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1. INTRODUCTION 
In [1] Holden discusses the system of outwinding squares met in the geometric proof of 

F\+Fl + ~+F* = FnFn+1 . 

In fact, it is shown there that the centers of the squares Sie on two orthogonal lines with slopes -1 /3 and 3, 
respectively. This was the original problem. Further, if one lets £// = /, U2 = P, and un+2 = Un+l + Un, one obtains 
the generalized Fibonacci sequence. Here the tiling is not made up of squares but contains one 1 by Ct? — 1) rectangle 
but the whirling squares still have their centers on two orthogonal straight Sines. 

It is the purpose of this paper to extend the results to in-winding systems of squares and rectangles. For back-
ground and generalizations, see Hoggatt and AlJadi [2] . 

2. THE CLASSIC EXAMPLE 

The Golden Section Rectangle yields one beautiful example of in-winding spirals of squares. We start with a rec-
tangle such that if one cuts a square from it,Jhen the remaining rectangle is similar to the original one. The ratio of 
length to width of this rectangle is a= (1 + >/5 )/2. 
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We now repeat the cutting off of a square from the second rectangle, then a square from the third rectangle, and 

so on for/7 steps. This will leave some 1 by {p - 1) rectangle in the middle of the system of squares. One immediately 
notices that if the rectangle is 1 x {p - 1), then the nth square was/7 x p and reversing the construction you are in-
deed adding squares on such that the sides form a generalized Fibonacci sequence. That is, the resulting squares have 
their centers on two mutually perpendicular straight lines. Now, since the out-winding squares from the 1 x {p - 1) 
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rectangles have centers on two mutually orthogonal lines for one n the same pair of lines hold for all n. In other 
words, the nested set of rectangles converges onto a point In the case of the Golden Section rectangle the sequence 
of corners of the rectangles lie on two mutually orthogonal lines and further the common point of intersection of 
this pair of lines coincides with that of the pair of lines determined by the centers of the in-winding squares. 

Suppose we let f0 

f5=(2~p)-(2p-
--p and fl = i,f2=f0-ft=p-if9 = i-(p-i) = 2-p,f4 = (p-1)-(2-p) = &- 3, 
3) = 5-3p,- , so that in general one gets 

where Fn is the nth Fibonacci number. In the event that/7 = a, then 

Fn+1 Sim f 

n * oo 'n 

This suggests that although we know 

lim F 

in reality 

lim 

lim 

Fn+1 

rn+1 

\= o 

0. 

To see this, we look at 

Thus, 

an+1-!5n+1 

an-f 
^n+1 on+1 r.n+1 

an-$n 

+ aBn
 = -8n(a-$) 

a — p 

^n+1 -a \= -$n •> a 

This seems to indicate that unless a= p, the process will not converge for squares. 

3. A GEWERALIZATIOW: THE SILVER RECTANGLE 

Suppose we cut off k squares from the rectangle and then want the remaining rectangle to be similar to the original. 

kx y - kx 

\<r 

1: 
X y - kx 

y2 - kxy - x2 = 

d)-
1 = k±Jk2 +4 
x 2 
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Since we wish y/x > 0, then a= (k + ^Jk2 + 4 )/2 »s selected. In reality, this leads naturally to the Fibonacci poly-
nomials. Suppose again we start out with fQ = p and fl = 1, f2 = p - K 

f3 = l-k(p-k) = k2 -kp+1 = (k2 + 1)-pk 

f4 = (p-k)-k(k2 -kp+1) = (-ks - 2 k ) + p(k2 + 1) = -u4(k) +pu3(k) 

f„ = (-Dn[un+1(k)-pun(k)], 

where un(k) is the nth Fibonacci polynomial. Once again ^^ fn does not exist unless 

p = (k + sJk2+4)/2; 

then 

un+l(k) '«-'-»"«»»'("-sf-' 
llm t, = 0 

as before. When k= 1(un(1) = Fn) so that unless/? = a, then 

f„ = l-lf lun+1(k) - aun(k)- (p - a)un(k)J = (-1)*1+ (-1)n(a-p)un(k) 

which diverges since n "J1^ un (k) •» «»for each k > 0. 
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