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Stanton and Cowan [1] have discussed the two-dimensional analogue of Fibonacci Numbers. They dealt with
numbers

gin+1,r+1) = gln+1,r)+gin, r+1)+gln,r)
gin,0) = gl0r) = 1 rn = 0 integers.
Carlitz [2] has discussed in detail a more general form of gfn,r). In this paper we get the Tribonacci Numbers

from g{n,r) and discuss properties of functions related to Tribonacci Numbers. Analogous identities have been

established by Alladi [3] for Fibonacci Numbers. Bicknell and Hoggatt [4] have shown another method of
getting Tribonacci Numbers.

The numbers gfn,r) can be represented on a lattice as follows:
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The descending diagonals are denoted by dotted lines. The above figure is transformed into a Pascal-shaped tri-
angle by changing the descending diagonals into rows
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It is interesting to note that the sequence of diagonal sums in the Pascal-shaped triangle is
1,1,2,4,7,13,24,44,81, -,
which is the Tribonacci sequence
Tn = Tp-1+Tp-2*Tp-3 Tp =10 Ty =1, T2 =1.

We now add variables (suitably) x™, y™ on the arrays to make every row a homogeneous function in x and y.

*Currently at UCLA.
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The rising diagonal sums give a sequence of functions 7,, with the following rule of formation:
Tnlx,y) = xTp-1ly) +yTn-2(x,y) +xy Tn-3lx,y) .

Let us denote the partial derivatives and convolutions by the following

2Taloy) 3Talty)

* = ——
Fram thixy)

thlx,y) = w

n
Talxy) = 37 Tklxy)To-klxy) .
k=0

As in the case of Fibonacci Polynomials, do there exist relations between these functions? To get symmetric
results we denote 7, (x,y) by 7%, (x,y).

Theorem 1. e (X y) +yTi_1(y) = talxy).
Theorem 2. TnlX,y) + xTn-1(x,y) = ti,1(x,y)
Theorem 3. tierxy) = t,ix,y) = XTo_1(xy) = yTn_2(x,y).

Proofs. Theorem 3 follows immediately from Theorems 1 and 2. Since Theorem 2 is similar to Theorem 1
we prove only Theorem 1.
To prove Theorem 1 we would essentially have to show

(1) Talx,y) +yTa-2(x,y) = ty(xy).
Assume that statement holds for. n =0, 7, 2, 3, ---, m. From the recurrence relation for 7, (x,y) we see that
aTm+1(xy) aTmixy) 3T m-1(x,y) 3T m-2(x,y)
—mrr et = + + _MTe 7t
X Tmxy)+x —== Yo +yTm-2(x,y) +yx X
Now
m+1 m—1
Tm+100Y) #YTm-106y) = 3, TklXy)Tmeks1lxy) +y 32 Telxy)Tm-k-1(xy)
k=0 k=0
m m—=2
=x| 3 Tilxy)Tm-ilxy)+y 3 Tklxy)Tm-k-2(xy)
k=0 k=0

m-1 m-3
ty [Z Tklxy) Tm-k-1xy) +y 3 Trlxy) Tm—'k—3(X,V):|
k=0 k=0

. m-2 m—4 .
Xy [ > Teloy)Tm-g-2(xy)+y 3 Tk(x,y}Tm-k-4fx,y)] +glx,y) +hix,y)
k=0 k=0

applying recurrence for 7,(x,y), where gfx,y) + h(x,y) are the remainder terms from the first and second sum-
mations in each square bracket. Now using the recurrence we may simplify gfx,y) and A(x,y) to
glx,y) = Tmix,y), hix,y) = yTm-2(xy)
which makes the right-hand side to be equal to the partial derivative
aﬂw+1QQ

aX
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This means (1) holds forn =m + 7 and can be verified to hold for n = 0, 7. By mathematical induction it holds
for all positive integral values of n.

We shall now discuss some more properties of the Tribonacci Triangle. If we attach the term x™ to every
member of the (m + 7)% row then the generating function of the (n + 7)% column is

G, (x) = X1+ X)"

(7 _ X}n+1
so that

(1 Y Gatx) = —L
n=0 1-2x—x?

Now (1) clearly indicates that the row sums of the Tribonacci Triangle are Pell-Numbers
Pn = 2Pn-1+Pp2, Po =10 Pr=1
If on the other hand we shifted the (n + 7)% column n steps downwards and in the new array added the term

X™ to every member of the (m + 7)th row, then the generating function of the (n + I}ﬂ7 column of this array
would be

Gxlx) = X2(1+X)"

(7_X)n+7
so that
- 1
2) DD/ A —
n=Z7 " 7~X—X2—X3

Now (2) indicates that the rising diagonal sums of array (2) are Tribonacci Numbers. In fact if we attached
XMy tothe (m + 1) for (r+ Z)th column element of the Tribonacci triangle we get the generating function
of the (n + 7)¥ column as

n
Gp(XY) = XY (1 +x)"

(1-x)"*1
so that
(3) > GaXY) = ——
n=0 1—X-XY-X2Yy

which is the two-variable generating function of array (2). We conclude by considering the inverse of the follow-
ing matrix.

1 ~1

/ X

11 1 \

13 1 = -1 1 |

1 5 5 1 2 =3 1 ;

17 13 7 1 —610—51/
Now denote by T the (n + 1)% row (r+ 1) % column element of
1
-1 1
2 3 1
-6 10 -5 1

Two interesting properties of 7 T#:stand out

n
P.1. > "tr=0  n=1 (= 1forn = 0)
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n
P.2. ST = 1" Ty (=1 forn =0).
r=0

REMARKS. We wish to draw attention to the fact that we obtained Tribonacci Numbers from Stanton and
Cowan’s Diagram. Such a generalization to higher dimensions may be possible but it is very complicated as it is
exceedingly difficult to picture these numbers. However there are other ways of obtaining these numbers as for
example Tribonacei numbers from the expansion of (7 +x +x2)r (4],
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[Continued from page 41.]
CiR;+CoRo+C3R3 =1
(6) C1R?+CaR3+C3R% = 3
C1R3+C,R3+C3R = 6,

whose determinant is
Ry A2 A3

(7) D ={R? fZ R3| = (R1—R2MR1—R3)(Ra~R3) = 7.
R? R3 R3
Thus, using Cramer’s rule, one ghtains constants as
€7 =L RoR3(R3— Ro)[6—3(Ro+ R3)+ RaR3]

7
(8) 02=;H;Hg(/'?]—33)[5—3(H7+H3)+H7ﬁ3]
C3 = L RyRa(Ra— Ry)I6—3(R1+R2)+R1Ral ,

which reduce simply to the fixed numbers
7 7
©) Cr=%(3-FRzl  C2=50G-R1,  C3=L(3-Ry

when many discovered relations between the three roots are taken into account. These involve the following.
Relations between the roots and the coefficient of the cubic gives

(10 Ri+R2+Rz =2 RyRa+RiR3+R2R3 = —1, Ri1RaR3 = —1,

while from the discriminant we have

(11 (Ri—RoMRys—~ B3)(Ro— R3) = /49 = 7.

Use of these and the relation /?72+ /-?22+ ng 6 furnish, after some manipulation,
‘R1R%+RyR3+ R3R% = 4

12 {H,R§+H2ff§+ﬁgﬁ$= -3,

[Continued on page 56.]



