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1. INTRODUCTION

The use of linear algebra in combinatorial number theory was introduced in [4]. The present paper extends the
notations and studies the general properties of product functions, i.e., combinatorial number systems in £”. Among
the examples given are n-dimensional Bernoulli and Euler numbers which are useful in the expansion in series of func-
tions in n variables. The methods and notations introduced here will be used in the study of functions and series in
¢" that will be the subject of future investigations.

2. NOTATION

Let / be the set of positive integers, / the set of non-negative integers, and given n </, let /(n) c /,;and J(n) C J be
such that if k €J(n), then k <n.

In order to avoid confusion we shall write /d for the identity operator or the identity matrix.

Fornel, k elln), X = [x,, x,, -, X,] is an n-dimensional vector and x4 are complex numbers, i.e., X4 € £, so
that X",

Let

P = [p1lp21 "‘;pn]/ a-= [q1l g2, -, qn],

then W(in) c €" be such that for P € Win), m €l(n), pm <J, and for P,Q € Win), P < Q, iff for allm < I(n), pm <

Im -
We consider the following special vectors:

(2.1) U e Win), suchthat uy, =1 forall m e /fn),
(2.2) Uls) € Win), suchthat upm = 65, forall m < I(n),
where Bfn is the Kronecker delta. It follows that
n
U=3" Uls).
s=1
(2.3) Z(s) € Win), suchthat Zfs) = U—Ufs), e, zm=1-8n

(2.4) Z(X,s) € €", suchthat 2z, = xp(1-85,), e, 2zg=0 thus Z(Us) = Zls).
We next introduce for X € £7

n
(2.5) IX| =3 xm .
m=1

so that [U|=n, |U(s)|=1, |Z(s)|=n~1, and |Z(X;s)|=|X|— xs.
We finally introduce the inner product in the usual way: I X,Y € £7, then

n
(2.6) XY = z XmVm .

m=1
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where y , is the complex conjugate of y,, . It follows that

n %

(27) 1t = 0% = (5 )
m=1
If, however, X,Y € B c ¢", where A" is the space of real n vectors, then
n
(2.8) XY= Xm¥m .
m=1
and
n %

(2.9) IX| = (x-X)% = [ 3 x,ﬁ]

m=1

3. FUNCTIONS OVER ¢”

We consider functions ®: £7 > ¢.
A monomial in X can be written:

n k
(3.1) xK - mH__, xfn”’ = x,’xgz ---x,’,(” ,
where X € £”, K € W(n). In particular,
n
(3.2) XY= 11 xpy = x1x2-%, .
m=1

A polynomial in X, i.e., a polynomial in n variables, can be written

P
(3.3) fXP = Y alkixX,
K=0

[April

where the summation is extended over all K such that K < P, K,P = W(n) and a(K) are numbers. In the generally

adopted polynomial sense the degree of 7(X,P) is clearly p = |P|.

More generally if ox (xgJ, k €/(n), is a seavence nf functions, @i : € — €, then with

o = [¢1(X1)1 ‘p7(x2)/ % San (Xn)],
(3.4) Y- ﬁ, ok lxe) = X)),
k=

is called a product function of the functions g .
We study the following examples:
i) Wox=my, M=[mq, ma, -, m,] € Win), then with k< /(n)

n
(3.5) QY =mr= 11 my! ,
k=1

(i) 1f M = £" but M & Win), then we replace factorials by gamma functions thus if ¢ = I' (my + 7), then

(3.6) @U=Tm+U)= 1 Tlmg+1).
k=1

{iii) For ,M € W(n), M < N, and k < /(n), we have for

Y
Pk = (mk)
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n
3.7) oY= T (”") < T nl/mellng—mil! = NYMIO - M)1 = (ﬁ) .
k=1 \Mgk k=1

It should be noted that (,{4\/) is product function for binomial coefficients and not a multinomial coefficient.
The corresponding multinomial coefficient would be (cf. [3])

n

(W) = [ 3 e ] v,
where k=1

M, N—-M] = [mq,ma, -, m, ny—mq,n2—ma, ~, 0y —mml & W(2n)

and clearly |M|+|N - M| = |N] .
(iv) For M Win), and A,B <"

n Nk
(A+BN = T (o +be)™ = TI (= () o™
k=1 k=1 L 0 k
and by regrouping the terms we obtain

N

N _ N M N-M

(3.8) (aep - 3 (M) AMgM
M=0

(v) ForXe£”, and withel = /e, g, -, e/, we define

n .
ek = 11 [ z: X,Tk/mk!J = Z XM/ ,
! k=1 = =0 mM=0

(3.9) eX = (o)X = X =

T:I:

and

o X = 2 (=1)MxMyyy
=0
where (—1)/M = ()M,
It will be noted that whenever a summation goes to infinity the upper limit is left out.
4. UMBRAL CALCULUS

Umbral calculus consists in substituting indices for exponents. In [2] the following notation is used for the one
dimensional case.

@.1) e = Z xKak/k1 > [exp ax, a* = a)] = Z xXap/k!
k=0 k=0
n n
(4.2) (a+b)" = Z (Z)b"'k»[(a+b)",ak = ak, b% = bl = Z (Z) axbp-k
k=0 k=0

We shall change this notation and extend it to the n-dimensional case. The umbral expression corresponding to a
vector exponent is clearly

K___ n km _ n
(4.3) A O a," > AK) = 11 amlkn),
m=1 m=1
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where instead of indices we write variables.
We now introduce the following convention: Whenever an element is to be written umbrally it will be underlined,
thus

n n
(4.4) (a+b)"=Y" (Z) akbp-k = Y ( ,’,;) alk)bn — k)
m=0 m=0
and with N,K € Win)
N
@.5) a+p = 0 fatm+om)™™ = Y (%) Atk £,
' m=1 K=0
but
N N
(4.6) (a+gN = % (ﬁ) ARsiv-K) = Y (% )AN'KB(KI,
K=0 =0
and in particular
N N
.7) w+eN =3 (%) BIN-K) = Y (ﬁ) B(K).
K=0 K=0

Similarly for the generalized exponential we have

(4.8) e = > xRk ki .
=0

It should be noted that the last umbral expression (4.8) is the exponential kind generating function for the numbers
AlK).
It should be noted that

eAXpBX - [Z XSA(S}/S!] [ > XTB(T)/T!] = 3 3 XS'Talsi(risIT!
5=0 -T=0 §=0 T=0

Let S+ T = K observing that (g) = KI/SI{K — §)!, we have

oAXeBX - 3T S xRatssik - susitk - - 2 oxKkn L (K ) asmik-s)
=0 §=0 K=0 =0

but according to (4.5) the last sum is equal to (A + 8), where the binomial coefficients for S > K are all equal to
zero. It follows that

(4.9) eAX oBX _ Z XK(A +Q}K/K! = plA+BIX ,
K=0
i.e., the symbolic exponential follows the same law of addition as the ordinary exponential.

5. GENERATING FUNCTIONS

Let
D (k) = [olk 1), o(k2), -, lkn)]

and using the notation of Section 2, we consider the product function

(5.1) olk) = [® (k)] Y = ﬂ7 olkm).
I
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Letv(t,m) be the generating function for the functions ¢ (k,m), i.e.,

(5.2) Golkm) = 3 olkmlt* = vitm),
k=0
where m € /(n).
By taking the product

n n
(5.3) I tkm)tk | = Jtm) = (VITNIY = Q(T),
m=7[§¢ m,,,] 1 mtm) = (VIT)] (1)
where 7= [t7, t2, -, t,] € €, and
V(T) = [v(l,tq), vi2ta), -, vinty)] = €7

we thus obtain the generating function of the product function.
If o(k,m) = olkxp), then vim,t,,) = vixy,, tm) and (5.3) becomes

n
(5.4) I vlm, tm) = (VIX,TIIY = QXT).
m=1
We can state this result as follows:

PROPOSITION 1. The generating function of the product function of a set of functions is equal to the product
of the generating functions of the set of functions.

6. INVERSION OF SERIES

Consider the series

6.1) AN) = Y fIN,KIB(K)

K=0
where the coefficients AV, K) are known. We say that (6.1) has an inverse if there exists a set of coefficients g/, K)
such that

6.2) BIN) = ), glN,KIA(K),
K=0
both series being convergent.
PROPOSITION 2. If both series (6.1) and (6.2) are absolutely convergent they are inverses of each other if and
only if fand g are quasi-orthogonal in the sense of [4] and [5].
PROOF:

AN) = S LKIBIK) = 5 LK) S alKSIAIS) = 2 2 fiN, KIgtK.SIAIS).
K=0 K=0 =0 =0 §=0

Since the series are absolutely convergent, their order can be deranged and the order of summation can be changed,
thus

Aw) = 30 AS) [ 3 fnKialks) | = 3 AlsIo,
S=0 "K=0 ' S=0
where 5,‘?, is the Kronecker-Delta. It follows that

> AN KIgKS) = 85
K=0
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which expresses quasi-orthogonality in the sense of [4] and [5].
PROPOSITION 3. A(N) = (€ + B)" and BIN) = (G + A" will be inverses of each other if (€ + G) T =5 .
PROQF. Since
N
A) = (¢ +8)" (%) ctxsm-rr= 3 (%) swiew-x).,
K=0

™M=

2
S

BN) = (G +AN

N — N
(Y swam-x = (%) Atxsm -,
K=0 K=0
where both series involved are finite, i.e., present no problem of convergence, we apply the results of Proposition 2

N N
3 ( ,"é) CN = K) (§ ) GIK~8) =S IN/KHN ~ K} [KI/SIK = S)CIN ~ KIG(K — )
K=S K=s

- (g) ff (%Ii) CIN - KIG(K - S) = 85 .
K=S

LetK—S8 =M, ie,N—- K= N-S8—M, so that
N-S\ _ N-S )_ N—S)
N- K N—-S—-N+K/| ~ M

The preceding quasi-orthogonality condition can thus be written

(Q’) 2N: (NA;S) GIMICIN =S — M) = (g)(Q*Q’N'S=5/‘\7/-s,

or taking ¥ —S=T,

(6.3) G+cIT =585 .
It will be observed that (6.3) can be written for an arbitrary vector X in either form
(6.4) eX(G*C) - 4
or
(6.5) eXC = 1/6%XC

7. OPERATORS IN ¢”
Let D(m) = 3/axm, m €l(n), and D = [D(1), D(2), ---, D(n)]. We consider the product operator

U n
(7.1) p=Dp"= 11 D(m)
m=1
and more generally K = [k, k2, -, kn]  Win)
n K,
(7.2) oK = 1 [o(m)]"™ .
m=1
Using this notation the n-dimensional Laplace operator can be written
n n
(7.3) Az =Y %} = Y pUim
m=1 m=1

It is easily seen that for k = /(n)
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(7.4) Clk) = ZIX,k)+CrUlK),  clk) = [C(k)] Y,
c(k) is such that Pe(k) = 0. Considering now the vector
(7.5) ¢ = [c(1), ¢(2), -, ¢ln)]

it follows that £C = 0, and, if n(X) is a function such that n(0) = 0, then n(C) is the most general expression such
that
(7.6) Pn=0,
where n=n(C).
Similarly for difference operators we define £(m) such that £(m)f(x; ) = flx; + 7)6,’,‘, , and

7.7) E = [E(1), E(2), ~, Eln)]
(7.8) E=EY- 1 Elm).
m=1

We clearly have E{m)o(X) = ¢ [X + U(m)], and
(7.9) EX = EYx = X+U,  EolX) = o(X+U).
The operator § = £ — /d is not a product operator of the form

n
I [Elm)-1d] .

m=1
We have however
(7.10) SX = U, SolX) = (X +U)— olX) .
The operator A (m) = E(m) — Id leads clearly to the
(7.11) A = [A(my), Almg), -, Almy)]
U n
(7.12) A =AY = kHI Afmy).

It follows that AX = U, but the general expression of AXK is rather complicated.
The operator M(m) = [E{m) + Id] /2 |eads similarly to

(7.13) M = [M(mq), M(m3), -, M(mp, )]
and
n
(7.14) m=muY= 1 Mmg).
k=1

A more systematic study of the operators introduced here as well as the corresponding functional equations will
be published in the future. We introduce here only what we need in view of the applications given.

8. RECURRENCE RELATIONS AND FUNCTIONAL EQUATIONS
Letm € /(n), and a(m) be a one dimensional sequence of numbers satisfying a recurrence relation of the form

P
(8.1) S blomlalm) =0,  ped.
m=0
Letk € /ln), me € J, M = [mq, ma, -, m,], and

AlM) = [alm 1), alm3), -, almy)]
and the associated product function be

U n
(8.2) alM) = [AM)] 7 = 1L almg) .
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By writing the product for (8.1) we obtain
p

[ tomaima] =0,

m k=0

~
[=F]

Regrouping the terms we obtain
pU

(8.3) Y- blpmatm) = 0,
=0

where B(p,M) = [b(p,m 1), b(p,m2), -, blo,m,)], and

n
blp,M) = [Blp,M)] Y = s blp,my).

Clearly pU = [p, p, -, p]. We can state this result as follows.

PROPOSITION 4. If a sequence of numbers afm) satisfies a recurrence relation of the form (8.1) then the product
function of the numbers afm), i.e., a(M) satisfies a recurrence relation of the form (8.3).

If w (m) is an operator such that

(8.4) w(miflxe) = lxxlsy,
where 6,’,‘, is the Kronecker delta.
Let X € €,

F(X) = [f(1,x1), f2x2), -, finxp)] € €7, ®(X) = [p(lx1), pl2x2), -, plnxy)] €,
Q = [w(l), w(2), -, win)] ad #X) = [@XNY, ox)=@xXIY. w=8aY,

then
(8.4) wihlX) = lX).
9. EXAMPLES
(i) Consider the numbers a,,, = a(m/ defined in [1] p. 231. They satisfy the relation
n—1
9.1) > alm)in—m)l = a
m=0

These numbers are the coefficients of the Bernoulli polynomials

n
(9.2) onlx) = @lnx) = Y almx"™/(n—m)! .
m=0
The numbers
(9.3) Bm = Blm) = mla(m)
are called Bernoulli numbers and satisfy the relation
(9.4) (1+8)" - Bln) = 0.
By using the Bernoulli numbers the polynomials of (9.2) can be written
(9.2a) olnx) = (x +B8)"/n! .

We introduce M = [m 1, mo, -, m,] & Win) and A(M) = [a(m ), alm3), -, almp)],

(9.5) alm) = [AMIY = T almy),
k=1
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as well as
BM) = [Bimy), Blma), -, Blmn )],

n

(9.6) Binm) = [BM)]Y = T Blmy).
=7

The numbers B(n, M) are called the n-dimensional Bernoulli numbers. According to Section 8 we clearly have

P
(9.7) > atM)/ (P~ M)l - afP) = 0
M=0
and
(9.8) (U +Bn)]®— Bnp) = 0.

(9.7) and (9.8) are the recurrence relations for the a/#/) and the n-dimensional Bernoulli numbers.
Consider next

pP= [p1/ P2,y pn] & W(”}I Q(P) = [So(p 1/)(1)1 ‘p(p2l X2)/ tty ‘P(pn/ Xn)]

and
n P P

©.9) ¢P.X)= 1L ik xi) = 2 akixP Ry — k=37 Bin kIXPK/KitP — K)1 = [+ BN P,
= K=0 K=0

from where it is easily seen that (cf. (7.1))

(9.10) BplPX) = olP-U, X).

On the other hand, according to [11, p. 231,
1
Alkloloi, xi) = X /o= 1)1,
so that by multiplication over k we obtain

109

©.11) AplPx) = xPYstp—up .

According to Section 5 and [1], we obtain the generating function of the n-dimensional Bernoulli numbers as
follows:
9.12) QT =1Y6T-1= 3 BinmTY .

M=0
{ii) Consider the numbers afm)J defined by the recurrence relation {cf. 1], p. 289)

n

(9.13) eln) + ) elk)in—k)l = 0.
k=0

The numbers efm) are the coefficients of the Euler palynomials

n
{9.14) ninx) = Z (k"X /tn — k1.
k=0

The numbers t{n) = 2"e(n)n! are called the tangent coefficients (cf. [1], p. 298) and the numbers

n
(9.15) dn) = (1+0" = 3 (1) e
k=0

Euler numbers. According to [1], the tangent coefficients satisfy the recurrence relation
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(9.16) (2+t)" +tln) = 0.
It is shown in [1] that (9.15) can be inverted to give t/n) = [e — 1] ". It follows that
9.17) [e+1]"+[e-1]" =0 n > 0.

As before we introduce M € W(n) and (M) = [efm 1), efm ), -, e(mp)], with
nlom) = )Y = T efmg).

m=1

The n-dimensional tangent coefficients will be 7(M) = [tim 1), tim2), -, tim,)], so that

o) = (T = 1 tlmg).

. k=1
Finally let e(M) = [elm 1), €(m2), -, €(m,,)], so that n
et M) = [eM)]™ = T elmy),
k=1
where the numbers €(n,M) are called the n-dimensional Euler numbers. It is easily seen, like in the case of the Ber-
noulli numbers, that

(9.18) leln) +1]P + [en)—1]P =0 P >0
(9.19) tnP)+20+T)]P =0 P> 0
(9.20) tin,K) = K12Kefn,K),

(9.21) elnpP) = [U+T)]*P,

(9.22) tinM) = [e(n) - UM .

We introduce in the same way the n-dimensional Euler polynomials: Let
H(P) = [n(p 1, X1), n(ﬂ2l X2}l "ty n(pn: Xn)] ’
where P € W(n). 1t follows that
P
n
(9.23) nP.K) = T nlpg,xe) = 9, elnkIXPK/tP— K1,
k=1 K=0
which defines the n-dimensional Euler polynomials.
It can easily be checked that similarly to the one-dimensional case we have

(9.24) Pn(P.X) = n(P - U, X)
and
(9.25) mnlex) = xF/pr .

According to Section 8 we obtain the following generating function for the Euler numbers efn, K) and the numbers
elnK)

(9.26) Genp) = 2/le” +e 7] = 3 el KITX/ kI

k=0
(9.27) GenpP) = 2/[e”+1] = 3 eln,KITK .

K=0
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