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1. INTRODUCTION

Generating functions, row sums and rising diagonal sums for the Pascal triangle and types of Pascal triangles have
been studied in [2] and [4]. Bicknell has pointed out in [1] that another Pascal-like array is observed if we con-
sider the coefficients of the Fibonacci polynomials F,,(¢). These palynomials are such that

Foft) =0, Fyft) =1, and Fult) = tFp_q(t)+ Fpolt)
for n > 2. The array is as follows:

Array 1
t° t! t? 3 tt ts te t’ t®
010
1 1
20 1
3 1 0 1
41 0 2 0 1
b 1 0 3 0 1
6 0 3 0 4 0 1
7 1 0 6 0 5 0 1
8|0 4 0 10 0 6 0 1
9 1 0 10 0 15 0 7 0 1
X Xx? X3 x4
i Tixi P (ToxiF TToxif Column Generators
oth 15t 2nd 3rd Column

Since the generating function for the zero™ column is f(x) = x/(1 — x*) and since each nonzero ajj has the Pascal-
like property

-1
ajj = }: ak,j-1
=0

for all 7 and j such that/ >/ > 1, then techniques similar to those in Theorem 1 of [4] can be used to show that the
generating function for the k™ column (k =0, 1, 2, ) is

gk lx) = flx)[x/(1-x2)] K.
Moreover, the generating function for the row sums of this array is

60 = Y aete) = o) 3 (725 ) = 0 LK H S
k=0 k=0 g n=0
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as was to be expected. Again, employing results essentially the same as those in [2] and [4], the generating function
for the rising diagonals of this array is

Dbx) = E < aili) = flc) Z (T:{)% )k - ( I—X)«'2 )(77—_2)():2) B 7—)(.2)(2 - Z 2
k=0 k=0 n=0

2. GENERATING FUNCTIONS FOR COEFFICIENTS OF F/(t)

Now we consider the array for Fj, (), the first derivative of each Fibonacci polynomial. It will be noted that this
array is quite similar to the array suggested by Hoggatt in problem H-131 of this Quarterly [5]. In that problem it is
required to show that sums, C,,, of the rising diagonals are given by €7 = 0 and

n
Cp+1 = Z F,,._/'Fj .

j=0
If we appropriately relabel the columns in that array, this is the same as showing
n
Cn = Z Fn-jFj
j=0

forn=0, 1, 2, --. Since the rising diagonal sums of that array are the same as the row sums of the array for the Fp,(t)
and since we can find the column generators for the array below, we can employ techniques similar to those used in
the previous section to answer problem H-131. For consider:

Array 2
n t° t! t? t? tt ts te t’
0 0
1 0
2 1
3 0 2
4 2 0 3
5 0 6 0 4
6 3 0 12 0 5
7 0 12 0 20 0 6
8 4 0 30 0 30 0 7
9 0 20 0 30 0 42 0 8
X2 2x3 4 4x5
(1xP [1-x7)° (Ii):’)‘ (7_)):,)5 Column Generators
oth 1%t 2nd 3rd Column

Denoting the generator of the zero™ column as plx), the column generator for the k¥ column is given by
k
det) = plelli+ 1) (72 )
1—x?

fork=0, 7, 2, --. The generating function for the row sums is given by
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6o = 3 dilx) = plx) 3, (k+1) s )k = ple) —L—
k=0 k=0 [7_7—)(2]

X2 (1—xP =( X )2

=(7—x2) T—x-x*)2 1—x—x2

oo o oo n
=2 Falx)- Yy Fald) = 3 (Z F,,_ij>X"
n=0

n=0 n=0 \ j=0
Since we have relabeled the zero™ column, we have immediately that

n
- _ (1)
Cn =Y, FnjFi=F}
j=0
forn=20,1, 2 -, where F,f” represents the first Fibonacci convolution sequence [3].

t
3. GENERATING FUNCTIONS FOR THE COEFFICIENTS OF /,(t)=n f Fn(t)dt
)

The preceding suggests it would be in order to consider the array for
t
f Fn(tidt.
o
But this leads to an array containing fractions. To avoid this situation we consider the array for

t
Inft) = n f Fnlthdt
o

instead. This array now follows:

Array 3
n t° t t? 3 t ts t® t’ 8 t°
0 0
1 0 1
2 0 0 1
3 0 3 0 1
4 0 0 4 0 1
5 0 5 0 5 0 1
6 0 0 9 0 6 0 1
1 0 i 0 14 0 7 0 1
8 0 0 16 0 20 0 8 0 1
9 0 9 0 30 0 27 0 9 0 1

This array looks familiar since the array for the Lucas polynomials is Array 4 at the top of the next page.
It is easy to establish that

t
Lok-1(t) = (2%k—1) f Fok1(thdt = Iok_q(t)
o

and
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Array 4
t? r t t ts t’ t® v

3

~
°

~
-

—_
Cobhoo =

—
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OO =

WoOoO~NOOTPWN-=O
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(=2 - - I =R

o

—

t
Lok(t) = (2k) f Forltldt+2 = lyft)+2
o

fork=1,2 3 - ;orif you prefer,
DelLp(tl] = nFpft)
forn=1223, .
It is interesting to note that in each of the above arrays if we consider the left-most column as the zero™ column,
we do not obtain a Pascal-like triangle. However, if we consider the next column over as the zero™h column, then we
do have a Pascal-like array and the results of [4] are applicable.

Array 5
n t! t? t3 t* ts s t’ 8 t°
0 0
1 1
2 0 1
3 3 0 1
4 0 4 0 1
5 5 0 5 0 1
6 0 9 0 6 0 1
17 7 0 14 0 7 0 1
8 0 16 0 20 0 8 0 1
9 9 0 30 0 27 0 9 0 1

x(14x?) x*+x* x> +x° x*+x° x°®+x’
(1-x2)?  (1-x?)?* (1-x2)* (1-x2)5  (1-x?)*
oth 1511 znd 3rd 4th

Column Generators

Column

If we denote the generator of the 0" column by g(x), then the column generator for the k™ column (k=0,1,2,-)
is

h(x) = qlx)x/(1—x2)I%.
The generating function for the row sums is

71—x2 1—x—x?
k=0



COLUMN GENERATORS FOR COEFFICIENTS OF FIBONACCI FEB. 1976

i AND FIBONACCI-RELATED POLYNOMIALS

The generating function for the rising diagonals is

D(x) = Z x*htx) = qtx) - = (1+x?) (-—;;) (7__2)(2 )

4. RELAT|0NSHIPS AMONG THE GENERATING FUNCTIONS
We now observe some relationships between the generating functions gx (x), di (x) and Ay (x). First
di(x) = (k+ 1)xge(x)

which was to have been anticipated in light of the connection between Array 2 and Problem H-131. However, the re-
lationship between /g (x) and gg (x) is a little more surprising. Since Array 5 was obtained via an integration process,
it might be felt that i, (x) should relate in some way to an integral of g (x); but

helx) = gk (x)

(k+1) 7)

which is easy to verify. This formula can be used to investigate some integral relationships however. Assuming each
function is defined on /o,x] and using an integration-by-parts formula we have

X X
(k+1) hy (x)dx + Ikxldx = xgg(x).
0f of
Since di (x) = (k + 1)xgk (x), we now have
X X
dilx) = (k+ 1) f b lxJax + (k + 1) f grlxldx,
(] a

a formula invelving all three generating functions fork=0, 7,2, 3, ---.
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