GENERALIZED QUATERNIONS WITH QUATERNION COMPONENTS
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The relations connecting generalized Fibonacci Quaternions obtained by lyer [3], following earlier work by
Horadam [2], together with the recent article by Swamy [4], prompted this note on further generalized qua-
ternions, as well as an investigation of generalized qu aternions whose components are quaternions.

Following the ideas of [3] we define

1. (a) Po = Wy iWyp g + jWys2 + kW13
(b) Q, = Uy +ilysq+jUpia+kUpys3
(c) Ry = Vo +iVus1 #iVis2 + kVis3,
where
(d) i2=j2=4%=—1 ij=—ji=k
jk = —kj =i, ki = —ik =j
and where
2. (a) Wy = pWy_1 — gW,_2 Wo=a Wi;=h
(b) Up = pUp1—qUn_2 Ug =1, U;=
(c) Vo =p0Vyq—=qVus Vo= 2 Vi=
Thus from 1(a) and 2(a) we have that
3. P, =pPu_1—qP,_2.
Analogous results to equations 2.14 and 2.15 of Horadam [1] are, respectively:
4. P, = aQ, + (b - pa)Q,_

Ry =20, —pQy_q .
The conjugate quaternion of £,, is given by
6. _’511 = Wy —iWytq1 — Wyt — kWys3
We now define the quaternions 7;, and S, as the quaternions whose components are the quaternions #,, and
a,, respectively, viz.

7. (a Ty = Py #iPysq +jPos2 + kPys3
(b) Sy = 0 +iQypq+jQy40+ k0413
which on expanding give
8. (a) Ty = Wy =Wz = Wyrg = Wyrg + 2iWypq + 2iWy 40 + 2kW143

and similarly for S,,.
The conjugate for 7, is

9. (a) Ty = Py=iPuts = jPus2 = KPps3
which becomes on expansion _
(b) Ty = Wyt Wi+ Wyrg + Wyss

so that the conjugate quaternion can be expressed solely in terms of /,,"s and is independent of the vectors
Li k.
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Now consider
Ay = Uy #1U_ g # jU a2 + kU 13 .
Using equation 2.17 of [1] and noting that the result should be
Uy = _q‘”+1un~2

we obtain
a., = _q_n+1[Un—2 +igly_3 *jq 2Un—4 * kq3UW—5]
10. 0., = - ax,,
where we define
1. 0;: = Uy +iqgUy_q +/'q2Un—2 * kqjun—j’ .
Similarly we have that
12. a* = —g"a, ,.

Using the above we shall now establish some relations between these quaternions. The first of these is

13. PPt 469" Q1 Qripg = Wor Ttrss
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The proof for this is lengthy and is left to the reader. A direct proof uses 1(a), 1(b), 7(a) and equation 4.18

of Horadam [1].
Nowv letting ¢ = 0 in equation {13) above we have
14. PZ1eq" Q2 = Wyt Ter .

If we letr = 1inequation (14) we obtain

3
15. g™ Y UF = P2+2eq" 0y~ Wy T -
=0
Angther identity is
16. APy # (b~ palPrin1 = WPy — gWi_1Pyq.

The proof uses 1{(a) and equation 4.1 of Horadam [1].
Further results are

17. PinPu— 9P 1Pyt = alTpen + (b —palTyin-g = Wi Ty — Wi 1 Toeg .

Form =nin {17)

18. Pg— qp;f—j = alz, +(b- pa)Ton_g = Wy Ty —aqWy_ 3 Tyt
18. P =Py = bToues +(b—palgT o,
20. bPoyptq + (b~ pa)qP2n~1 = Wor1Ppv1 — qZW -1Pu-1 -
Now from 7(h)

21. {a) 28mn-1 = Bulm1+ 8y 1Rm

(b) 20m4n-1 = Ui B+ Gt Vg = Qa1 Vi Uy B
22. {a) Potr = UpPr—qUy 1Prq = W0 —gWy_ 10,4

{b) Totr = PuQp—qPy_ 10,y = UyTp—qUy 1T q = W, S, — qWo_18,-4
23. 2R+ = Vi R+ dZUm»I Qyv,
where d? = pz— 4q.
24, (a) Potr +q'Pyy = PuV,

(b) Totr* qun~r =TV,

Now recalling the notation we established in equation (11) we let

25. PX = Wy +ighW,_ 1 +jg W2+ kg’ Wy, .
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We are thus able to establish the interesting relations
26. Pn—rPH+r+t“‘ PuPuis = eq""rUr_Nj;t,I
21. PorPrtrtt = PuttPy = eqn_rU1+t_1S.:e_1 .

Thus we note the change in the R.H.S. expressions for equations (26) and (27) when the only difference in
the L.H.S. is that the elements in the subtracted product term have been commuted. This is to be expected as
quaternion multiplication is non-commutative,

Similarly we obtain

28. (a) Prrey Totrtt = PuTots = 00" Ur 1(Spee 1 #1S o2 +/0 2Spee-3 + k7S it
{b) Por Ttrtt = Pute Ty = gqnerﬂ-FJ (Sr—l +iqSr_2+jq 25#3 + kqjsr—‘l)
29. varP;/z-"-r - Pn-rpm+r = eqm_run~m—1 357«1

and where e = pab — ga® — b from equation (2).

At this point it is interesting to note the correlation of the above equations (13), (14}, (16), (17), (18), (19},
(20), (21), (22), (23), (24) and {(26), (27), (28)} with equations 4.18, 4.5, 4.1,4.1,4.2,4.17,4.17,4.8, 3.14,
4.9, 3.16, 4.18 of Horadam [1], respectively. The equations listed from Horadam were in fact used to ohtain
the corresponding results for the generalized quaternions.

From 3(b) we have for the conjugate quaternion 7,

T2n = WZn * WZVH-Z + W2n+4 + W211+6
and thus 3
al 2y = aWpy + aWopv2 + alW ppvq + aWpp46

Using equation 4.5 of Horadam [1] we have
- 2 2 2 2 2 2 2 2
b al gy, = Wn * Wn—f—i * Wn+2 * Wn+3 +B(Un~1 * Un * Un+’1 + UVH'Z)
ut
P2 = W2 W2, — W2 = W2, 5+ 2, Wi g + 2jW Wyt + 2Ky Wr3

n 7 n
and similady for 05.
Therefore
30. aT2n +P2+602 | = 2(W,P, +eU, 10, 7).

Many more results can be obtained for the above-defined quaternions. By use of a functional notation the
ideas expressed in this article can be easily extended.
REFERENCES

1. A. F. Horadam, “Basic Properties of a Certain Generalized Sequence of Numbers,” The Fibonacei Quar-
terly, Vol. 3, No. 3 {April, 1965), pp. 161—175.

2. A. F. Horadam, ““Complex Fibonacci Numbers and Fibonacci Quaternions,” Amer. Math. Monthly, Vol.
70, No. 3 (1963), pp. 289—291.

3. M. R. lyer, A Note on Fibonacci Quaternions,” The Fibonacci Quarterly, Vol. 7, No. 3 (Oct. 1969), pp.
225-229.

4. M. N.S. Swamy, “0n Generalized Fibonacci Quaternions,” The Fibonacci Quarterly, Vol. 11, No. 5 (Dec.
1973), pp. b47-549.

Yodohrdrdoded



