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One says g is a Fibonacci primitive root modulo p, where p is a prime, iff g is a primitive root modulo p and
g% =g+ 1 (mod p). In [1], [2], and [3] some interesting properties of Fibonacci primitive roots were de-
veloped. In this paper, we shall show that a necessary and sufficient condition for a prime p # 5 to have a
Fibonacci primitive root isp = 1 or 9 (mod 10) and Afp) = p — 1, where Afp/ is the period of the Fibonacci
numbers modulo p (Thearem 1); forp = 11 0r 19 (mod 20), we shall explicitly determine the Fibonacci prim-
itive root if it exists {Proposition 1). In the sequel, F,, will denote the n* Fibonacci number and p will denote
a prime greater than five.

Theorem 1. There exists a Fibonacci primitive root modulop iffp =1 0r 9 (mod 10) and Alp)=p— 1.

Before proving six lemmas needed to prove Theorem 1, we shall remark (see [2] for a proof) that the con-
gruence equationx2 =x+ 1 (modp) has no solutions forp =3 or 7 {mod 10), one solution medulo 5, and two
solutions modulo p forp =1 or 3 {mod 10).

Lemma 1. g% =g+ 1(mod p) theng” = F,g+ F,_; (mod p).

The proof of Lemma 1 follows easily by induction.

Lemma 2. |fg? =g+ 1(mod p) and ifg has order n then n = A(p) orn = A;ﬂ ;

Proof. Since

9P = Fagpg+ Fagpys = 1(modp),

n|Afp). Thusn < Afp).
If £, =0 (mod p), then
1= g” = FugtFuq = Fyq (modp).
Thus Afp) < n and hence in this case n = Afp).
If £, # 0 (mod p) then
_F
g = 7——,—__—'—7;1— (mUd /7) .
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Thus
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i
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O'Fn = (g2_g_ 7)FH
_(FE_FHFH-1— Fg.])'_(Fn’Lanl)_Fn—1+7

I

(1)~ L, + 17 {modp).

For n even, we have ,, = 2 (mod p) and this implies, since L,‘;? - 5F5 =4({-1)" that F,, =0 (mod p). Thus we
must have n odd and hence £, = 0 {mod p). Since

0=1L,=3F_1*F, 2 (modp),

li

we see that
1= ~(F,;

-

2 2
1 F!Iijll—Z - F}I—Z) = 5":1'1—1 (modp).
Also we see that 5 ) , ,
-5 = L” - 5F” -1 = —5/:” - 1= —5(/'_” +F”_1,' = —5/-'2”_1 (mod p) .
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Thus F,,_; = 1 (mod p). Also Fz, = F, L, =0 (mod p). Hence A(p) < 2n. Thus, since n|A(p), Alp)=n or
Afp) = 2n. |n fact, since F,, # 0 (mod p), A(p) = 2n.

Lemma 3. V§g° =g+ 1(modp),g" =1 (modp), and n < Afp), then g is uniquely determined modulo
p.
Proof. By Lemma 1,

1=g" =F,g+F,_; (modp).
Thus, if F,, =0 (mod p) then £,._; =1 (mod p). Whence A(p) < n. Thus F,, #£0 (mod p). This implies that
7

- Fn-]
——7_.n—— (mod p)

(Il

g

and therefore g is uniquely determined modulo p.

Lemma 4. Assume p = 10r9 (mod 10) and assume g7 and g, are two distinct solutions modulo p to the
congruence equation x2 = x + 1 (mod p). 1f A(p) =2 (mod 4) then one ofg4, g, has order A(p) modulo p
and the other has order A(p)/2 modulo p. If A(p) £2 (mod 4) then g and g5 both have order A(p) modulo p.

Proof. By Lemmas 2 and 3, g and g, both have order A(p), or one has order A(p) and the other has
order A(p)/2. Thus, we may say that at least one of g 4, g, has order Afp) and, without loss of generality, let us
assume g4 has order A(p).

1fA(p) =2 (mod 4) then

—1 = (-1)AP)2 _ (gIgZ)A(P)/Z = gf(p)/ZgZA(p)/Z - _gé‘l(p)/Z (mod p).

Thus the order of g is not A(p) so it must be A(p)/2.
If Alp) =0 (mod 4) then

1= (~))APNZ = (g0, AR = g AP)IZAPZ - g A2 (mog p).

Thus g does not have order A(p)/2 so g, has order Afp).
If A(p) is odd then neither g ; nor g2 has order A(p)/2 so both g and g have order A(p).

Lemma 5. If there exists a Fibonacci primitive root modulop thenp=10r9 (mod 10) and A(p)=p — 1.

Proof Assume g is a Fibonacci primitive root modulo p. By the remark after Theorem 1, p =1 or 9
(mod 10). Since g has orderp — 1, by Lemma 4, p — 1=Alp), orp — 1= A(p)/2 and Alp) =2 (mod 4). This
second possibility must be excluded since p — 1 is even.

Lemma 6. lfp=10r9(mod 10) and A(p) = p — 1, then there exists a Fibonacci primitive root modulo p.

Proof. Sincep =10r9 (mod 10), there exists two solutions to x%=x+1 (mod p). By Lemma 4, at least
one of these two solutions has order A(p)=p — 1.

As a final result we prove

Proposition 1. 1fp =110r 19 (mod 20) and if g is a Fibonacci primitive root modulo p then

1+ Fyq

g =- (mod p),

wheren = (p — 1)/2. n
Proof.  Letg; be the solution other than g to x% =x+1(mod p) and letn = (p — 7)/2. By Lemma5,
Afp)=p— 1=2(mod 4). Thus, by Lemma 4, g, has order Alp)/2 =n. If F,,=0 (mod p) then

-1 =9" =Fg+Fu g =Fig= Fug2+Fuqg=g3m1 (modp).

Hence F,, = 0 (mod p) and the result follows.
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