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1. INTRODUCTION

Some years ago, Carlitz [1] had asked the readers to show that

n—1

(1) S F2"R T = s
(4]

and
n-1

(2) S 127K 23027 - Lo,
-0

where £, and L, are the n™ Fibonacci and Lucas numbers. Recently, King [2] generalized these results to ob-
tain the expressions:
n—1

n-k-1 _ (Toy + 7-—7}1/’7_ Tny = Th-1
(3) Z Ty = 5
0 ye—y-—1
and
n—1 @
(4) > 2" = To27) = T,

0
where the generalized Fibonacci numbers 7, are defined by
Tn = Th-1+ Th-2, T = a To=bh.

The purpose of this article is to generalize these results to sums of the form EFk(x)y"'k, ELk(x)y"'k,
EHk(x}y"_k, where Fg(x), Lifx) and Hy(x) are, respectively, Fibonacci, Lucas and generalized Fibonacci
Polynomials, and then finally to extend these results to ~-bonacci polynomials.

2. FIBONACCI AND LUCAS POLYNOMIALS AS CGEFFICIENTS
The Fibonacci polynomials £, (x) are defined by [3]
(5) Frlx) = xFp_1(x)+ Fp_o(x)
with Fgf(x)=0, Fs(x)=1. Now consider the sum

n n
S= 5 Felbh" =y iy T XFiq )+ Fraal]y ™
7 3
n—1 n—2
- yn—7+Xyn-2+Xy—7 E Fkyn—k+y—7 Z Fkyn—k
2 1

=y axy TS = Fatx)} +y 72 (S = Fooglxly — Falx)}
Hence,
y2=xy—1)S = y™ 1 —yFhri(x) = Fnlx).
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Letting
(6) Grixy) = y"+7~—yFn+7(X)—Fn(X),
we may write S as
n
_ Gnixy)
7 s = Filey"™ = 20222 Gylxy) # 0.
) ; lxly Giley) 10xy) #
The Lucas polynomials L, (x) are defined by {3]
(8) Lolx) = xLp_q1(x)+ Ly_2(x)

with Lgfx)=2, Lilx)=x.
It may be shown by induction or otherwise that
/.n(X} = F,-,+7/X) + Fn_7(X),

Hence,
n n n n+1 n~1
> L)y ™k = > Freglely" K + > Froglxly ™ = > Frlx)y"t1k > Frelxyy "1k
7 7 7 2 0
n+i 1k n—1 1k G (,y)+ Gp1lx,y)
- E Fk(X}yn 7 +Z Fk(x)yn —F;(X)yn = Yn+7l n-114, _yn,
y ; Gilxy)
using (7) .
_ xy" T+ 2y — y {Fpuolx) # Falx)} = {Fperlx) + F,,_,(x}_}
Gy(X,y) ’
Therefore
) 5 a2t 2yl )= Lale)
1 y<—xy-—1
By letting x = 7, y = 2 in results in {7) and (9), we obtain
n
(10) > A27K = 2™ Fhug = 27-F3 Faug
and ’
n
(11) S 142K =272 s = 2" g~ L
7

which are the results of Carlitz [1]. Further, by lettingx = y = 2 in (7) we get
n

(12) S P2 K = ppp— 2" = P 27Ps
1

where P, is the n % pell number.

3. GENERALIZED FIBONACCI POLYNOMIALS AS COEFFICIENTS
Let us define the generalized Fibonacci polynomials 4, (x ) as
(13) Hn(X} = XHn—](X)'l'Hn—Z(X)

with Hofx) and H 1 (x) arbitrary. It is obvious that the polynomials £, (x) are obtained by letting Hplx) =0,
H1fx) = 1, while the Lucas polynomials £, (x) are obtained by letting Hpfx)=2and H¢(x) = 1. In fact, it can
be established that H,, (x/ is related to F,,(x) by the relation

Hplx) = Hilx)Fn(x)+ Holx)Fp_1(x).
Hence,
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n n n
> Hlby"E = Hte) T Flbdy™  # Holx) 3 Frglaly™ K

7 7 7
n(X ,V} —7-k .
Hylx) .y +Holx) Z Fry™ 175, using (7)
- Hqilx)Gp (X/V) + HO(X)Gn_7(X,y)
Grlxy)
The right-hand side may be simplified to show that
n n+1 n_ B
(14) S Hylely = MW Holaly” = yHpesb) = Hnlx)
y2—xy -1

Some special cases of interest obtainable from (14) are,

n n
ST Hielx)x"K = Hppolx) = x"Halx), > Hilx) = )% [Hoe1(x) +Hylx) = Hilx)— Hotx)],
7

> (1K H (x) = } H=1)"T {Hpiy(x) = Holx)} + {H () = Holx)}] .
7

Itshould be noted that by lettingx = 7, Hg(x) =a and Hy(x) = b in (13), we generate the generalized Fibonacci
numbers 4, defined earlier by Horadam [4]. From (14) it is seen that for these generalized Fibonacci numbers

n n+1 n
: - y—H
(15} E Hk}/n k = b,V +ay Hn+7 12 n
2
and
n
(16) > H 2™ = (2b+8)2" — Hpyg = 2" H3— Hpez

17
which are the results obtained by King [2] .

4. -BONACCI POLYNOMIALS AS COEFFICIENTS
The r-bonacci polynomials F(r)(x) have been defined by Hoggatt and Bicknell [5] as

FI ) = = F) = FlP) =0 FPo =1, A0 = x77,
and
(17) FID i) = x™TE )+ x2F ) otx) # et FI (k)

Let us now consider
n

=3 F,ir)(x)y"_‘k.
7
Denaoting for the sake of convenience
(18) Fi'tx) = Ry

we have,
/= H7yn—7+Xr—7H7yn—2+(Xr- 732+Xr—2/_—',7)yn—3+'"+(Xr—7/_?r_7 +Xr—2/qr_2+_“+xﬁ7)yn—r

n-2 n—r+7]

n
+ 30 X Ry X2 Rpeg bt R K = Ry xRy T 4 Ry
r+1

7L"""Hr-—LV
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n- n=2
#xy Ry 4 x "y E X2 T Ry
r r~1
( 1) n-r+1 n-r
+ e r~ Z Ry +y E Rey"™™
2 7
Hence,
n-2
=R yn+r 1+(Xy)r 1 z Hkyn k+(Xy)/‘2 Z quy
1 7
n-r+1
“EXY Z Hkynk+z Rey"™
7
= Ry [ixy )™ +(xy)r_2+-..+{xy}+‘7]/
n
— ) By lxy)F S By
n-1
n " n
~y) L Ry T Ry
n-rt2 n-r+1
Thus,

r-1
/[yl’_z (Xy}k] - R7yn+r—1__yr—7(xr—7’qn +Xr_2/'?,-,._1 ot Rpyrir)

Vr—zf)( r—zﬁn 7LXr__3F"n—7 # ot Rppro)
v PRy +x " Boy # ot Ropes)

— = ylxRp+ Rp-y)— Ry -
Denoting now

G( (xy) = yn+r—7 (I’/](X)y _ yr~2 rZF(I/(X)+Xr—3F(f)7{X)+ +F,{,rlr+2(x)]
(19) —y 33 ) +xf-4ﬂ” (x) # e+ FIT o (x)]
meem y I F )+ FI7 )] — FI7 )

we have

n

: %« G (X )
(20) I= 3 F(x).y "k ZT_JL _

7 67 (X,,V)
The above result for r-honacci polynomials may be considered as a generalization of the result (7) for Fibonacci
polynomials.

Let us now see if we can obtain for the r-bonacci numbers [5], a result corresponding to (10) for Fibonacci
numbers; it may be noted that the r-bonacci numbers F,fr} are obtained by letting x = 7in (17), We have from
(20) that

n (r)
(21) S Ffr.gnk - Gn112)
7 601.2)

Now we have from (19),
+r-1 (r) - -2 (r) =2rplr) {r)
20— 61,2) = 2.274F ) 4 272 FY et FIY

" s ]+2r—3//_—,gf) F(I’}+ J et
#2(F7+ FI g+ Fl -
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- 2r—2/_—,grj7 +2r—2[/_-£22] +2r—3[[_-,§r} R Fr(:r—)r+3] +~-+2[F,§') +F,§’_),] +/_-,gr}
2y 2 Uy i s o] 2 D )
+...+Z[F,£’) + F,sr_)I] + F,gr)
= 2 s Flp ot ] # 27 ) ek FID o) w20 EY 4 FJD ) EI
Continuing the process, the above may be reduced as

2T _glh12) = 27 ok E ) = F )

H ntr n+ ntr+] -
ence,
(22) 6/ 1,2) = 2T gl
Also

r-1

6i2) = 27-3 2*

0
(23) _ Zr_. l:_zr _ 7

1-2

Therefore from (21), (22) and (23) we get

n
r) on-k _ ontr-1 {r) - (r) (r)
Z Fe -2 =27 '_Fn:’-r+7_2n"cr:‘7_’cnr+r+1'
1
The above result may be considered as a generalization, for the ~bonacci numbers, of the result of Carlitz {1]
for the Fibonacci numbers.
REFERENCES

L. Carlitz, Problem B-I135, The Fibonacci Quarterly, Vol. 6, No. 1, 1968, p. 90.

2. B.W. King, A Polynomial with Generalized Fibonacci Coefficients,” The Fibonacci Quarterly, Vol. 11, No.
5, 1973, pp. b27-532.

3. V. E. Hoggatt, Jr., and M. Bicknell, ““Roots of Fibonacci Polynomials,” The Fibonacci Quarterly, Vol. 11,
No. 3, 1973, pp. 271-274.

4, A. F. Horadam, ““A Generalized Fibonacci Sequence,’’ Amer. Math. Monthly, Vol. 68, 1361, pp. 455—459.

5. M. Bicknell and V. E. Hoggatt, Jr., “’Generalized Fibonacci Polynomials,” The Fibonacci Quarterly, Vol. 11,

No. 5, 1973, pp. 457465,

—

Fodokoioiokok



