FIBONACCI SINE SEQUENCES

M. B. GREGORY and J. M. METZGER
University of North Dakota, Grand Forks, North Dakota 58202

INTRODUCTION

The purpose of this note is to find all real numbers x such that nlim sin u,, x exists, where u,, is any sequence of
—

integers satisfying the recurrence u,, = u,,_1 * u,,_3 (ug, u¢ are integers, not both zero).
We will show that the sequence {sin uy, mx } converges only to zero and this happens precisely when x is in an appro-
priate homothet of the set of integers in the quadratic number field @(</5 ).

MAIN RESULTS
We will use the identity sin @ — sin =2 cos %(a + ) sin %(a — () to show that if the limit
limsinu,nx = p
n

exists, then p= 0.
Let a= uy,+17x, = uy_27x, so that Y%la+ ) = u,, 7x, and %la — B) = u,,_; mx. The identity gives

SIN Uy 1 TX — SIN Uy_27X = 2 SiN Uy_ 1 TX COS Uy TIX .
Therefore, if lim sin v, mx = p # 0, then
n

SiN Uy 11 X — SiN Uy,_2TIX

CoS U, X =
2sinu,_smx

shows that lim cos u,, mx = 0. However,
n

SIN Upy+1 TTX = 80 (Uy + Uy_1)TIX = SIN U, TTX COS Uy _1 TX + COS Uy TIX SIN Uy, _q TIX
implies lim sin v,, x = 0, a contradiction.
n

Theorem 1. limsin u, 7x = 0 iff
n

limsin " X (ug+u;¢) = 0, where ¢ = 145 .

Proof. Using Binet’s formula for u,, , we have

sin % {¢”"1(u0 turd) = (1= )" ug +ug(1- )]}

1]

sin u, X

7~ _ an-1 _
sin"—"; 0 1(u0+u1¢)cosﬂ\/"—§(7 O)" fug +uyg(1- )]

—sin :TT);_ (1= )" ug+uq(1-¢)] cos \E/—); 0" ug+uid).

Since (1 — )" — 0 as n — o, the cosine in the first term tends to one, while the sine in the second term tends to
zero, for any x. The theorem follows. I
Theorem 1 makes it plain that we must find the set &8 of all real x for which lim sin ¢"7x = 0.
n

Theorem 2. B is the set of all numbers of the form a + b¢, where a,4 are integers.
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Proof. We first observe that 8 is an additive subgroup of the real numbers, for
sin 9" mix —y) = sin ¢"ax cos ¢"my — cos ¢"nx sin ¢" 7y

shows that x — y isin B if both x and y are in B. Now takinguvg = —7, uy =2 in Theorem 1 and observing that 2¢ —
1= \/5, it is apparent that 1 isin 8 and hence the definition of B shows that ¢ is also in B. It follows that B contains
every number of the forma + b¢.
To prove that every member of 8 has this form, we adapt an argument from Cassels [1, p. 136]. If lim sin ¢" x =
4

0, then ¢"x = p,, + r,,, where p,, is an integer and lim r,, = 0. Lets,, = p, 12 — Pu+1 — Py, SO that s, is an integer.
Then o "
Sn = (D" 2x = a2 ) = (" x = rag ) = (§7x = 1)

= "D — = 1) = (ruyz — Fnrs —1a) = =115 = Tn+1 = n).
Since lim r,, = 0, we see that fim s,, = ). Sinces,, is an integer, we must haves,, = 0foralln >np > 1. Thusr,4p =
In+1 +1;,, forn =ng. Using Binzt's formula, we héve forn =nyg,
B R e R N
Iy = -—-————--—\/5_——-—— 4~_—.—-—-—-\/_5_

Because ¢” — « and (1 — ¢)" — 0 asn — «, the coefficient of ¢” must be zero; in other words, Ty +1 = (1= ¢y,
Thus, forn = ny,

(1—-0)".

n, —'n n, — (1 — n
r11:¢ro 101"1 (7_¢}n:¢ro ( ¢}r0(7_
NG V5

'n
= e 1= ) = 1, (1— )"
e 29 O = ra (1= )

o)"

In particular, choosing 7 = ng, we find r,, =r, (71— ¢)™ . Thisimpliesr, =0,and therefore ¢"°x = p,, ,so that

X = puy (1/6)70 .
Using the facts that 1/¢= ¢ — 1 and ¢2 = ¢+ 1, we see that x = a + b¢ for suitable integers a and b. |
CONCLUDING REMARKS
Combining Theorems 1 and 2, lim sin u,, mx exists iff x is a member of the homothet
n
A - 5 . B
Tt ;0 B {u0+u1¢> X:x e } .

It is well known [3; p. 201] that B is the set of all integers in the quadratic number field @(/5 ) and this suggests
comparison with other sine sequences. In [2], it is shown that lim sin 2" 7x exists iff 2”0 x is an integer for some
n

ng € Z Here we have shown that lim sin ¢"nx exists iff ¢™0.x is an integer for someng = Z.
n

In closing, we suggest it would be of interest to consider the same problem for the sine sequences sin v, mx when
the u,, satisfies a recurrence u,, = su,,_; +tu,,_», where s and ¢ are positive integers.
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