ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
A.P.HILLMAN
University of New Mexico, Albuguerque, New Mexico 87131

Send all communications regarding Elementary Problems and Solutions to Professor A. P. Hillman, 709 Solano
Dr., S.E.; Albuguerque, New Mexico 87108. Each solution or problem should be on a separate sheet (or sheets).
Preference will be given to those typed with double spacing in the format used below. Solutions should be re-
ceived within four months of the publication date.

DEFINITIONS
The Fibonacci numbers F,, and the Lucas numbers L, satisfy
Fnt2 = FpegtFn, Fo =0, Fp =1 and Lpyo = Lpeg+ly, Lo=2 Ly=1
PROBLEMS PROPOSED IN THIS ISSUE
B-352 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, Califomia.

LetS, be defined by Sp=17,57=2, and
Sn+2 = ZSn-/-] +L‘Sn .

For what value of ¢ is S, = 2”7 F,,+4 for all nonnegative integers n?
B-353 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, Califomia.

For k and n integers with 0 < k < n, let A(k,n) be defined by A(G,n) = 1= A(n,n), A(1,2)=c + 2, and

Alk+1,n+2) = cAlkn) +Alk, n+ 1)+ Alk+1,n+1).
Also let S, = A(Q,n) + A(1,n) + ---+ Afn,n). Show that
Sn+2 = 2Sp+1+¢Sy.

B-354 Proposed by Phil Mana, Albuguerque, New Mexico.

Show that

Flok~ LEFS + (~ 1)Ko [F 4+ 3Fp s Fn Lic] = 0.

B-355 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, Pennsylvania.

Show that
F3ur = LakFE+ (~1KF2 = 3(=1)"Fp FiFox .

B-356 Proposed by Herta T. Freitag, Roanoke, Virginia.

Let
Sy = Fo+2F4+3Fg++nFo, .

Find /m as a function of n so that F,+; is an integral divisor of F; +§,,.
B-357 Proposed by Frank Higgins, Naperville, Illinois.

Let m be a fixed positive integer and let & be a real number such that

om < 095K oy g,

loga
where a = (7 ++/5)/2. For how many paositive integers n is £,, < k?
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SOLUTIONS
SUM OF SQUARES AS A. P.
B-328 Proposed by Walter Hansell, Mill Valley, California, and V. E. Hoggatt, Jr., San Jose, California

Show that
6012 +22+32 +..+n?)

is always asum
m2+(m2+ 7)+(m2+2}+---+(m2+r}

of consecutive integers, of which the first is a perfect square.
Solution by Bob Prielipp, The University of Wisconsin—Qshkosh.

Since
60124224324 +n2) = pn+1)(2n+ 1) = (2n+ 1n2 + [20(2n + 1)] /2

and
m2+(m2+1)+(m2+2)+t(m2+0) = (r+Dm2+[Hr+1)]/2,

the desired result follows upon letting m = n and r = Zn,

Also solved by Wray G. Brady, Frank Higgins, Mike Hoffman, Herta T. Freitag, Graham Lord, Jeffrey Shallit,
Sahib -.Singh, Gregory Wulczyn, David Zeitlin, and the Proposers.

UNVEILING AN IDENTITY
B-329 Proposed by Herta T. Freitag, Roanoke, Virginia.
Findr, s, and t as linear functions of » such that ZFrZ— FsFgis an integral divisor of Lyp0 + L, forn=1,2, -,

Solution by Mike Hoffman, Warner Robins, Georgia,

Let _ _

a= %1+5) and 8= %1-5).
Then
2
2F7 Ry = 2 (C=BTY L (€28 (=80
NG NN
- a2r_2(a6}r+62r a aS+l‘__aSBt_BSat+BS+t

5 5

_ 2a2r+262r_ astt_ BS+t—4(aB)r+aSBt+afﬁs
5

_ 2L~ Loye—4(aB) +(aB)a*" +85F

- 5

2= Lsay# Loyl ~1) = 4(=1)"

= = ,
where we have used Binet form for the Fibonacci and Lucas numbers, as well as the fact a8 = —1. Now put
r=n+3 s=n+3 and t=n— 1. The above becomes

= 2Lon+g— Lon+1# Lal— 7},1_1 _4(_”/7+7

2F2 _ FoF, ;

_ Lonea# Lonez = Loneq #4(=1)""T = 4(-1)"*7 _ Lopratlon
5 5

Fon+tr.
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Thus we have

o Lons2+Lop = 5(2F2 — FoFy)
for positive integers n.

Also solved by the Proposer.
FINDING A G.C.D.

B-330 Proposed by George Berzsenyi, Lamar University, Beaumont, Texas.

Let
Gp = Fn+29Fp1q+ Frag.
Find the greatest common divisor of the infinite set of integers {Gp, G7, Go, -~ }.
Solution by Graham Lord, Universite Laval, Quebec, Canada.

It is easy to show that G, = 36F, +4 by using repeatedly the classical Fibonacci recursion relation. Hence, as
two consecutive Fibonacci numbers are relatively prime, the g.c.d. of the numbers Gy, G4, G, --. s equal to

Also solved by Wray G. Brady, Herta T. Freitag, Frank Higgins, Mike Hoffman, Bob Prielipp, Jeffrey Shallit,
Sahib Singh, Gregory Wulczyn, David Zeitlin, and the Proposer.

SOME FiBONACC! SQUARES MOD 24
B-331 Proposed by George Berzsenyi, Lamar University, Beaumont, Texas.
Prove that anﬂ =1 (mod 24).
Solution by Gregory Wulczyn, Bucknell University, Lewishurg, Pennsylvania.
A congruence table of £, (modulo 24) is

n 1 2 3 4 5 6 1 8 9 10 11 12
Fo{moed24) t+ 1 2 3 5 8 13 21 10 717 0

n 13 14 15 16 17 18 19 20 21 22 23 24
Fnp{mod24) 17 17 10 3 13 16 5 2N 2 23 1 0

Hence Fgn+7 = 1,13, 17,5 (mod 24) and FZ, ., = 1 (mod 24).

Also solved by Herta T. Freitag, Frank Higgins, Mike Hoffman, Grafiam Lord, Bob Prielipp, Sahib Singh, David
Zeitlin, and the Proposer.

ONE SINGLE AND ONE TRIPLE PART
B-332 Proposed by Phil Mana, Albuguergue, New Mexico.

Let afn) be the number of ordered pairs of integers (r,s) with both 0 <r <sand 2r + 5 =n. Find the gener-
ating function
Alx) = al0) +xal1) +x%a(2) + .

Solution by Graham Lord, Universite Laval, Quebec, Canada.

If s is written as r + ¢, where ¢ > 0 then the decomposition 7 = 2r + s is the same as 3r + t, where the only re-
striction on r and ¢ is that they be nonnegative integers. Thus afn) counts the number of partitions of # in the
form 3r + t and so has the generating function

Alx) = (T+x+x%+ o JlT+xZ 4 x84 xF k) = [(1—xNT =31 =x3)) 7.
Also solved by Wray G. Brady, Frank Higgins, Mike Hoffman, Sahib Singh, Gregory Wulczyn, and the Proposer.
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BIJECTION IN 27 x 27
B-333 Proposed by Phil Mana, Albuquergue, New Mexico.

Let S, be the set of ordered pairs of integers (3.6) with both 0 < a < b and a+ b <n. Let T, be the set of
ordered pairs of integers (c,d) with both 0 <¢ <d <n and ¢ +d > n. Forn > 3, establish at least one bijection
(i.e., 1-to-1 correspondence) between S, and 7p,+7 .

I. Solution by Herta T. Freitag, Roanoke, Virginia; Frank Higgins, Naperville, Illinois; and the Proposer (each
separately).
c=b and d=n+1-a
or inversely,
a=n+l-d ad b =c.

I1. Solution by Mike Hoffman, Warner Robins, Georgia; and the Proposer (separately ).

c=n+1-b and d=n+71-2a
or, inversely,
a=n+1—-d and b=n+1-c

It is straightforward to verify thata + 6 < n if and only if ¢ +d > n and hence that each of | and |1 gives a one-
to-one correspondence.

Johdoioiotok
[Continued from page 188.]

ADVANCED PROBLEMS AND SOLUTIONS
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Comparing this with (1), it is clear that we have proved the identity.

CORRECTION
H-267 (Corrected)
Show that

n!

Sty = 3 M2 X"
=0

k
satisfies S(x) = e*S X/,
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