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The relations connecting generalized Fibonacci Quaternions obtained by Iyer [3 ] , following earlier work by 
Horadam [2 ] , together with the recent article by Swamy [4 ] , prompted this note on further generalized qua-
ternions, as well as an investigation of generalized quaternions whose components are quaternions. 

Following the ideas of [3] we define 

1. (a) Pn = Wn +iWn+1 +jWn+2 + kWn+3 

(b) Qn = Un +iUn+1 +jUn+2 + kUn+3 

(c) Rn = Vn+iVn+1 +jVn+2 + kVn+3 , 
where 

(d) i2 = j 2 = k2 = -1, i] = -ji = k 

jk = -kj = i, k'i = -ik = j 
and where 

2. (a) Wn = • pW^t - qWn_2 W0 = a, Wt=b 

(b) Un = pUnml-qUn_2 U0 = 1, Ut = p 

(c) Vn = pVn~i-qVn-2 V0= 2, Vt = p . 

Thus from 1(a) and 2(a) we have that 

3. pn = pPn-i-qPn-2> 

Analogous results to equations 2.14 and 2.15 of Horadam [1] are, respectively: 

4. Pn = aQn + (b-pa)Qn^ 

5. Rn = 2Qn-pQn-i . 

The conjugate quaternion of Pn is given by 

6. Pn = Wn - iWn+1 - jWn+2 - kWn+3 

We now define the quaternions Tn and Sn as the quaternions whose components are the quaternions/^ and 
Qn, respectively, viz. 

7. (a) Tn = Pn +iPn+1 +jPn+2 + kPn+3 

(b) Sn = Qn + iQn+1 +]Qn+2 + kQn+3 

which on expanding give 
8. (a) Tn = Wn - Wn+2 - Wn+4 - Wn+6 + 2iWn+1 + 2jWn+2 + 2kWn+3 

and similarly ivxSn. 
The conjugate for Tn is _ 

9. (a) Tn = Pn- iPn+1 - jPn+2 - kPn+3 

which becomes on expansion 
(b) fn = Wn + Wn+2 + Wn+4 + Wn+6 

so that the conjugate quaternion can be expressed solely in terms of Wn'$ and is independent of the vectors 
U,k. 
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Now consider 
Q-n = U„n+iU„n+1+jU„n+2+kU„n+3 . 

Using equation 2.17 of [1] and noting that the result should be 

U„n = -q~n Un_2 
we obtain 

a,n = -q'n+1 [Un„2 + iqUri-3 +jQ 2Un~4 + kq3Un,5] 

10. Q,n = -q-n+1Q*„2, 
where we define 
11. Q* = Un+iqUn.1-tjq

2Un.2 + kq3Un^3 . 
Similarly we have that 

12. Q*n = -Q-n+1Q„-2-

Using the above we shall now establish some relations between these quaternions. The first of these is 

13. PnPn+t + eqn~rQr-lQrht-l = Wn-rTn+r+t-
The proof for this is lengthy and is left to the reader. A direct proof uses 1(a), Kb), 7(a) and equation 4.18 

of Horadam [1] . 
Now letting t = 0 in equation (13) above we have 

14. pt + eq^Qlt = Wn_rTn+r . 

If we let r = 1 in equation (14) we obtain 
3 

15- eq^1 £ Uf = p2 + 2eqn-1Q0-Wn_1Tn+1 , 
j=0 

Another identity is 
16. aPm+n + (b- pa)Pm+ri_1 = WmPn - qWm,1Pn_1 . 

The proof uses 1(a) and equation 4.1 of Horadam [1] . 
Further results are 

17. Pm
pn - qpm-lpn-l = aTm+n + (b - pa)Tm+n_i = WmTn- qWm_i Tn_1. 

For/7? = n in (17) 

18. pl-qp2n-i = aT2n + (b-pa)T2n-i = WnTn-qWn-lTn-i 

19. P2
n+1 - q2Pn-i = bT2n+1 +(b- pa)qT2n-i 

20. bP2n+1 + (b-pa)qP2n-i = Wn+1Pn+1 -q2Wn^Pn^ , 
Now from 7(b) 

21. (a) 2Sm+n^i = p
nQ-m-l + @n-lPm 

(b) 2Qm.hl_i = Um„i Rn + Q-n-l Vm = Qm-l Vn
 + Un-1 ^m 

22. (a) Pn+r = UnPr-qUn-iPr.! = WnQr-qWn^Qr^ 

(b) Tn+r = PnQr-qPn-lQr-l = U nT r-qUn^Tr^ = WnSr-qWn-iSr.! 

23. 2Rm+n = VmRn + d Um-iQn-i, 
9 9 

where d = p - 4q. 

24. (a) Pn+r + qrpn-r = Pn^r 

(b) Tn+r + qrTn-r = TnVr 

Now recalling the notation we established in equation (11) we let 

25. P* = Wn+iqWn-l +jq2Wn-2 + kq3Wn_3 , 
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We are thus able to establish the interesting relations 

26. Pn_rPn+r+t-PnPn+t = eq Ur-tS^+t_1 

27. Pn_rPn+r+t~ Pn+tPn = eq U'rht-l^r-1 • 

Thus we note the change in the R„H,S. expressions for equations (26) and (27) when the only difference in 
the L.H.S. is that the elements in the subtracted product term have been commuted. This is to be expected as 
quaternion multiplication is non-commutative. 

Similarly we obtain 

28. (a) Pn_rTn+r+t-PnTn+t = eqn~rUr_1(Sr+t_1+iqSrht_2+jq2Sri.t^3+kq3SrJ-t_4) 

(b) Pn-rTn+r+t-pn+Jn = eqn~r U Y+t^1(Sr_1+ iqSr,2+ iq2Sr,3 + kq3 Sr^) 

ZcJ. 'm-r'n+r~'n-rm+r ~ eQ ^n-m~1^2r~l 
and where e = pab - qa - b from equation (2). 

At this point it is interesting to note the correlation of the above equations (13), (14), (16), (17), (18), (19), 
(20), (21), (22), (23), (24) and {(26), (27), (28)} with equations 4.18, 4.5, 4.1, 4.1, 4.2, 4.17, 4.17, 4.8, 3.14, 
4.9, 3.16, 4.18 of Horadam [1 ] , respectively. The equations listed from Horadam were in fact used to obtain 
the corresponding results for the generalized quaternions. 

From 9(b) we have for the conjugate quaternion T2n 

T2n = W2n + W2n+2 + W2n+4 + W2n+6 

and thus _ 
aT2n = aW2n + aW2n+2 + aW2n+4 + aW2n+6 . 

Using equation 4.5 of Horadam [1] we have 

af2n = W2
n + W2

n+1 + W2
n+2 + W2

+3 +e(uti + U2 + U2
+1 + U2

n+2) 
but 

P2 = W2- W2
+1 - W2

n+2 - W2
+3 + 2iWnWn+1 + 2jWnWn+2 + 2kWnWn+3 

n 

and similarly fo r# n . 
Therefore 

30. af2n+P2
n + eQl1 = 2(WnPn + eUn_tQn^). 

Many more results can be obtained for the above-defined quaternions. By use of a functional notation the 
ideas expressed in this article can be easily extended. 
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