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H-267 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California.
Show that
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satisfies Sfx)= exsk fx),
H-268 Proposed by L. Carlitz, Duke University, Durham, North Carolina,

Put
n

Salx) = Y Sinkixk,
k=0

where Sfn, k) denotes the Stirling number of the second kind defined by

n
X" = 3 Sl kxlx — 1) fx — k+ 1)

k=0
Show that
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More generally evaluate the coefficients cfn,k,j) in the expansion

+k
XkSn(X} = nz: E(n/ k,/}S/(X} (/(’n > 0).

j=0
SOLUTIONS
SYSTEMATIC WORK

H-244 Proposed by L. Carlitz and T. Vaughan, Durham, North Carolina and Greenshoro, Narth Carolina.

Solve the system of equations
466
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j=1 n
(*) Xj = aj-l-uaj z Xt+anj+2\ai Z Xt (j = 7, 2, oy, ”)
t=1 t=j+1

forx=xy+x2++x,, wherea, #0 (k=1,2, -, n)and X\ # p.
Solution by the Proposer.

Forj=1, (*) reduces to

X, =a, +ax, +\a,(x—-x,),
so that
(7-(1-Na)x, = a,0x+1).
Forj=2, (*) becomes
X, = 8, Flayx, *a, X, *Na,(x —x, —X,),
so that
(7— (1- 7\)32))(2 =a,Mx+1)—a,\—uk,.
Hence
(7 (1=, 1= (1-Na, Y, = a,(7-(1- e, )+ 1).
Similarly, forj=3,
Xy = a8, *Haglx, #X,) Fa,x, +Nas (X —x, — X, —X,;).
After a little manipulation we get
(7= (1= Ma,)(7= (1= Na, )1 = (1= Na)n, = a3 (1= (1= o, )(7 - (71— e, ) \xc+ 7).
The general formula
(1) fL NN o feW kg = agfrl) - Fr-7 (WX + 1) (1 <k <nl,
where
fk)=1—(1-Nay,

is now easily proved by induction on 4

Returning to (*), we take j = n. Thus
Xp = 8n*Maplx —xp)+anxn .
so that :

(7- (1= wep)xnux+1).
Forj=n— 7 we get
Xp-1 = dp-1+Map-1(X —Xp — Xp-1) + 8p-1Xp-1* Nap-1Xp .

This gives

(7= (1= Wan (1 = (1= Wap-1Yn-1 = a0-1(1 = (1= Nas)ux + 1.
Similarly, forj=n -2,
(7 (1= wap)t = (1~ wan- 1)1 ~ (1~ Wan-2Yxn-2 = an-2(1 — (1= Nan)(7 = (1 = Nap-1)uwx + 1
The general formula
() Folit n=1 () = Fokt 1 (WX pok+1 = ap-k+1Ta(N) = Fokr2(Nux +1) (1 < k < n)

is easily proved by induction.
In (2) replace kbyn — k+ 1:

(3) Folifpaq(u) - frldxg = agfn(N) - Freq(Nux + 1) (1 <k <n).
Comparing (3) with (1) we get

)y () (e g) = g Tty s,
o F1 N2 TN Pt 1) = a fplWfp-1(p) - fre (1)
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Since ay # 0, it follows that
Folwhx + 1) = Fo(Mflux +1),

where
n n
(5) FalN = I £t = 1 (7= (1~ Nex).
k=1 k=1
Solving (4) for x, we get
(6) _ _Fn(N = Fplu)
NFplu) — uFp(N
Since, by (6),
xt1 = NZHWEN

" NE () = wF (N
Hence (1) gives
-, Fr1(u) (A= wF,N)
K TFeD XFofu) = pFnN

(1

N

k

N

(7) Xk n),

where .
Fe\) = 1T fie(N) (1 <k <n).
=1

PRODUCTIVE IDENTITY
H-245 Proposed by P. Bruckman, University of Illinois at Chicago, Chicaga, Illinos.

Prove the identity n-1
2 I (1+x")
r=1

n Yk (k-1)
X p— =
(1) kg; e W n=12-:,

where
), = (7—x}(7—x2)(7—x3)-»-(7—x”}, n=12-+; (xlg=1

Solution by the Proposer.
Lemma 1. If

co. = U %nln*1)
Awx) = I1 (1+x"w),  then Alwx) = Z X w

- ()n
r=1 n=0 n

Proof. In a previously submitted proposed problem for this section [H-236], the author established the
following identity:

2 floy) = T (14927 = 35 L7
r=1 (y )'7

m=0
Letting y = x %, z= Wx'/’ in this identity, we find that the lemma is established, with Afw,x) = flwx y’, x%).
Lemma 2. If
> . = x" n
Blwx) = T (1—x"w)" then Blw,x) = Z —— W
r=1 =0 (X)n
Proof. This is equivalent to identity (7) in the above-mentioned problem. Now, consider the product

Flw,x) = A(w,x)B(w,x),
which is also equal to
I1+x'w

1—x'w

1
<~ =38
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We observe that

Flwxx) = 11 12X w - 1+x'w _ 1—xw Flw,x).
=1 1=x"Tw =2 1-xTy THxw
Now suppose

Flw,x) = Z 0n(x)w".
n=0
We then have

(1—xw) Z Onx)w" = (1+xw) z 0, (x)xw)",
n=0 n=0
which yields the recursion

Oplx) = X(7+X ) 0 -1(x), n=12-.
7_
Since F(0,x) = 1= 0,(x), we readily obtain, by induction, that

0, () = 201+ )1 +x%) (1 +x"T)

n=12"-", with 6,(x) =

(x)n ’
Hence,
3) Flwx) = f.i T+x'w _ 1+2 Z x"(1+x)- (7+x"'7)
=1 1—x"w (x)n
However, since
- Anfn+7)
Flw,x) = Alwx)Blwx) = 2 ——(;(—}; Z (}—); w"
we also obtain the formula
no wk(k+1) | n-k
4 Fi = X X
@ fwx) = Z Z Tk Ik
Comparing coefficients of win (3) and (4), we obtain forn=1,2, -,
2Xn(7+X)"-f7+X zn: n+4k(k 1)
(x), (x )i (x) -k
Upon dividing each side by x”, we find that (1) is established.
Also solved by P. Tracy.and A. Shannon.
FIB, LUC, ET AL
H-246 Proposed by L. Carlitz, Duke University, Durham, North Carolina.
Put
m n
Flm,n) = Z E Fi+ij—i+/'Fi+n—jFm—i+n—/'
=0 j=0

m n
- T
L{m,n) = Z L LitjLm-itjLitn-jLm-itn-j -
=0 j=0
[Continued on page 473.]



