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It is often desirable for either ease of calculation or nicety ofexpression to represent a function in terms of

positive integers only. For example, the Binet formula for the /™ term of the Fibonacci series quite easily re-
duces to the expansion:
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The last term, of course, will be 5(N=1/2 i i is odd, or ¥5™N-2)/2 it W is even.

However, it is well known that the sums of the terms of the ascending diagonals of the Pascal triangle also
produce the Fibonacci numbers, thus providing another simple expansion,
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the last term being /2 if V/ is even and 1 if /V is odd. (This comes as no surprise since a common method of
constructing the triangle is by a two-step additive process.)
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It is interesting to note that since the sum of the terms of the v diagonal is equal te Fp;, and the sum of

the terms of the ¥ ¥ row is equal to ZN, then the product of those two sums is equal to twice the numerator

of the first expansion:
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A Tribonacci triangle, constructed by a three-step addltlve process has as the sum of the terms of the ¥
row .S’N, provides the coefficients of the expansion (x 04 x +x2) and has the Tribonacci numbers as sums
of the ascending diagonals:

=0 1 1 2 4 7 13 24 44

N = 0/1 =3V = 1
1711 3
271,772 9
37173 31 27
4174 % 10 4 1 81
5 15 51 45 30 15 5 1 243
6176 90 126 141 126 90 50 21 6 1 729
771777 28 717 161 266 357 393 357 266 161 77 28 7 1 2187
81 8 36

Fig. 2 Tribonacci Triangle

Just as the terms in each row of the Pascal triangle are the binomial coefficients, the terms of each row of the
Tribonacci triangle are the trinomial coefficients; that is, if the trinomial expression (x9+x1 +x2) is raised
to a given power such & three,

(x0+3x 1 +6x2+7x3 +6x* +3x° +x°),
the coefficients of the resulting terms are the terms of the corresponding row (/ = 3) of the Tribonacci tri-
angle, 1,3,6,7,6,3, 1.

An easy method of constructing the triangle, rather than actually multiplying the trinomials or using a gen-
erating formula for each term (which is simple for Pascal’s triangle, but much more complex for higher order
triangles), is to simply create each term by adding the three terms immediately above and to the left in the
preceding row. For example, the fourth row is derived from the third row as follows:

N =3 1 3 6 76 31 =3
4 1 4 10 16 19 16 10 4 1 3
(0+0+TIT—"1),X
(0+1+3=4)1
(1 +3+6=10)
(3+6+7=16)

6+ 7+6=19)
(7+6+3= 16)
6+3+1=10)
3+1+0-=4)
(M+0+0=1

Any additive triangle must begin with the number 1, since any quantity with an exponent of zero is by defini-
tion 1. The second row is also composed of ones, since the coefficients of the given trinomial are 1, 1 and 1.
From this point onward all terms can easily be calculated by the process described above, which is in effect an
arithmetical short-cut through the lengthy process of multiplying polynomials of ascending powers of X.

The ascending diagonals of a four-step or Quadronacci triangle provide the terms of that series in a similar
manner:
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N = 1 =4V = 4
A A =t
27172 73 74 73 72 1 16
3~ 173 61012 12 106 6 3 1 64
471 741020 31 40 44 40 31 20 10 4 1 256
515
67 1
7 Fig. 3. Quadranacci Triangle (x 7+ x 1 +x2+x3IN

The terms in the Quadronacci triangle are derived just as are those in the Tribonacci triangle, except that
the terms are added in groups of four instead of th ree.

Indeed, any order of additive triangle can be thus constructed to give similar results, If the order, K, of an
additive triangle is defined to be the number of terms in its polynomial base, which is also the number of add-
itive steps necessary to derive each term from the terms of the preceding row, then it may be noted that for
an additive triangle of Kt order: each row will have (K — 7) more terms than the preceding row; the sum of
the terms of each row will equal KN; and the terms in each row will p rovide the coefficients of the expansion:

(xO x4 x2 4 x3 s x YN,

The sums of the terms of the ascending diagonals of a K™ order triangle produce the series:

TN# TN+t TNe2# Tes #F TNek-1 = TN#K
Ti=1 Ty=1" (K-1)>1
Since for Pascal’s triangle K = 2 (see Fig. 1), the series produced is Tay + Toves = Tz, the Fibonacci series.
Similarly, in the Quadranacci triangle, since K =4, the series produced is
IN+FTINtt TNt 2+TNw3 = Tawa, T3 =2 Tq4=4.

If an additive triangle is altered by arranging the ascending diagonals as rows, a corresponding alteration re-
sults in the series produced by the sums of the terms of the new ascending diagonals. The new series consists
of the same number of steps, but of different terms. For example, the Pascal triangle (see Fig. 1), when altered
in this manner, now becomes:

)

N
(=1
.
—
—
N
w
ES
=7}
7<)
-
o
—
w

=
il

@D W o~ O Tl AW N - O

—_

Fig. 4 Second-Degree Pascal Triangle
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The ascending diagonals provide the terms of the series

TN*TN+2 = TN+3 (Ty =Tz =Tz =1.
A similar treatment of the Tribonacci triangle produces the series
IN*TN+2*+TN+4 = TN+5 (Ty =Ty =Tz = 1)

It can readily be seen that these two new additive series skip every other term.
If the new ascending diagonals are converted into rows asecond time for the Tribonacci triangle, the sums
of the terms of the resulting diagonals will produce the series

TN*TN+3+ TNw6 = TN+7 (Ty =1, T, =1,T3=1,T4=1).
Here the series skips twice between each term.
If the degree, R, of an additive triangle is defined to be the number of times the triangle has been altered by
rearranging the ascending diagonals into rows (beginning with £ = 7 for the triangle in unaltered form), it may

then be said that for an additive triangle of k™ order and A degree, the sums of the terms of the ascending
diagonals produce the series:

TN+ TN+R * TN+2R * TN#3R *+ *+ TN+R(K-1) = TN+R(K-1)+1
(Ty=1 Ty =1 T3 =1 ,Tpes = 1) (K-1)>1 R > 1.
For the standard Pascal triangle, since K =2 and B = 7, the series is the normal Fibonacci series (1, 1, 2,3, 5,
8, -), where
TN+ TN+1 = TN+2 (T =Ty =1).
For a five-step additive triangle, the diagonals of which have been twice rearranged into rows (K =5, R =23),
the series produced is
1,1,1,1,223,4,6,8,613, 19, 28, 41, 60, 88, 129, 188, ---,
where
TN+ TN+3 + TN+6 # TN+9 + TN+12 = TN+13 (Ty =Ty =1T3=T4=1)

Comparing Fig. 1 with Fig. 4, it will be observed that the terms in each column remained unaltered by a
change in the degree of the triangle; each column is merely lowered with respect to the column to its left.
Consequently, if the terms of the nth row (and hence the terms of the columns) of a first degree K™ order
triangle can be expressed in terms of //, then it follows that the N term of the additive series produced by
the sums of the terms of the ascending diagonals of a K™ order R degree triangle can be expressed as a ser-
iers in / and R For example, the sums of the terms of the ascending diagonals of the Pascal triangle (K = 2) of
R™ degree produce the series:

TN+ TN+R = TN+R+1-
The /™ term of this series is the expansion
_ IN—1),(N—1—R\, ([N—1-2R\, [N—1-3R\ _
o= (V0 ) (AR (Y R (YR
Itis easy to conjecture that a general expansion in terms of &/, K and Ris possible for the nth term of the ser-

ies generated by the sums of the terms of the ascending diagonals of a triangle of Kth order and R degree,
but that requires a treatment much more advanced than is offered here.

Jolokdootok



