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BACKGROUND

Jaiswal [1] investigated certain polynomials p,,(x) related to Chebyshev polynomials of the second kind
U,,(x) for which

(1) Un+1lx) = 2xU, (x) = U,_1(x), Uolx) =1, Uqlx) = 2x
v Uy (cos§) = Snfn+1)0
n sin 0

In this article, similar properties are derived for the corresponding polynomials g,,(x) related to Chebyshev
polynomials of the first kind 7,,(x) for which

(2) Tar1lx) = 2xT,(x) — T,_1(x), Tolx) = 2, Tqilx) = 2x
with
T, (cos@) = 2cosnf .
The first few Chebyshev polynomials of the first kind are

r To(X} =2
Tilx) = 2x
Tolx) = 4x° = 2

T3(x) = 8x7 - 6x

Talx) = 16x* — 16x% +2

(3) S Tslx) = 327 — 407 + 10x

Tolx) = 64x° — 96x* + 36x2 - 2

Tolx) = 128x7 = 224x° + 112x7 — 14x
Tslx) = 256x8 — 512x% + 320x* — 64x? + 2

THE ASSOCIATED POLYNOMIALS

Now take the sums along the rising diagonals on the right-hand side of (3). We obtain polynomials g, (x)
which bear a close relationship to the Fibanacci numbers F,,. It is natural to define go(x) = 0.
From (3), the first few polynomials g,,(x) are )

gilx) = 2, qa2(x) = 2x, q3(x) = a2 qulx) = 8> —-2 gsix) = 16x* — 6x,
(4) qelx) = 32x° — 16x%, q7lx) = 64x® — 40> + 2, qgix) = 128x7 - 96x* + 10x,
golx) = 256x8 — 224x° + 36x2,  qio(x) = 512x° —512x0 + 112x7 - 2 .
Observe in (4) the recurrence relation
(5) Gu+3(x) = 2xq,42(x) —q,,(x) (n = 0)
which is (not unexpectedly) similar to Jaiswal's recurrence relation.

SOME PROPERTIES OF THE POLYNOMIALS
The g,,(x) are seen to be connected with Jaiswal’s p,, (x/ by the formula
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(6) Gulx) = pulx)—pu_3(x) (0 >3, polx) = 0)

leading to

(7) Z g x)t" = Z Palt™ — D pu_zlx)™ (n > 3)
n=3 n=3 n=3

i.e., by Jaiswal's generating function, to the generating function

(8) > gt = (t— t)1 - 2xt+63)1
=3
For convenience, write the left-hand side of (8) as
(9) alx,t) = 3. gulx)t"
n=3
from which we have (abbreviating Q(x,t) as Q)
(10) 20 _1-60-t0rext? a0 e-dt
ot (1-2xt+t3)? X (1-2xt+t3)?
Manipulation with (10) leads to the partial differential equation
(11) 2029 _(x-32) 22 _90+66, = g,
at aX
where, adjusting Jaiswal’s notation slightly, we write
Grlnt) = L paliit” = —L—
w3 1-2xt+6
But from (9),
2@ _ - -1 o0 _ =
(12) il Z ng, (x)t™ 1, i DAL
n=3 n=3
Substitution in (11) yields
(13) 2xq7420x) — 3q7,(x) = 2(n — 2)g,42(x) +6p,42(x) (n = 0).

n+1

Comparing coefficients of ¢ in (8), we obtain

Gur1lx) = (2x)" - (" 7 2\)(2)()”"3 + (" 2 4)(2x}”'6 —— '{ (2x)"3 —( " 5)(2x}”—6 ¥ }

that is,

n

n-371

3 5

(14) Qs = 3 ("IN (2 gy
r=0 =0

SPECIAL CASE x =71

Putting x = 7 in (4) and writing @,, =gq,,(7), we obtain the sequence

n=0 1 2 3 4 5§ 6 7 8 9 10
(15) a,: 0 2 2 4 6 10 16 26 42 68 110 -
=2(0 1 12 3 5 8 13 21 34 55 ..)
Clearly
(16) Q, =2F, (n >0,

where F,, is the n™ Fibonacci number.
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It might be remarked that when x = 7, Eq. (5) becomes
01’1"‘3 = 201’L+2— On (n > 0}

which is a characteristic feature of the Fibonacci sequence of numbers.

[Setting x = 1in {U,} and {T,} gives, on using (1) and (2) (or (3)), the sequences 1, 2, 3, 4, 5, 6, -- an(ﬂ
2,2,2,2,2,2,-, respectively.
Further, one may notice that

(17 Pp =0+ Fuq—1,
where P, are the numbers obtained from Jaiswal's polynomials p,, () by putting x = 7, i.e., P,, = p,, (7).
(Prtt = Purg + Py~ 1, Po =1 P;r=1)
Finally, x = 7 in (14) yields, with (16), o3
[nl3] 3
(18) Fatt = /{ N it /LAt D i ”,2,,_3_3,} .
r=0 r=0

Our results should be compared with the corresponding results produced by Jaiswal. The generating function
(8), and the properties which flow from it such as (11) and (13), are slightly less simple than we might have
wished. However, the Fibonacci property (16) could hardly be simpler. What we lose on the swings we gain on
the roundabouts!
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Proposed by Guy A. R. Guillot, Montreal, Quebec, Canada.

Show that
. -1 2Fon+1
(a) T tan~! T 2ntl
2 YE Fan Fon+2
= - Fou Font2
(b) LA, cos 1 _"2n’ 2nt2
2 ng FZn F2n+2 +2
T o 2F 241
o= sin™? | ————
(e 2 )2 Fon Fon+2 +2

n=1
Proposed by Guy A. R Guillot, Montreal, Quebec, Canada.

Find a function A in terms of & alone for the following expression.
Fy F,
Fo= 22 Pe— 2 A,
k=1 k=1
where pj, denotes the £ th prime and £, denotes the n th Fibonacci number.
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