as 

(/-,)=C:7)-(*) 
we have 

E(^,)= Z W)-d£ (i)-<J)*E CD-ECiMV) 
i=k-1 i=k-1 i=k-1 i=k-1 i=k 

- ( j )*E(i ) -E a)-o-(i)-
i=*k i=>k 

This implies that the kth term of ad~1 + - + bd~1 expressed as a polynomial in (tp) is (dr/k)bd~k(tp)k~1, where 

\i (p,k) = 1, then 
pn\ (dr/k)bd-k(tp)k~1 

since pn I d, Suppose that fo/rj ^ / ; then, k = pmg, whire /T? ̂  0 and /?j/#, To show that m <k- 7, suppose to the 
contrary that/77 > k- 7, i.e.,/T? > k. Since/7 > 1, pm >m. Hence,/?'77 >m> k, a contradiction. Thus, m < k - 7, 
and 

(dr/k)bd'k(tp)k"1 = (dr/g)bd"ktk^pk'm'1, 

where /? k~m~1 is integral. Since pjl g, 

pn\(dr/g)bd~ktk-1pk-m-1. 

Therefore, pn divides each term of a + — + bd~1 expressed as a polynomial in (tp). The conclusion follows. 
The next lemma is a generalization of the problem mentioned at the beginning of this paper. 

Lemma 3. WaPn^ bPn (modpn),thenaP" = bPn (mod/?"*7). 

Proof. Let d = pn; then, by Lemma 1fp\ (a - b), and by Lemma 2 ,p n I (ad~1 + - + bd~11 This implies that 

pn+1\(a-b)(ad-1 + - + bd-1). 

\.e.,pn+1\(aPn-bPn). 

Theorem. If a7 7 7- bm (mod m), then am ^ bm (mod m-plp2 -pr), where p^p"2 »>pn
r
r is the canonical fac-

torization of m. 

Proof. Let q = m/p"' ; then „,. 
(aqfi' ^ a

m ^bm ^ (bq)Pi (mod/7^1 

By Lemma 3, am ^ bm (mod/?"'*7). The conclusion follows since the/7/are relatively prime. 
The following example shows that in general the modulus in Lemma 3 and in the Theorem cannot be increased any 

more. 
Example: T = 1 9 (mod 9) implies that T - 19 (mod 27), but V £ V (mod 81). 
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