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A problem which appears in many textbooks in number theory, e.g. [1], is the following:

If aP = bP (mod p), then a° = 4P (mod p2).

In this paper this result will be generalized to higher powers of the prime p. Also, there will be a generalization to
a composite modulus.

Lenuma 1. If n is a positive integer for which a®" =bP" (mod p), then a=h (mod p). . .
Proof. Letn=1;then,a=aP=bP =h (mod p) by Fermat's Theorem. Suppose that 2°" =5”" (mod p) implies
thata =4 (mod p). If a”kﬂ = bpkﬂ (mod p), then (a9%)P = (62K )P (mod p). Hence,
apk = (apk )P = (b0%)° = pP* (mod p)

by Fermat's Theorem. By the induction hypothesis, a =6 (mod p).
Lemma 2. 1faP™ =pP" (mod p”), then
p" | (@P" T+ P 2 4k pPT),

Proof. By Lemma 1, pl (a— b), and, thus, a = b + tp for some integer ¢. Then, with d=p”,
a=b+(tp)
a* = b*+2b(tp) + (tp)?
a® = b*+.+(tp)?

a® ! = pF T (- 1092 gp) + o # (p)?T .

By multiplying the /' row by 597, we obtain:
pd-1 - pa-1

a2 = % + 5% 2(1p)
aZbd-.? = bd—7+2bd—2(tp}+bd—3(tp)2

a%2h = b4+ (d - 269 (1p) + -+ bltp)*?
a® ! = p9 T (0 - 1)6% 2 (1p) + -+ (10)FT .
The coefficient of bd'k(tp)k"’ in the expansion a9l 139 2p 4 s p? T s

S ()

i=k-1
(bzif = (:.)+(a51 ’
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Using the identity



24 ON CONGRUENCE MODULO 4 POWER OF A PRIME FEB. 1976

rewritten as

(a~1)=(b21)‘(§)'

we have
d-2 d—1 . B
Y(k_7)=Z(’” ( )-(2)- Z(’”)—Z(L)—(;’)
i=k-1 i=k-1 I—~k- i=k
d-1 . a-1 ]
(D)2 G- (W)-0-(7).
=k =k
This implies that the 7" term of 277 + ..+ 5% 7 expressed as a polynomial in (to) is (dr/k)bd'k(tp)k' ! where
d—1
r=Q«k-1

If (,k) = 1, then
2"l (dr/k) @K (1p) <1

since p”| d. Suppose that (p, k) # 7; then, k = p™g, wherem#l]and pyy To show thatm <k — 7, suppose to the
contrary thatm >k — 1, i.e., m > k. Sincep > 7, p™ > m. Hence, p™ >m > k, a contradiction. Thus, m < k — 1,
and

(dr/k) %K ()% = (dr/g) @K p kT
k-m-1 isintegral. Si

where p gral. Since p/ g, o] (dr/g)bd'ktk‘ 1p keme1.
Therefore, p” divides each term of a0 T4 s pd-? expressed as a polynomial in (tp). The conclusion follows.

The next lemma is a generalization of the problem mentioned at the beginning of this paper.

Lemma 3. 1fap" = bp" (mod p”), then aP" = bo" (mod p"*7).

Proof. Letd=p";then, by Lemma 1, p| (2 — b), and by Lemma 2, p"| (2977 + ...+ 597 ) This implies that

p™ 1 (a— b)a® T #1597

e, p™ 7| (20" — bo").

Theorem. 1fa™ = b™ (mod m), then 2™ = 6™ (mod m-p,p, - p,), where p71p72 ... p"" is the canonical fac-
torization of m.

Proof. Let g= m/,a?i ; then nj

i m pi' i

(29)F1 =a™ = p" = (b9} {(mod p; ).
By Lemma 3,a™ = 6" (mod p?’”). The conclusion follows since the p; are relatively prime.

The following example shows that in general the modulus in Lemma 3 and in the Theorem cannot be increased any
more.

Example: 7° = 1° (mod 9) implies that 7° = 1° (mod 27), but 7° £ 1° (mod 81).
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