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INTRODUCTION

This paper concerns the periodic lengths of the Generalized Fibonacci Sequence madulo p, where p is a prime
integer. The GF sequence will be denoted by H,,, n =1, 2, ---, for which

(1) Hy =P Ho=0bP+cQ Hp = bHp_1+cHp-2 (n > 2)
and its periodic length reduced modulo p, i.e., the periodic length of the recurring series
(2) Hp (modp), n=12 -,

will be represented by k(H,p). Clearly for P = 7, @ = 0 the periodic length of the series

(3) Up=1 Ux=0b U, =0bUpg1+cUp2 (n > 2)

is given by k(U,p). We prove the following theorems.

2. NATURE OF (H,p)
Theorem a. For primes whose quadratic residue is 52 + 4c, if (b,c,P,Q) = 1, then k(H,p)| (p — 7).
Proof. In the known formula,
@)y  H, =(1r"—ms")/(r=s), (r+s=b rs=— 1=P—sQad m=P-pa),
letr,s = (b +/(b® +4c))/2 so that it may be simplified by the use of binomial theorem to obtain
(5) 2™Hy = {6"(1—m)+ (") 6" ST+ ac)(1+m) +(5 )62 (67 +4c] )2 (1—m)
+ot (Z) (N  +4c))" (1= (-1)"m)} } / (6™ + 4c)).
Then it is easy to show for n =p and p + 7 that
(6) Hy, =P (modp), Hp+ys =bP+cQ (modp),
if (b2 +4c)(p—”/2 =1 (mod p) and (b,¢,P,Q) = 1. Hence the desired result follows.

Theorem b. For primes whose quadratic nonresidue is 52 + 4c, if (b,c,P,Q) = 1, then k(H,p)l(pZ — 1).

Proof. On using the known formula 4, = PU,, +cQUp-1, (b2 +45)(p'”/2 =—1(mod p) and the follow-
ing set of congruences, viz.,

(7) Up = —7, Up+7 = 0, Up+2 = —C,
U2p+7 =1, U2p+2 = 0, U2p+2 = (—6}2

Uplp-1)4p-2 = 1, Up(p-1)#p-1 = 0, ,Up(p—7)+p = (~c)"7T,
it is easy to show that
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(8) /‘/p+7 = —Q H,D+2 = —cP, Hp+3 = —E(bP+L‘0),
H2p+2 = 50, H2p+3 = (—c)zP, H2p+4 = (—L')sz+€(00),

Hpo-11tp-1 = €0,  Hpp-1)tp = (—c)7P, Hpreq = (~c)P TP +clc),
Hp+1) = —cQ,  Hppr1)e1 = (—c)PP,  Hppr1)r2 = (—c)PbP +c(—cQ).

[

Clearly (—c)P =—¢ (mod p) and (8) shows that k(H,p/|(pZ - 7).

Theorem c. Forprimes of the form 2g(2¢t + 1)+ 1, where t =/ (mod 10) and 4gh + 2y + 1 =#7 (mod 10),
if
Ullo-1)/2g}+1* €U {(p-1)/29}-1 = 0 {mod p) and c=1120 = 7 (mod Ullp-1)/29}#1 U {(p-1)/29)-1):
then k(H.p) = (p — 1)/

Proof. Fram the well known formulas,
9) Uspsg = UpsilUpsg +cUp-g) #(=1)" 16", Usp = UplUpsq +cUp-1) and H, = PU, +cQU,_; ,
let us set
(10) Utp-1)/g = 0 (mod U gp-1)/29)41 + €U {(p-1)/29}-1):

U o1ty +1 = (= 1) Up=1)/20}=1,(0=1)/29" (11 o4 U{(p_7)/2g}+7+1,‘U{(p_”/2g}_7 ),

It is then easy to show that
(11) Up-1)/9 = 0 (mod p), U{/p_7;/g}+7 = 1 (mod p)
when it follows
(12) Hip-1)g = @ (mod p) and H{(p_”/g}ﬂ = P (mod p).

Hence, k(H,p) = (0 — 1)/

Theovem d.  For primes of the form 4gt + 1, where t =/ (mod 10) and 4gh + 7 =+1 {mod 10), if

Utp-1)/29 =0 (mod p) and (—c)P=1)729 — 1 (mod p),

then k(H,p) = (p — 1)/
Proof. From the known formulas,

(13) Ugp = UnWUns1+cUng), Usns1=Uns1(Unsytcln.g)+(~ ”n-zcn and Ur?— Un+1Un-7:(—L')n_7 ,
it is easy to show that
(14) Up-1)rg = 0 (mod U(p—II/Zg)r U{(p—I}/g}H = {“‘5)(p—”/2g (mod U(p—1}/2g)v
when it follows
(15) Hip-1)/g = @ (mod p), H{(p_”/g}“ =P (modp) .
Hence k(H,p) = (p — 1)/g.
Theorem e. Forprimes of the form 2g(2t +2) + 1, where t =/ (mod 10) and 4g + 4gh + 1 =+1 (mod 10),
if
Ullp-11/2g)#1 €U (p-1)/29 -1 = 0 (modp) and (~c)P~7729 = 1 (mod p),
then k(H,p) =2(p — 1)/g.
Proof. We have from (14), U(5_7)/5 =0 (mod p) and U{(p-]}/g}+7 =—1 (mod p) so that
(16) Hip-1)/g = -0 {modp) and H{(p-”/g}H = P (modp).
Hence the desired result follows.

Theorem f. For primes of the form 2g(2¢ + 1) + 1, where t =f (mod 10) and 4gh + 29+ 1 = +1 (mod 10),
if
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Ufp-1)/2g = 0 (modp) and (~c)P~1)729 — 4 (mod p),
then k(H,p) = 2(p — 1)/g.
Proof. Letus use (13) to obtain
Up-1)g =0 (modp) and U{(p-])/g}+7 = —1 (modp).
Then it is easy to show that

(17) Uz(p-1)/g = 0 (mod p) and Uloto-1)/g}+1 = (mod p)
when we get
(18) H2(p-1)/g = Q@ (mod p) and H{g(p_7)/g}+7 = P (modp)

and the desired result follows.
Analogously, we state the following theorems.

Theorem g.  For primes of the form 2g(2¢ + 1) — 1, where t =h (mod 10) and 4gh + 29 — 1 =43 (mod
10), if
! U{o+1)/26)+1+6U {fp+1)/2g)-1 = 0 (modp) and  cP*7729 = 1 (mod p),
then k(H,p) = (p + 1)/g.
Theorem b. For primes of the form 4gt — 1, where t = (mod 10) and 4gh — 7 =23 (mod 10), if
Up+1)/29 = 0 (modp)  and (=c)P*129 = 1 (mod p),
then k(Hp) = (p + 1)/
Theorem i. For primes of the form 2g(2t + 2) — 1, where t =h (mod 10) and 4g +4gh — 1 =+3 (mod
,if
" U{(o+1)/2g)-1*¢U {(p+1)/2g)}-1 = 0 (mod p)  and (~¢)P*1)729 = 1 (mod p),
then k(H,p) = 2(p + 1)/y.
Theorem j. Forprimes of the form 2g(2¢ + 1) — 1, where t =h (mod 10) and 4gh + 29 — 1 =£3 (mod 10),

if
Hp+1)/2g = 0 (modp) and (—c)P*1)29 = 1 (mod p),

then k(H,p) = 2(p + 1)/y.
The proofs for Thearems g—j are left to the reader.
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[Continued from page 112.]

Therefore, R
(7) FlO.1) = 11,11, ] = 1221
or
(8) Lim_ /70:;2(;;1} = 7+2‘/§ = ¢ (the “golden” ratio) .
Expressing ¢ in this manner as the limit of a ratio of modified Bessel Functions appears to be new [2].
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