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1. INTRODUCTION AND PRELIMINARIES
The Fibonacci numbers are defined as usual by

{1.1) Fo=1 Fi =1 Fp = Fpgq+*Faa (0122
and the Lucas numbers are defined by
(1.2) Lo=1 Ly =3 Lp=Lpg+Llpa [n = 2)

Recall that if x is any real number, /x/ is defined to be the greatest integer less than or equal to x, and {x} =X -
[x] is called the fractional part of x. Thus we have 0 < § x} < 1.

In [1] and [2], L. Caditz, V. E. Hoggatt, Jr., and R. Scoville have introduced and studied the arithmetic functions
a and b which are defined by

(1.3) aln) = [an],  bin) = [a?n], where a = %(1+/5) andn>0.
The functions # and b satisfy many relations which follow from (1.3}, e.g.,

(1.4) bin) = aln)+n=a*m)+1 (h>1)

(1.5) abfn) = aln) +b(n) = baln)+1 (0 > 1).

Here, and throughout this paper, juxtaposition of functions indicates composition.

The equalities {1.4) and (1.5) are given in [1], along with many other properties of a and 4.

In the present paper we show that the function a has the following property: Let/ > 0 and let » be an integer with
n > Fa;. Haln) =afn — Faj)(mod Fapr4) then

aln) = aln +kFg;) (mod Fajrq) for k=0, 1,,Lgi—2.
In fact, we have the stronger result, that
aln +kFa;) = aln)+ kFojeq for k = 0,1, -, Loj— 2
In addition, if afn) aln — F3;) (mod Fajr1), then
afn + LojiFail = aln) + LojFai—1.

We give conditions on n for deciding whether or notafn) =afn +(Lg; — 1)F3;) (mod Fzjz7).
Finally, we have similar results for the Fibonacci numbers of odd index, and for the Lucas numbers.

2. VALUES OF THE FUNCTION ¢ WHICH ARE CONGRUENT MODULO A FIXED FIBONACCI NUMBER

We shall require a few facts about the Fibonacci and Lucas numbers, which may be found in V.E. Hoggatt, Jr. [4].
1fa=%(1+/5)and 8= %(7—~/5) li.e., aand B are the roots of the equation x> — x — 7 = ), then the Fibonacci
numbers, defined by (1.1), are also given by

(2.1) Fo- =8 =012
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and the Lucas numbers defined by (1.2) are given by

(2.2) Lp=a"+8" (h=2012-)
Using (2.1) and (2.2), it is easy to check that

(2.3) aFp = Fper—B" (=01, )

and

(2.4) alp = Lpse7 =B 1+B2) (=101, ).

The main results of the present paper are given in the next four theorems.

2.5 Theorem. Letn be apositive integer. Write m = [an/ and €= { an } Suppose thatn > Fp; (j > 0) and that
aln — Fzj) # aln) — F2j+7. Then

(i) e>1-p%
(i) a(n+kF2j) = a(n)+kF2j+1 for k=01, L3-2

(i) 1f € > 7—B% +B8% then

. . aln +(Lgj— 1)F2;) = aln) + (L — 1)F3j+1
i) Ife < 7-p% +B% then

aln +(Lgj — 1)F2j) = aln) +(Lgj— 1)F 247 — 1
(v) aln + /.2/'/:2/') = aln)+ LgiFajr1—1.
2.6 Theorem. Letn bea positive integer, and set m = [an/ and e= -’an} Supposethatn > Fpj14 and
aln — Faj+1) #aln) — Foj12.

Then et
i) e < B¢
(ii) aln + kFaj+1) = aln) + kFaip for k = 0,1, -, Lojeg =1

(iii) Ife < B4j+2, then we have

) aln + Lgjr1F2j+1) = aln) + Lj+1F2j42
(iv) 1fe > B2 then

aln + L2/'+7F2j+1) = aln) + Loj+1Faj12+ 1
(v) aln + (Lojeq+ 1)F2j+1) = aln) + (Lgjr1+ 1)F2js2+ 1.

2.7 Theorem. Letn be a positive integer, and setm = [an] and €= {an } Suppose that n > L (j > 0) and that
aln — Lj) # aln) — Lgj+7. Then

(i) e < |8 T1+p2)
(ii) aln + kLgj) = aln) + kLgj+y for k = G, 1, -, F2;—1.

(iii) 1f € < %, then
) aln + FaiLoj) = aln) + Fa;Lgj+q
(iv) 1fe > B then

aln + FajL3;) = aln) + FajLoj+q + 1
) aln +(Fo+ 1)Lgj) = aln) + (Fo;+ 1)Lgjs1 + 1.

2.8 Theorem. Letn be apositive integer, with m = [an/ and €= { an}. Suppose thatn > Lgj+q (j > 0) and that
aln — L2i+1/7‘ aln) — L2j+2. Then ’

(i) e>1-p%(1+82)
(ii) aln +kL2j+7) = H(ﬂ)+k/.2j+2 for k=01, -, Fj47-2
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(iii) 1f € > 71— p%(1+82) + %2 then
aln + (Fajr1— 1)Lgjr1) = aln) + (Fajq — 1)Lgj+2
) 1f € < 1-B%(1+6)+ 42 then
aln +(Fgjr1— 1)Lgj+1) = aln) + (Fap4q — 1)Lojs2— 1
(v) aln + Fajr1Lgi+1) = aln) + FajrqLlojr2 — 1.

The proofs of Theorems 2.5—2.8 are given in §3.
It is natural to ask about the values of a(kF,,,) and afkL,;,), and in fact, we have tire following theorem (which is
not quite a direct corollary of the preceding results ). '

29 Theorem. Letj > 0 be any integer. Then

(a) alkFgj) = kFgjeq—1 for k= 1,2, Loj—1
and alL 5iF2) = LojFa+1—2.

(b) alkFajr1) = kFgje2 for k = 1,2, -, Loj+q
and allLoj+1+ UFgir1) = (Lajey+ 1)F2jry + 1.

(c) a(kl.,g,-) = kLgj+7 for k = 1,2, -, Fg

and al(Fai+ 1)Lgj) = (Fgi+ 1)Lgjr1 +1

{d) a(kL2j+1) = klojsg—1 for k = 1,2, -, Fgisq—1
and alFajr1L2j+1) = Fajriloj+2—2.

Proof. The proofs of all four parts are very similar, and we prove only (a). By (1.3) we have
alkFa) = [kaFgi] = [k(F2j+1 — ﬁzj/] ,
where the last equality follows from (2.3). It is easy to check, using (2.2), that
L% = 1+6% > 1,
while
(Loj—1)8% = 1+8% - g%
and since |3| < 1, we have 8% > B%, 50 that
(Loj—18% < 1.
Then forall k=1, 2 -, Lg;— 1, we have k3% < 1, while L 2% > 1. This proves (a).
3. PROCFS
We prove in detail only Theorems 2.5 and 2.7. It is then obvious how to prove Theorems 2.6 and 2.8.
Proof of Theorem 2.5. From the definition (1.3) of the function a, we have afn) = m, and
aln — Fg;) = [aln — Fgi)] = [an — aFz]
= [m+e~(Fae1-B%)  (by (23))

= [m— Fajeq +(e+p%)] .
Now the assumption
aln — szl # aln) — Faeq
implies that .
e+p% > 1
and this proves part (i).
To see (ii), suppose that kK > 0 is any integer. Then
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aln +kFa) = [an +k(aF2j)]
= [m+e+klFoies—BF)] (by (2.3))
= [m+kFgjz1+e€— k8] .
To prove (i), we need anly show that for all & satisfying 0 < & < Lgj ~ 2, we have

(3.1) 0<e-k7 < 1.

By (i), we have e > 1 — B2, It suffices to show

3.2) 1-8Z >k8% >0 (k=01-,L3-2)
or equivaiently,

(3.3) +1)8% <1 (k=01 Lg-2).
Clearly, if we can show

(3.4) (Loj— 187 < 1,

the inequality (3.3) will follow. By (2.2), we have

(3.5) L% = (% +5%)5% = 1+p%

and so ’

(Loj— 1)8% = 1+8% - p%,

Since |B] < 1, we have B4 < 8% tor all j > 0, and this proves (3.4).
To see (iii) and (iv), we have
aln +(Lgj— 1)F3;) = [m+e+(Loj~ 1)Fai47 — (Lgj— 7}52/].
10 <e—(Ly— 1)8% <1, then we have
aln +(Lgj— 1)F3;) = aln)+(Lgj — 1)F3j11.

But since . , .

(Ly— 187 = 1-p7 +p
then .

0<e—(ly—1)p% <1

is equivalent to

(3.6) 0<e—(1-8%+p%) < 1
or equivalently,
3.7) 0<1-p%+% <e<1

(since we always have 0 < e < 1). This proves {iii).
It is clear that if (3.6) (and hence (3.7)) daes not hold, then we must have

(2.8) e—(Ly—-18% <0
since 0 <e<1and (Lg— 7)[32/ > 0. It is evident that if (3.8) holds, then

aln + (sz‘— 1)Fgi) = aln) + (L2j" 1Fger—1.
This proves (iv). ) )
Finally, to see (v), we have from (3.5) that L 5,8% = 7 + 8%, Then

aln+1L 2iF2i) = [m+e+ 1.2/(F2j+1 - 52j)] = [m+LgiFaiag— T+€— {34/]
We must show that
(3.9) 0 < e—B4j < 1.
It is easy to compute that
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(3.10) 6 < || < .7

so that B‘? < % and 64 < %. By (i) we knowe> 7~ sz, and since j > 0, this gives € > . But also, B4j < 64 <%,
and (3.9) follows. This proves (v) and completes the proof of Theorem 2.5.

Proof of Theorem 2.7. Asbefore, we have afn) = m, and
aln—Lyj) = [m+e—~aly] = [m+e—(Lajer— B2 (1+62)]
(by (2.4)). Then the assumption afn — Lp;) # aln) — Lj+1 is equivalent to

(3.11) e+pF (1482 < 0,
since 8 < 0. Clearly (3.11) is the same as
(3.12) € < |81 11+

and this proves (i).
To see (i), we first have, for any integer k > 0,

aln+ kL) = [m+e+klLojes — B2 1(1+82))].
As in the proof of Theorem 2.5, we need to show that

(3.13) 0 < e+(Fgi—1)|B1%T(1+8%) < 1.
We first note that, since'a = —1,
(3.14) 142 =1-8-0-8

a a

Then we have
FalB M1 46%) = =87 gy azB oy BT g
Then, using (i), we have (since / > 0)
0 < e+ (Fgi—1)|B1%(1+62)
< 1817 1+6%)+(1-8%) - 8171482 = 1-% < 1.

It follows that if 0 < k < Fg; — 1, we have
(3.16) 0 < e+k|B|F1+p%) < 1
and {ii) i proved.

Itis clear from (3.15) that if 0 < e < 8% then
(3.17) 0 < e+Falf|F(1462) = e+(1-§%) < 1
and (iii) follows. On the other hand, if € > B4i, then

e+ Fo|B|1%11+82) = e+(1-6%) > 4,

and this proves (iv).

To see {v), we have
(3.18) (Foi+ 118\ 1(1462) = (1-8%)+\8|7 (1+8%) > 1

and it follows that (v) holds.
This completes the proof of Theorem 2.7.
In view of (1.3), it is clear that Theorems 2.5 — 2.8 all remain true if we substitute the function & for the function
a wherever it appears.
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