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1. INTRODUCTION

Let ufn) and v(n) be two sequences of numbers defined by
n+1 n+1

(1) uln) = r_1__:_r£__l n=2012-"
and ri=rz
(2) vin) = ri+ry, n=2012-,

where ry and ro are the roots of the equation ax?+bx+c = 0.
It is known that the generating functions of these sequences are

- b, ,c 2\t _ b b, c 2\!
u1(x)—(7+ax+ax) and v1(x)—(2+ax\)(7+;x+a—x) .

We put

(3) uplx) = f uF(nx™

o n=0

4) vilx) = i VX"
n=0

J. Riordan [1] found a recurrence for ug (x) in the case b = ¢ = —a. L. Carlitz [2] generalized the result of
Riordan giving the recurrence relations foruy(x) and vi{x) A. Horadam [3] obtained a recurrence which uni-
fies the preceding ones. He and A. G. Shannon [4] considered third-order recurrence sequences, too.

The object of this paper is to give the new recurrence relations forug(x) and vy, (x) such as the explicit form
of the same generating functions, The generating functions of u(n) and v(n) for the multiple argument will be
given, too. We use the result of E. Lucas [5].

2. RELATIONS OF u(n) AND v(n)
From (1) and (2) we have
4r"t2 = Aufnjulm) +vin + m + 1) + (= 1)5LJA (ulnv(m + 1) + ulmh(n + 1)), i=1,2
with A = (6% — 4ac)/a’.
Then it follows that
2ufm +n+ 1) = uln)fm+ 1)+ ulmlvin+1)
2vfm+n+2) = vin+ Ivim+ 1)+ Auln)ulm).
Since
ul-n—= 1) = =g ™uln - 1), vi-n) = —g™"™v(n),
we find the relations
(5) ulln+2)m — 1) = ulfn + 1)m — 1vim) — g "ulnm - 1),

(6) vinm) = v((n = 1)m)vfm)— q™v((n — 2)m).
From the identity 221
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[k]2]
k k k k-2
I’1"+r2" = Eo (__7)1’ /_(————f— Ci_r{r?'/-rg) r(r1r2)m,
r=
if we putu(n) and v(n) we get
[k]2] B b2
- r r 7 —4T
(7) V{kﬂ} = }:0 (—7) /‘(-—_—'r— Ck—rq "y (/7), k=1
-

Similarly, from o
er“ =vln+1)+(-1)"L/Auln), =12

and taking into consideration

Z(p+s)( 2p+m>:2m~1 ng+_m<m+pv1> ’

= s |V 2p+2s P

we obtain
[k/2]

(8) S alk2z)r /;_ir— Ch_q " R ) = Npn),
r=0

where

_[u(k(n+1)— 1) k odd,
Ak (n) —{u((k((n+1))), / k even.

3. GENERATING FUNCTIONS OF u(n) AND v(n) FOR MULTIPLE ARGUMENT

The relations (5) and (6) give us the possibility to find the generating functions of ufn) and v(n) when the ar-
gument is a multiple. Indeed, we obtain from (5)

(9) (1= vim)x +q™x? Jufm,x) = ulm - 1),
where
(10) ulmx) = 3 ulln+1)m— 1"
n=0
From (6) we have
(11) (1= vimlx +q™x%(m,x) = vim) — g™v(0),
where
(12) vimx) = 3 viln+ 1mkx™ .
n=0
We find also
(13) (1—vimx +qu2)7(m,xl = v(0)— vimlx,
with

v im,x) = v(0)+vim,x)x.

4. RECURRENCE RELATIONS OF vy (x) AND v (x)

Let us now return to (8) and consider the sum

[k12] o -
Z AlRIZ]-r /(__/(7 ci_rqr Z uk~2r(”}(qrx)n _ Z Aplnx™
=0 n=0 n=0

which by (3), (10) and (12) yields the following relation
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[k]2]
A2 lu ) = Migx) = 5~ Al K g gty 070,
r=1
where
- kx), k odd
Mhkx) '{:((k;){ k even.
Similarly from (7) for v (x) follows
~ [k/zj k T r
velx) = Vilkx)+ 3 (=) o ClVi-2e0 %)

r=1
5. EXPLICIT FORM OF vy, (x) AND vy (x)

Next we construct the powers for #(n) and v(n). From (1) and (2) we obtain

[k/2]
(14) AlRZI k) = S 16l g N gtn),
r=0
and
[k/2]
(15) vin) = S CLa™V Ik~ 2rin),
r=0
where

~o = [o(t) t £ 0,
V(t)_{l/z(lf?t), t=0,

Hence we multiply each member of the equations (14) and (15) by x” and sum fromn = 0 to n = . By (3)
and (4) the following generating functions for powers of u(n) and v(n/ are obtained:
[k/2]
A[k/z_]uk(x): E {_I)YL!zqr)\(k_ZquX}’
r=0
and
[k/2]
vilx) = 3 Cpvlk—2r, q'x).
r=0
If we replace u(m,x), vim,x) and vV (m,x) from (9), (11) and (13), we get

(K21 (—1)elqm py,ix)

AlR2] () = —
=0 1—vlk—2r)qg"x +q"x
where
u(k — 2r— 1), k odd,
Ukr =4 v(k — 2r)— qv(0)x, keven,k#2r
Vik—2r)—q™w(0)x, k = 2r,
and
[k/2] Clw g, lx)
l/k(X) = E L 2
=0 T—vik=2rg"x+q"x
where

w(0)—q vk —20)x, k # 21,
5(0)—q' v (k—2r)x, k = 2r.
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A SET OF GENERALIZED FIBONACCI SEQUENCES SUCH THAT
EACH NATURAL NUMBER BELONGS TO EXACTLY ONE

KENNETH B. STOLARSKY
University of lllinois, Urbana, lllinois 61801

1. INTRODUCTION
We shall prove there is an infinite array

1 2 3 5 8
4 6 10 16 26
1 1 18 29 47
9 15 24 39 63

in which every natural number occurs exactly once, such that past the second column every number in a given
row is the sum of the two previous numbers in that row.

2. PROOF

Let o be the largest root of 22 — z — 7 =0, so a = (1 +~/5 J/2. For every positive integer x let fix) = [ax + /]
where [u] denotes the greatest integer in v. We require two lemmas: the first asserts that fx/ is one-to-one,,
and the second asserts that the iterates of f(x) form a sequence with the Fibonacci property.

Lemma 1. |f x and y are positive integers and x > y then f(x) > fly).
Proof. Since afx —y) > 1 we have (ax + %) — (ay + %) > 1, s0 f(x) > f{y).
Lemma 2. \fx and y are integers, and y = [ax + %], thenx +y = [ay + }5].
Proof. Writeax +% =y +r, where 0 <r < 1. Then

(7+a}x+%= ay +ar
50

Xty +r— %+%-‘= ay+ar and ay+ §=x+y+ %Hl—a)r.

Since 7<a=1.618<2wehavel<a—-1< % < 1 and the result follows.

We now prove the theorem. Let the first row of the array consist of the Fibonacci numbers 7,2 = (1),
3 =1f2), 5=13) 8= f(5), and so on. The first positive integer not in this row is 4, let the second row be
4,6 =1(4), 10= f(6), 16 = f(10), and so on, The first positive integer not in the first or second row is 7; let the
third row be 7,77 = f(7), 18 = f(11), and so on. We see by Lemma 1 that there is no repetition. By Lemma 2
each row has the Fibonacci property. Finally, this process cannot terminate after a finite number of steps since
the distances between successive elements in a row increase without bound. This completes thell)roof.

For the array just constructed, let a,, be the n™ number in the first column and b, the n ™ number in the
second column. | conjecture that for n > 2 the difference b,, — a,, is either a; or b; for some / <n.

We comment that the fact that F,,.; = [aF,, + %/, where F,, is the n® Fibonacci number, is Theorem |1 on
p. 34 of the book Fibonacci and Lucas Numbers, VVerner E, Hoggatt, Jr., Houghton Mifflin, Boston, 1969.
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