GENERALIZED QUATERNIONS OF HIGHER ORDER
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In a previous article [2], we conjectured that the idea of a quaternion with quaternion components could
be extended to include higher order quaternions. The purpose of this article is to investigate this concept and
to obtain further generalizations of the results in [2] .

PROPERTIES

Firstly, to be able to denote higher order quaternions, we need to introduce an operator notation. Thus for
A\ apositive integer we define the guaternions of order \, after \ operations, as:

) QMW = QUQUQ Q) ) = QM1+ i QN W+ QN W+ K QN5
@AM, = AA(A (AW, ) = AN 1 ig AN, g2 AN, ¢ kg AN,

where we also define

(3) QW, = W, AW, =W,  Q'W,=QW, AW, =Aw,
and the quaternion vectors/,;, k have the following properties

() P=p=k =1, Qj=—ji=k  jk=—ki=i ki=-ik=
and where from Horadam [1] we have that for integers a,6,p,7,

(5a) Wy = Wylab, pq)

Wy = pWy_ g —qWy_2 forn > 2
Wo=a W;==0b

(5b) Up = Wullp; pq)
(5¢c) V, = W, (2p;p,q)
(5d) € = pab—qa® — b2 .

Thus we see from (1), (3), (5b) and (5¢c) that for A\ = 1 we obtain the special cases 1(a), 1(b) and 1(c) of [2],
while A = 2 gives us 7(a) and 7(b) of [2]. Equation (11) of [2] is obtained from (2) and (3) forA = 1.
We can now combine the operators 2 and A to define quaternions of the type QL AW,, and AQW,,, i.e.,

(6) QAW, = QAW,) = AW, +iAW,ys1 + [ AWyr2 + kAW, 43
(7) AQW, = AQW,) = QW, +igQW,_1 +jq? QW2 + kg’ QW5 .
If we expand (6) and (7) we see that
QAW # AQWw, .
Since quaternion vector multiplication is non-commutative we also know that
P QW QW, # QW i-QW,, # QW LW, .

To overcome some of the problems associated with calculations involving higher order quaternions, resulting
from the failure of the commutative law for quaternion multiplication, we intreduce two new operators, name-
ly 2 *and A ™. We thus define

(8) Q*QW” = Q*(QW,,) = QVVH+QWH.;.I'I.+QM/”+Z'/'+QW”+3'/(
343
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@) A*AW, = N(AW, ) = AWy, +qAW,,_ 1+ +q 2 AW,_p+j+ g’ AW,,_5-k

Hence we see that the operators £ * and A* are the same as the operators £ and A except that they create
quaternions by post-multiplication of the quaternion vectors. Obviously
. Q *Wn = Qw,
and since, say
AQW, = AQW,) = AQW,

it follows that the star operators are only meaningful when applied to the L.H.S. of quaternions of order >1.
If we now expand the R.H.S. of Eq. (8) we see that we have result 8(a) of [2], i.e.,

(10) Q*Qw, = Qw,.
Similarly from (9) it follows that
(11) A*A, = AW, .
We leave it to the reader to show, by expanding, that
(12) QAW, = A*QW,
(13) AQW, = Q*AW,
and to prove the associative laws for the operators, e.g.,
(14) (QA)QW,, = QIASQUW,, (AQ)AW, = AQLAW, .
Now for tta positive integer we know
Q*QHw, = a* ok, (by (1))
= (Q*Q )M 1w, (Associative laws)
= Q2ak-1y, (by (10))
(15) Qr*QMw, = QFHy, (by (1)) .
If we replace £2 by A in the above proof we obtain the result
(16) A AR, = ARy
Next, induction on u produces the results
(17) QAMw, = (AYHQw,
(18) AQMw, = (Q*Haw, .
Using the above results and induction on A we can prove the following
(19) ANaw, = o aMw,
(20) Qraw, = A% M,
(21) N ok, = oMy,
(22) (A PAF, = ANy,
(23) QM = (AR M,
(24) ANoHw, = (@ Hat,

EXTENDED GENERALIZED RESULTS

In this section we extend some of the identities given in lakin [2] . We commence by proving the generaliza-
tion of Eq. (10) of [2].

(25) QM = —giANy,

Proof We prove this result using induction on \. For A= 1 we have Eq. (10) of [2]. Assume the result is
true for A=, i.e.,
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" )
QM = - 71+1A11UH_2 '
Now for A=A + 7 we have from (1)
Qh+1U~n = QhU—n * iQhU—n—M +thU'n+2 + kS2 hU—n+3
which becomes on using the assumption
Qh+1U_n _ _q-n+1AhU”_2 _ /-q-n+2AhU”_3 _jq—n+3AhUn_4 _ kq~n+4AhUn_5 |
—g " Ay +ig A, 5 4 P AU g kg7 AU 5) = gAY, by ()

Since the result holds for A= 1 and is true for A=A + 7 providing it is true for A = A, then by the principle of
induction the result holds for all positive integer values of A.
Similarly we can show by induction on A that

(26) QM. = gmaly,
(27) QM = g anM, - bAM, )
(28) QM +g7 M, = v,.QMNw,
After a lengthy proof using induction on A+  we have
(29) QM. = 9N, o, - g, 9 U,
for which we obtain the special cases
(30) My = QM oMty M, Q YL
(31) 20Muy = oM, Ry, + a2, QM.

where d? :p2 —4q.
1f we again use induction on A+ we can arrive at

(32) QN MW, — g B, = 2 QMW+ (b — pa) N

33) QN 1 QMg — 022 QP = BN W i+ (5 padg N W
Now letting m = n-and A= win both (32) and (33) gives us

(34) M, )2 = (M, )2 = a2y, + (b — pal2 MW,

(35) QM1 )2 — (gQM, 1) = BN W gpsy + (b — palg2 M, .

Note that Eqs. (28), (29), (30), (31}, {32), {33), (34) and (35) give, as special cases, Eqs. 24(a) and (b), 22(a)
and (b), 21(a) and (b), (23), (16) and (17), (20), (18) and (19), respectively.

We now list a set of identities whose proofs we omit due to their length and re petitiveness. We leave it to
the reader to prove by induction the following results:

A
M/n'rQ' “W)'H-rv'-t

(36) = QML QMW+ TN M ey

(37) = QM P, + e TNy QP U,
QMY QMW s

(38) = W, QMM L+ e AN, QMU

(39) = QML QMW+ eg" U, ANURY g

(40) = QMU QR+ e U ANOR Y

(1) N o W QN eg AN Q Y,

and finally 2" Wyt Q5 Wyt

(42) = W O+ g AN MU,

(43) = >\Wn—r+rQ qu+r+s - eq;1~rU”_m_] A)\Q HUZr— t+s-1



346 GENERALIZED QUATERNIONS OF HIGHER ORDER DEC.1977

il

(44) QkaerFs QMWn—r—H + e‘7n~ru2r—t+sv1 A)\QMUH_m,1
(45) = Wm+r+sg>\ﬂuWn—ﬂ-t+eqn_rAAUZr—Hs—l‘QHUn—m—l .

Putting A=1and = 1in (36}, (39) and (40) gives us, respectively, (13), (26) and (27) of [2], while letting
N=1,u=2in(39) and (40) gives, respectively, 28(a) and (b). If, however, we let=0,5= 0, A= Tand u=1
in (43) we have as aspecial case result (29) of [2] .
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LETTER TO THE EDITOR

16 September 1977

Dear Professor Hoggatt:

In a recent article with Claudia Smith (The Fibonacci Quarterly, Vol. 14, No. 4, p. 343), vou referred to the
question whether a prime p and its square ,172 can have the same rank of apparition in the Fibonacci sequence,
and mentioned that Wall (1960) had tested primes up to 10,000 and not found any with this property.

| have recently extended this search and found that no prime up to 1,000,000 (one million) has this property.

My computations in fact test the Lucas sequence for the property

(1) Ly =1 (mod p?) p = prime.
For p > b this is easily shown to be a necessary and sufficient condition for p andp2 to have the same rank of
apparition in the Fibonacci sequence, because of the identity

(2) (Ly—=TNLy+1) = 5Fp i Fpiq .
So far | have shown that the congruence (1) does not hold for any prime less than one million; | hope to extend

the search further at a later date.
You may wish to publish these results in The Fibonacci Quarterly.

Yours sincerely,

s/ Dr. L. A. G. Dresel
The University of Reading,
Berks, UK



