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Definition 1. Given a sequence of numbers
(1) a, a, ‘a, -~ ap
we call first differences of (1) the numbers of the sequence
o 0y Dy - Dp
with
Dn7 = an+1—4p.-

By recurrence we define the differences of order & of (1) as the first differences of the sequence of differences of
order k — 1 of (1), namely the numbers of the sequence

k k k k
() Dg DY D3 -~ D,
with . ‘
3) pk = pk.T_ pk

Observe that (3) is also valid for k = 1if we rename an = D,?.

Definition 2. The sequence (1) is arithmetic of order & if the differences of order & are equal, whereas the differ-
ences of order k — 1 are not equal. It follows that the differences of order higher than & are null.

Proposition 1. Given a sequence (1), if there exists a polynomial p(x) of degree & with leading coefficient ¢ such
that a, = p(n) forn = 0, 1, 2, --- then the sequence is arithmetic of order k and the differences of order k are equal
to klc.

Proof. Letplx)= ex® + bx*=7 + ... (the terms omitted are always of less degree than those written). Then

an = en® + bn* T +
hence
Dni = ap+7—ap = clln+ K ok wpftn+ 1)1 —pk- 1]+ = ok +
therefore, for the first differences we have a polynomial py(x) = kex X7 4 . of degree k — 7 and leading coefficient
kc such that D =pq(n) Repeating the same process k times we come to the conclusion that D = pg(n) for a poly-
nomial pg (x) of degree zero and leading coefficient k/c; hence D =klcforn=0,1,2,-
EXAMPLE. The sequence

(4) 0 1 2k 3k .. pk
for k a positive integer is arithmetic of order k and D,If =kl

Proposition 2. For any sequence (1), arithmetic or not, we have

k_ ik [k & [ k
o, \ojan+k— ( 7 >an+k—7+( 2)5n+k—2+"'i Kk )an -

The proof is straightforward using induction on & with the help of (3).
In particular for the sequence (4) we have
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(5) D,/,(= (I(; )(n+k}k— (I;) (n+k— 7)k+(§)(n+k—z)k_...t (:)nk,

where the coefficient of n%7 (i = 0,12 «,klis

()0 #=(5)(F) o= e (58] - r—em (L2 )(5) 72 (£)() 0

(we assume that 0 = 0 for i = 1,2 -, kand 09 = 7), Hence the coefficient of n*~/ (i = 1,2 -, k)in (B)is
k k\ i k i [k i j
(< [(8) - (5o () v e () ]

and the coefficient of n*
(6)-(5)(5)--(%).

Since we know that D,’,( = k! we have the remarkable equalities:

[5)- (3] [5) = (2)

(which is a very well known fact since it is the development of (1 — 1)X),

6) (i) (g)k’_(’;) (k—n"+(’;) (k-2)"~---i(k’j,) =0
fori=1,2 -, k-1
(@) (i (’g)kk_ (%) = 1%+ (B) =2~ (k’j,) 1% = ki
A fourth identity can be obtained from (5) with n = 0 and (21), namely
/g: (~1/1 ("i‘ ’) (k—1-)% = (k- 7)/(’5’)

which can also be written in the form

o0 () (8 e (8 Jomam e (8,) w53

]
Starting with & + 7 numbers Ag, A7, -, Ak we form the “generalized” triangle of Pascal
A, A, o Ak
A, A, +A, A, +A, Ak
A, 2A, +A, A, +2A, + A, A +2A,+A, - Ak
A, 3A, +A, 3A, +3A, + A,

where each number is the sum of the two above. We observe that the coefficient of A, in the h™ entry of the n™"

. n—11\. .. . n—1 _ . n—1 n
row is (h—— 7) ; the coefficient of A, is (h_z) --- and the coefficient of Ay is < bk — 1). (We set ( j )

hth

= 0 whenever j >n orj < 0.) Therefore the entry of the n® row is

(8) (Z:;)A0+(Z:;) A1+---+<hi;17)/4k

In particular, for the triangle over the k + 7 differences a,, 02, D2, -, DX of the sequence (1) assumed to be arith-
metic of order &, in view of (3) and taking into account that 0{; = gk = ... we have
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where

Ss =a S}=8;+a and S = .S‘k ,+Sk‘

Since in this triangle a,, is the (n+1)% entry of the (n+1) " row, we have
3 \

\ k
©) a”=(Z)ao+(nzi/05+(n121)03+“'+(n:’k) Dy
or, equivalently,

\ &
(10) an = a, + ( ) 03+ (2/\ ng+...+(z) ok .

Observe that if the sequence (1) is not arithmetic we still can construct a ““generalized” triangle of Pascal starting
with an infinity of entries in the first row.

and then instead of (10) we would have
2 =au+(';> 03+(g)gg+...+(z/\ oo .
Proposition 2. If (1) is an arithmetic sequence of order & we can find a polynomial p(x) of degree k such that
=p(n). ‘
k
Proof. p()()=ao+();)ﬂg+(’2‘)Dg+...+(”:>Do
with

(x) - xXx—=1) - (x—i+1)
\ i il
is obviously a polynomial of degree k and in view of (10), a, = p(n).

For the partial sum S} = a, +a, + -+ a, we have a formulasimilar to (10). In fact, observing that S} is the (n+7) th
entry of the (n+2)" row in the "“generalized” triangle of Pascal, we have

+1 +1 n+1 k
s,‘,=(”n )ao+(g )Dl : (n_k)u‘,
or, equivalently,

+ 1 7 +1 k
(11) Sh=(", )ao+("+}5’ (ZH)DO-
Therefore S}, = g(n), where g(x)is apolynomial of degree k + 7. This was to be expected, since obviously the sequence

S, 81, -, Sh, - is arithmetic of order k + 7.
EXAMPLES. If we apply (11) to the sequences of type (4) with k=1, 2, 3, 4 we obtain the well known formulas

y 0+7+2+.“+n:(n4’-7> n+7)7 2+n
) s _ [ n+1 n+1 n+1 _nln+1)(2n+1)
2 0412 42% +tn —( 1) oe (" )7+( A ) = nfn 2 1

= [(n+1 n+1 n+1 n+1 = n* +2n® +n?
3. 0+73+23+---+n3—( ' )0+( : )1+( : )6+/ )5————4———
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o= 605+ 15n* +10n% —n
30

4. 0+714+2% +t p

We now know that the sum
Seln) = 0+ 1K+ 2K+ .4 pk
is given by a polynomial in n of degree k + 7. The question arises, how to find out the coefficients of this polynomial?
Obviously the coefficient of n° is zero, since Sy (0) = 0, and the coefficient of n**1is 1/(k + 1) as we can see from
(11). Hence the polynomial form for Sk (n) is

(12) Skln) = 1/(k + 1)kt +hgnk +h7l7k_1 ot Npqn

for some coefficients fig, A, -+, hg-7. Since Sg(n) — Sgln — 1) = n*, we have

71-7[”’“" — =15 holn® == 15T+ [T = (0= 1)< e

#hiln* T~ (0= 1K) ot hyeq = 0

and taking coefficients of the different powers of n, we have the following equations: (the first is an identity, the
rest form a linear system of & equations in k& unknowns, which permits to compute recursively hg, hy, -, hg+1)

e 1 k+7)=7
k+1 1
1 k+ 1Y k _
7“2 - (5) ro-0
1 k+1 k' k-1 _
k”( ] )—(2)/70+< ; )/7,—0
13) 4 .............................................................................
7 k+1 & k—1 k—i+1
A £0) = ()poe (521 e (#0770

From the second equation we obtain A, = %, independent of & If we set

k
(14) hy = (,)by h2=<§\b2-~'hk-7=(k_k,)bk-i

and observe that
k=i N p = (k=i kY p = K\ 7 p.
(5= (o)) - ) )
we can write the /% equation in (13) in the form
I K\ k k\(i k\( i k\(i k j
il ) () (0)(5) o= (5)(%) b2roe () ) tree (52 ) s = 0
or, equivalently:

1 1, (i i i ( i _
TFT 2+<1) 1)7—'(2)[12+"'t<l-)bj+---_t ’._’7)17,'_1—0.

Hence the system (13), after omitting the first two identities reduces to:
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s < .

I Tk (K ko -
. k+1 2+(7>b/—(2,\b2+"‘i(k_7)bk_1—0,

We will call Bernoulli numbers the numbers 4,, b,, --. The Bernoulli numbers have over the numbers 4, f1,, -
the advantage that they do not depend on & as we can see from system (15). Equation (14) permits to calculate for
each k the A's in terms of the 4's.

Proposition. The even Bernoulli numbers are null.

Proof: Writingn = 7in (12) we have

7 7
+ L4 . =
i3 hy+hot hg—7=1.
On the other hand, the last equation in (13) is
T _ 1 ip, ot =
v7 2 hy—ho+thgy = 0.
Adding and subtracting these two equations, we obtain:
1 7
hs+hat = & —_
7 3 2 1

(16) k
hothg+- =0

‘The second equation in (16) can be written

k k -
[£) e (5] a0
where the sum is extended to all the subscripts less than or equal to k— 7. Fork=3 we get b, =0, fork=5,b, =0,

etc., which proves the propaosition.
The first equation in (16) for k= 3, 5, 7, - yields the infinite system of equations:

3 -1_1
<7>[’7 21

an - < (7)"7"@)”3:%‘%

and for k= 2, 4, 6, - the system

i (3)0r-4-4
(18) : 4 (?)‘”*((31)"-“%‘
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Subtracting the equations in (18) from those in (17), we have

( (3):- 54
(19) < (3)”’+(;)”3=§-7_6

Any of the infinite systems (17), (18) or (19) permits to find recursively the Bernoulli numbers with odd subscripts.

Substituting in (12) the Bernoulli numbers, we express
Seln) = 0% 1%+ ..+

in the form
(20) Skln) = 71_7 a1+ %nk#b, ( p )nk"+b3 ( /;) nk34.,
where the coefficients of the different powers of n are products of a combinatorial number of & and a number which
danc nnt denend on k.
NOTE. If we compute the coefficient of the k7" power of nin (11) we have
k+ 1)(k—2 k k-1
- ke dk—2) pj +1 087
On the other hand for the sequence 0, 7k, 2k, -.- that coefficient is %, and Dg= k!. Hence, for this particular sequence
we have

(21) 2087 = (k- 1)k1.
EXAMPLES. From (10) we obtain:
which, substituted in (20) for k=1, 2, -, 11 yields the formulas:
1+2+--+n =§n2+§n
12 +2% 4+ 4n? = §n3+ %n2+ B’;n
1P+23+.#p? = £n4+7 n3+4ln‘
14424 +tp® = §n5+§n“+ §n3 3,%—/1
15+25+..4n° = gn6+-27—n5+%n“— %nl
18 +28 + .4 n® = ;n7+ %nﬁ +§n5— §n3+ 4—72~n
17+2" +.+n" = ‘%n5+ §n7+ %nﬁ - E%n“+772—n’
18+28 +...+pd® = £n9+§n8+§n7— {En5+ % n?— §7[7n
1°+2° +.-#n° = ﬂ;— n'e + %n“ +%n“— 775”6 +§n“— ;—Un’
1190+ 210 .t pt® = %n“ +%n"’+ %/7"’--n7+n5 %/ﬁ + 6—‘567,7
"M+ 2 F et gt = 772—/1“+ %n“ + ;—;n“’— 777/1“+ —76,—7—/16— %Ln“ +%n2



