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1. INTRODUCTION
In this note we consider sequences of numbers defined by the recursion formula
(1) ap+2 = Qap+1 +Pap, n=12:",

with real parameters a, § and arbitrary real numbers a,, a,. The sequence {a,,} will be called generalized
Fibonacci sequence and its elements a,, the n th generalized Fibonacci number. Sequences like these have been
introduced previously by, for example, Bessel-Hagen [1] and Tagiuri [4]. Special cases of (1) are known as the
classical Fibonacci sequence with a=§=1,a, =a, =1, the Lucas sequence witha=8=1,a, = 1,3, =3, the
Pell sequence with a=2, =1, 4, = 1, a, = 2 and the Fermat sequences with a=3,=-2,4, = 1,3, =3 or
a, =2, a, = 3. Basic properties of the generalized Fibonacci sequences have been given by A. F. Horadam [3].
In this paper we consider generalized Fibonacci sequences from an analytic point of view. We start with a real
representation of the generalized formula of Binet in the second section. In the third section we repeat and
complete some properties of finite sums of generalized Fibonacci numbers [3]. With these preparations we are
able to characterize convergent generalized Fibonacci sequences in the fourth section and finally in the fifth
section we give some limits of Fibonacci series.
2. BINET'S FORMULA

For the generalized Fibonacci numbers defined by (1) the (generalized) formula of Binet holds.

az2—agq2 n-1 ,4192—4d2 n-1
(2) ap = ———=¢q; ' +—"" . n=12:-",
_ T gr—g2 T gr—g2 2
with g7, g2 defined by

= —
_a a =2 _ /4
01—57‘\/71‘5, 92 = 5 \/4 6.

The proof of (2) can be given by induction.
Theorem 1. Binet's formula (2) has the following real representations

a2-4a192 -1, 3797—32 p-1 a® . 3
3 92”2192 » 491792 @
(8a) g1-a2 ' 471-q2 S R l
D A a5 712
G0 an =y (F) [-laz-Gn-201], L +p=0, n=12-,
rn—2 a2
(3c) G lazsin(n—1)¢ —ayrsin(n—2)¢], ~21-+{3 <0
Lr:=U=8 >0 [7<¢.‘=Zarctani:~é‘___@/—2},<n,
2
— %_.{.B

with g 7, g defined as in (2).

Proof. Setting R: = (a?/4) + B the case B > 0 follows immediately from (2). If R < 0, then g and g are
the conjugate complex numbers
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qy = ;—l:‘_i\/—ﬁ
or in polar form g, = et ® with r= B > 0 and

JF- L V-8

tan @ = 1=coso 2 o 0<¢=Zarctan—:ﬁ_———<n,

2 sin ¢ J=R V-
respectively. Further rewriting (2) with g, =g,

—-n=2 _ _n-2 n-1_ —n-1
dn = a19141 ——;7—_;77 — *a ‘7—7———1—_?;_77

employing the polar form mentioned above and using

1 —91 _ m-1 S|_anI m=12.,
g1—q71 sin ¢

we conclude statement (3c). (3b) follows from (3c) as limit for ¢ — 0. From (3a) and (3b) we get two special
cases, which will be useful in the following discussion.
Firstleta+ 3= 1. Then
82781 (g1 ,2100- 1) a2

- ——=, a#2
(4) an ={ a-2 a-2 n=12-.
(n—1as—(n—2)a;, a=2

Letbe 3—a=1.Then
aztay n-1 8100+ 1)=az . n-1 _
) {a+2 lat 1)" "+ =g (1", ar =2 .
n - J n=12 -
(=1)"[(n — 1)as+(n — 2)aq], a=-2,
3. SUMS OF GENERALIZED FIBONACCI NUMBERS

In this chapter we consider some simple properties of finite sums of generalized Fibonacci numbers.
Property 1. The sum of the firstn generalized Fibonacci numbers is given by

(5)

n
(6a) 2 E:F]__—; lan+7 +Ban—az—(1—a)as], n =12,
v=1
ifa+fB#1and by
n n 87(a;_7}2—a2 + 31—35 [1—(a-1)"], a#2 1
(Sb) Z ay = n (CL“Z} n = 7’ 2, R
v=1 E[ﬂ(32—37}+3a7—32]l a = 2/ [
ifa+p=1.

Repeated use of the recursion formula yields statement (6a).

Ifa+B=1, a# 2, we get the first part of (6b) from (4) using the formula of the finite geometric series. The
second partin (6b) follows immediately from (3b) with @ = 2. Since the following properties can be shown in a
similar way, we omit their proofs.

Property 2. The sum of generalized Fibonacci numbers with odd suffixes is given by

n
(7a) S azpeg = ag+ ———L— [z, +B(1~ Blagy-1 — aaz—B(1-Blay] ,
2 2
v=1 a“—(B~-1)

n=12 - ,ifa+B#1,—af 1, andhy
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[ aztarli-a), aj—az [1—(a=1)*"], a#2

n 2—-a 2
(7b) Z asp-1 = CL(Z— a) n =1, 2’
V=1 nlin = 1)az — (n — 2)aq], a=2

ifa+f=1and by
. a1(7+a)—52_

+
732 11 (a+1)2], a # -2

n 2+a 2
(70) 3 azpg = alz+al n=12-
p=1 =nlln - Vaz+(n—2)az], a=-2,

iff—a=1.
Property 3. The sum of generalized Fibonacci numbers with even suffixes is given by
n
(8a) Z agy = N [aazp+7 +B(1—Blasy, +(B8— 1)az—aBas], n =12 -,
2 2
v=1 a®—(B-1)

ifa+B#1,3—af 1, and by

fn ar—asla—1) . (a—1)a; —az) [1—(a—1)2"], a#2
2-a a(Z—a)Z

n
(8b) asp =19 n = 7/2, -,
E, g nlnas—(n—1a;]l, a=2

ifa+B=1and by *
" ar—ayll+a) B (1+a)laz+ay)
2+a a(2+a)2

n
(8c) Z asy = n=12-,
5 1

[1-(1+a)®"], a# -2

nlnas+(n—1)a;], a=-2,

iff—a=1.
Property 4. The sum of generalized Fibonacci numbers with alternating signs is given by
n
(9a) > =1V ey = a—_—é—;, [(~1)" aps s — Ban) — 2+ (at Taz],
v=1

n=12-,iff—a#1andby

- allrel=ez 6122 1y aparir), at -2,
@) 3 1) ey = a (2+a)?
v=1

- % [ln—1)ag+(n—3)as], a=-2

n=12-,iff—a=1.
We terminate this section with one nonlinear property.
Property 5. The sum of squares of the generalized Fibonacci numbers is given by

1+8

with g, and 7, defined by

n
(10) S a2 = L [aj00+(a2—aashaq+Ba?l, BFE—1, n=123-,
v=1

n n
Op:= 9. azp-1, Thi= 3 ao-
v=1 V=1

The explicit form of (10) may be found with the formulas (7) and (8).
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4. CONVERGENT FIBONACCI SEQUENCES
Using Binet's formula (2) we are able to characterize the convergent Fibonacci sequences.

Theorem 2. Generalized Fibonacci sequences are convergent if and only if the parameters a, § are points -
of the region (see Fig. 1)

(1) 0: ={(ap) e R?la+f <1, f-a<1 B>-1}.
In the interior O of the region O the generalized Fibonacci sequences converge to zero. On the bounday
a+tf=1 0<a<2 -1<B<1,
the limit a of the generalized Fibonacci sequences is given by

. a»ta
(12) a. = nll_g]m an = _27_+6—76

Proof. With the representations (3a)—(3c) for Binet's formula we conclude the following necessary and suf-
ficient conditions for the convergence of the generalized Fibonacci sequences

CL2
-1 <4qy, g2 <1, 7”*6 > 0, from (3a),
a a2
|71 <1 —+{3~ 0, from (3h),

CL2
= J-B T +3 < 0, from (3c).
This means in detail in (3a) 5
-1 < % )\ %+6 <1
which leads together with %+6> Otoa+f<17 a<2 andin an analogous way from

2
—7<CZ—L— %-+6<7

tof—a<1,a>-2, by (3b)we have a?= —48, -2 < a < 2, and from (3c) a? < —443, 3> —1. All these con-
ditions yield the required convergence domain O for the parameters a, 8. In O it follows from
a\" _

. . a
lim_ ‘72 =40 lgy| <1 from NI_ILnoo n(E) } <1

2
and from
nlemr":a 0<r<1,
that all limits vanish. On the boundary of Ja+(=1, |a| < 2, we get from (4) forn — e the required result"
arla—1)—ao _ as+Pay
a-2 1+
5. FIBONACCI SERIES

Finally we will consider some Fibonacci series, which are defined as convergent series with generalized Fib-
onacci numbers as terms. Since terms of convergent series necessarily converge to zero, we have to choose the
parameters a, 3 from the interior O of the convergence domain 0 (11). Tending n to infinity and using Theorem
2 we get the following limits from the properties 1-5:

(13) Z ap = a2+ (1~ alag (a,8) € D,

a: = lim =
n%coa"

-a-08 7

'In [2] aspecial case of this general result is mentioned with « =8 =%, a = (a, + 2a,)/3. This result is obtained
by the only use of the recurrence relation (1).
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Fig. 1 Region D of Convergence of Generalized Fibonacci Sequences

0o 2 _ _
(1) T agey - S8V gy,
v=1 a“—(p-1)
(15) Y aw= @'T”‘?Z—__“B—"QL . (a,B)eD,
v=1 a® —(B-1)
- -1, (f;t”ﬂ—ag ’
(16) V27 (-1)""7 a i (Bl
(17) i 2 = a3(8— 1) — 2aPajap + [a®(1+ )+ - 1]a2 (0,8) c D
14 ’ 2 v .
=1 (1+B)fa® - (B—1)?]
Naturally this list can be extended to other, e.g., cubic or hinomial, sums using Theorem 2.
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