ON CONTINUED FRACTION EXPANSIONS
WHOSE ELEMENTS ARE ALL ONES
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f. EVEN PERIOD EXPANSIONS

1. NUMBER THEORY REVIEW. Here is an example of an even continued fraction expansion of \/5, D anon-
square integer, with 0 = 13,

JI3=3+J73-3=23+ ﬂz"ﬁ—
,475:3 =71”/?4-1: ,+\/1‘3‘3+1

:[133+1 - 14 :[1'::4;—2 =14 :[73;2

\/1_?2 - 14 Jﬁ3—7 -1+ 30'3;,«1

4L = s T3 - gy T30

Y]

Hence \/73—= <3,1,1,1,1,6 >and the solution of the Pellian equations x2 — Dy = d; can be found from the
table.

continued fraction elements ¢; 3 1 1 1 1 6
signed denominators d; -4 3 -3 4 -1
p convergents p; 4 7 1 18
g convergents g; 1 1 2 3 5

The g convergents are the Fibonacci numbers. The primitive solution of x> — 73y? = —1 is picked up from the
half period. Thus

y =1*+2% = §; X=4X1+7x2

it
-
®

In general for period 2r, 5
Y =4y TQng = G2pq; X = PrqQpr1tP9; = q2p-1 -
Also the representation of J as the sum of two squares can be found as

D=d?+(D-dd = d?+?,

where d, is the middle denominator. Thus 13 = 32 + 22, Finally for J = 5 (modulo 8), since a signed denominator is
+4, the convergents under the —4 column are the coefficients of the cubic root of unity

3+./13
2
in the field (7,4/73).

Since the period is even the x,, of the quadratic congruence x2 =—1 (mod 13) is given by x, =x = 18 =5 (modulo
13).

18
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2. FIBONACCI RELATIONS TO BE USED.

(a) (Fn, Fn+1} =1
(b) F§n+7 = Fan-1Fan+;
fe) F3+F5+I=F2n+1-

It may be noted that no odd Fibonacci number is ever divisible by a prime of the form p = 4s + 3 since from (b)
x? =—1 (mod p) which is impessible.

3. EVEN VARIABLE DIFFERENCE TABLE: D=m? +k
2n ones n>1

nm 1 | ST TTTOPPOPN T oeienenns 4 2m
-k -1

m m+ 7 2m+ 1 mFapsq +Fop
1 1 2 Fonsr

The supposition (MFzps7 + F2,)° — F§n+7(m2+ k) = —1 leads to
2mF 20 Fant + Fof — kFnyp = =1
2mFonFant1 = kF3psq = ~(F5,+ 1) = —F2n-1F20+1
2mFoy — kFap+y = Fopeg

Recalling that (F,,, F,+7) =1 and that F3, is always even this linear diophantine equation will have an infinite num-
ber of positive integer solutions far 7 and & unless 27+ 1 =0 (mod 3).
Example. D= m?+k, o= <m 1, 1,11, 0, 2m >

(13m + 8)* — 169(m* +k) = -1

dm+5
13

m=7 k=7+2=9 D=5 J58=<11,1,1,1,1114> x*-58 = -1

has primitive solution

16m — 13k = -5, k=m+

x=13m+8 =899 y =13
m=13+7=20 k=20+5=25 D =425 \/42'_5=<20,1,1,1,l,1,1,40>, Xx* — 425y? = —1

has primitive solution
x = 13m+8 = 268, y = 13.

In general if _
D = 169m? — 140m + 29, VO =< 13m—-6111111 26m- 12>

and the primitive solution of x> — Oy? =—1isgiven by x = 7169m - 70, y = 13.

Ii. ODD PERIOD EXPANSIONS
4, NUMBER THEORY REVIEW. Let 0 =735

VIBE = 11+ T8 - 11 = 114 1301

J185+ 11 _ g, 1853, ,/135+3
14 14 9

J135+3 _ .. /1356 _ 135 +6
9 155 [T

JEELE S g, T s

[continued on next page.]
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J/135+5 _ 4, /1355 _ 1+\/§+5

10 10
\/T%:‘“g =1+ \/@4‘” = 14135+ 11
J135+11 = 22

V136 = <11,1,1,1,1,1,1,1,22 >
The solutions of the Pellian equations x — Dy? = d; can be found from the table.

c. f. elements cj 1" 1 1 1 1 1
signed denominators  d; -14 9 -1 10 -1 9
[ convergents pi 1 12 23 35 58 93
g convergents q; 1 1 2 3 5 8

1 1
-14 1
151 244

13 21

[FEB.
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The primitive solution of x2 — 735y = 1 is given by x = p, =244, y = q, = 21. It can also be picked up from the

half period. If the period is2r+ 1, y = (q,+q,-2)q,-1 . Here
y = 3(2+5) = 21,

X = Gr-1Pp-2*qrPr-1-
Herex=3x 23+5x 35 = 244,

5. FIBONACCI IDENTITIES TO BE USED.
(a) (Fro2+ Fp)Fpg = Fop_s
(b) F2,_;—1= FopFap2

6. ODD VARIABLE DIFFERENCE TABLE : D =m? +k

m o1 2r — 1 ones 1 2m

-k 1

m m+1 2Zm+1 mFop+ Fopq
1 1 2 Fa,

The supposition (mF o, + F2,_7)2 - F.gr"”’ + k) = 1 leads to
2mF o, Fopq+ F3, 1 —kF3, = 1

2mF2rF2r-7_ Fgrk = -(F22r-1'_ 1) = —F2rF2r-2

2mFopq1— kFar = —F2p-2

Since (Fa,, F2,-1) = 1, this linear diophantine equation will have an infinite number of positive integer solutions

unless r is a multiple of 3. When r= 3¢, F2, is even, but Fo,.2is odd.

Example: D=m2+k JD=<m1,1,1,2m>(3m+2)*=9(m*>+k) =1

dm -3k = -1, k=m+ ”—73"-1

m=2 k=3 D=7 J7=<21114>.
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x2—7y* = 1hassolution x=3x2+2=8 y=3.

m+ 1

3

Since m=2+3=5k=5+2=17 D0 = 32 follows fromk=m +
x% — 32y? =1 has primitive solutionx=3x 5+2 = 17, y = 3. Ingeneral,
D=9m*=2m, D=<3m—-1,1,1106m-2>.
The primitive solution of x> — Dy? = 1 istivenby x=9m -1, y =3
1. D=m*+k 2mF,—kFrr7 = —Fpq

O =m+/D-m=m+ Dk+”7

JO+m _ 1+ D —(k—m) _ 7+\/5+k—m
k k

2m+1—k
SO+k=m _ 4, D=(3m+1=2k) _ ;, /D+3m+1-2k
2m+1—-k 2m+1—k 2k—4m -1
D+3m+1=2k _ 4, fO—(6k=Tm=2) _ ;,~/0+6k=7m=2
4k —4m -1 dk—4m+1 12m - 9k +4

D+ FyFo1k—(1+2F;Fp+ ot 2F pFs_gm — (F2+ F3+ .t F2 5)
ImFsFsq — kF2+ F2,

(4)
oD [(1+2F1Fp+ -+ 2Fy 1 Fy m)- FoFsrik+(FZF3+ ..+ Fo_q)]

ImFsFsq— kF2+F2,

D+ (A)

= 1+
KF2,; - 2mFsFsiq— F2

For this last assumption to be valid,
(2mFsFs g — kF24 F2  JKF2, ;- 2mF o Fs— FA = m? + k - (A)2.

This identity will be proved by equating coefficients:
1. Coefficient of —m

BFZ%F o (Four = 4FZF2+ (—1)°] = 4Ft+a4(-1)°F2 = 215 (Lags+Las—4) = [FssaFs- FsrrFsg]?— 1.

2. Coefficient of —k2
F2FZ, = FFZ,.
3. Constant term:
—F2F2, = —(F2+F3+.-+F2,)2.
4. Coefficient of Zmk
FS-7FstZ+7 * FngH = FsFopq(FoqForg* Fsz) = 2L os + (—1F] FsFg1q
FgFss1(1+2F1Fo+ +2Fs 1Fs = FsFopq(FsipFs— FspqFs-2) = BLog+(=1)° LFsFssq

5. Coefficient of 4.

2FFopi(F2+ F2 4t F2 ) #1 = 2F2F,_ 1Fopy+1 = 142F2[F2+(=1)°] = 2F}+ 2F2(~1)°+1

F2,F2  + Fd= Fo [F24 (—1)51% = 2FF+ 20-1)°F2+ 1 .
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6. Coefficient of —2m
FaFo1+ F2 FsFsry = FogFs[F2+ Fo1Forr] = FoqFslFslFosn— Fopr) + FoogFopp]
= Fs-1Fs[FsFsia— Fsrq(Fs— Fsq)] = FsqFs(FsFsp2— FsiqFs-2).
(F2+FZ 4t F2 )1+ 2F 1 Fp+ 2FF3++ 2Fs Fs = Fy1Fs[FsFssg— Fer1Fsal

In proving this identity the following Fibonacci identities were used:

(a) 1+2F1F2+ -+ 2Fs1Fs = FsFs12— Fs11Fs2

(b) F2+F2+..+F2= FoqF;

(c) Fs.st.;., = Fs2+(—-”s .
Sokotkodoiek

A MORE GENERAL FIBONACCI MULTIGRADE

DONALD CROSS
St. Luke's College, Exeter, England

In a recent article | gave examples of multigrades based on Fibonacci series in which
Fni2 = Fpe1+Fp .

Here | first give a more general multigrade for series in which
Fn+2 = yF,,+7 +XFn .

Consider

1 3 7 17 47  (wherex=1,y=2).
By inspection we notice that

T+37 437+ 77 =07+ 47+ 47+ g7

3"+ 7"+ 7T 4177 = 07 + 107 + 107 + 147 ete.

(wherem =1, 2).

We can look at other series of a like kind:
1 3 10 33 109 (wherex=1, y=3).

Here
1M+ 3"+ 3"+ 37 410" 410" = 0"+0"+ 7"+ 77+ 7"+ 97
37+ 107 +10™ +10™ + 33 + 33 = 0 + 0™ +23™ +23™ +23™ + 30", etc.
(wherem =1, 2)
1 3 11 39 139 (wherex =2, y=3).
Here

17+17+ 3+ 3"+ 3 11"+ 117+ 117 = 0" +0"+0"+ 8™+ 87+ 87+ 107 + 107

3+ 3+ 11+ 11 £ 1™ +39™ 439 439 = 07+ 0™ + 0™ +28" +28™ +28™ + 36™ + 367,

(wherem =1, 2)
The general series
a b ax +by bx +axy +by?
gives
x(a)" +yb)" +(x +y — 2ax +by)™ = (x +y — 2)0™ +ylax + by — b)™ + x(ax + by — a)™
(wherem=1,2).

Continued on page 66,
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