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1. INTRODUCTION

In a paper appearing in the Quarterly Journal of Mathematics [Vol. 20 (1969), pp. 129—137], Harold Davenport
and Alan Baker dealt with the set of numbers: 1, 3, 8, 120. It has the property, noted by Fermat, that the product
of any two increased by one is a square. We call such a set a P-set. Davenport and Baker proved, using the “effective”
results of the latter, that if 1, 3, 8, ¢ is a P-set, then ¢ must be 120.

Long before, Diophantus noticed that the setx, x +2, 4x +4, 9x + 6 is a P-set for x = 1/16. Indeed, the first three
have the same property considered as polynomials in x. In a previous paper [Quar. Jour. Math., Vol. 27 (1976), pp.
349--353] the author proved that the only P-sets containing x and x +2 in Z/[x] are

X, x*2, cix),  crr1(x),

where r is a positive integer and the ¢; are certain polynomials defined recursively.

Here we consider a similar problem in a more general setting. Leta = a(x) and b = b(x/ be two non-zero polynomials
in Z[x] such thatap +1 = WZ, where w is in Z/[x]. [We omit the argument x when there is no ambiguity.] Without
loss, we may assume thata, b, and w are in Z* [x/, that is, have positive leading coefficients. We want to allow 2 and
b to be in Z; in this case Z*[x] becomes the set of positive integers.

First we seek all salutions ¢, = ¢ (x) in Z*/x] of

(1.1) acp+1 = yf, bep +1 = zl‘f, yr and zp in Z*[x] .

An equivalent pair of equations is
2
L -

In the previous paper we considered the case when b = a + 2. Then there was just one sequence of ¢, If b #a + 2,
there ate at least two such sequences. We prove that if a, 5, and ¢ form a P-set and all are of the same positive degree,
then there is no fourth of the-same degree which, with a, b, and ¢, forms a P-set. We prove that if a and b are both
linear or quadratic there are exactly two sequences. If 2 and & are in Z and @ < b < 4a we prove that there are exactly
two sequences of ¢z (unless b = a +2); we also show that if @ <b < ¢ < d form a P-set, then d > ab + 1. Our most
significant result is that when a and 4 are linear over Z*/x/, c =a + b + 2w, and a, b, c, d form a P-set of four ele-
ments, then there is exactly one possible d, namely

colah) = (4w? = 2)c +2(a +b),

where ab + 7 = w?, The proof of this result is an adaptation of one of B. J. Birch given in the previous paper. We
show that if 2 and b are two successive even-indexed Fibonacci numbers, ¢ (a,b) reduces to 4b(b2 + 1) and is not a
Fibonacci number. A final section describes some results which seem true but for which we have no proofs.

Since much of the theory is the same for integers and polynomials it is convenient to define an extension of the
idea of inequality from integers to polynomials in Z/x/.

(1.2) {b—alcy, = zf—yi, b—a= byi—az

Definition. When we write “2 is in Z/x/” we mean that it is either a polynomial of positive degree or an inte-
ger. In the latter case, we call it its own “leading coefficient.”” The symbol a > 0 means that the leading coefficient
of a is positive. Similarly if 2 and b are in Z/[x/, a > b means thata — b > 0. The usual fundamental properties of in-
equality hold for this extension.

We assume throughout that

*The author promises there will not be a third; he has no intention of composing a sonata.
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(1.3) 0 <a< b

If n, = dega denotes the degree of @ in x, and similarly for 13, then (1.3) implies n, < ny, . Note that n, and 7, must
be of the same parity and 2n = n, + ny,, where n = n,,. Define co to be 0 and have as a consequence that ygp =z9 = 1.

2. FORMULAS FOR ¢, IN (1.1) AND (1.2)
In order to find a formula for ¢, we first seek a recursion formula for y, and z3,. To this end, write
(2.1) (Vhyr+~fazi = (w+~Jab)(Nby 1 +~azp-1),
that is
Ve = WY1 *aZp_q
22) 2y = byp_g twzp_y.

To see that (2.2) defines a sequence of solutions of (1.1) suppose that y._y, z_5 is a solution of the second equa-
tion of (1.2). In (2.1) replace \/a by —/2 and multiply corresponding sides of the two equations to get:
2

by,f ~az, = (w? — ab)(bylf_j - azf_l).
Another way to show this is to use Egs. (2.2) directly in the second equation of (1.2). We show below that the first
equation of (1.2) defines cg.
Now wy}, — azp, = ¥z which implies
Vi = Wh-1 *WYk-1 = Vk-2 = 2WYk-1 — Vk-2.
Also wzy, — by = zp_1 implies zp, = 2wzyp_1 — zj_2. SO
(2.3) Ye—2Wyk-1+yp-2 =0 and  zp—2wzp_g+zp.2 = 0.
Note that y; =w +a and z; = b +w with (1.2} imply that c; = 2w + a + b. By induction, deg y% = kn. Hence, from
(1.1) degcy, =2kn — ng, if k >0, and deg z, = (k + 1)n — ng,.
Letaand a! be the zeroes of e — 2we + 7. Thus
a=w+Jab and al=w-.ab.

Note that ab # 0 implies that w # 1. We seek y1, zp, and ¢, in terms of @ and a1, Thus we want to determine r and
s so that

k -k
yi = T
~ a—-a
Nowr—s=a—a ! andra—sa™! =(w+a)la— a 1), This shows that
r=w+a—-a!l and s=w+a-a.
Hence
Ve = (w+alfy —f_; and,similarly, 2z, = (w+b)f, —fr_q,
where
fr =——————~—ak‘a_k .
a—a‘I

Thus we have
(zp, —yilley +ye) = (b —alfp[(2w +a + b)fy — 2f,_1] .

Recalling that ¢; = a + b + 2w, we have, from (1.2),
(2.4) cp = fulcyfp—2fp_1).
Itis interesting and useful to find a recursion formula for cg. To this end note that e’ —2we+1=0 implies

et —(am?-2)e%+1 =0
Thus

(2.5) (@*2)% — (aw? — 2)(a*2)% 1 +(a*2)%2 = 0, for k = 2.
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Then f,f = a?krq?k, N, where /V is independent of &, and (2.5) implies
2 _ 2 2 2 ,
(2.6) f, = (4w —Z)fk_1 —f, IV,
where /7 is independent of k. Furthermore
(fr + frog) = 20(Fp_g + fr2) # (Fo_z + fo3) = 0

implies that (f, + fk_1)2 satisfies the same recursion formula as 2 except for a change in N”. Thus 2f;,f,_; and
f fr—1 satisfy the same recursion formula except for the term independent of k. Thus

cp = (4w? =21 —Cp-2*1L,
where L isin Z/x/ and is independent of k. Taking k = 2, we have
cy = (aw? ~2)cy + L.
On the other hand, (2.4), f, =2w, and f; = 7 imply

(2.7) ¢y = e, —aw.
This shows that L =2¢; — 4w = 2(a +b). Hence we have
(2.8) ck = (4w? = 2)cp g —clpg +2(a +b).

This is the recursion formula we sought.

3. UNIQUENESS OF SOLUTIONS

We could hope that the ¢y, as developed above would be the only solutions of the Egs. (1.1) and (1.2), but this is
not so in general. However the ¢}, are the only solutions if b — a = 2 and, with one exception, when a and b are both
linear polynomials. To show this we develop a useful algorithm.

Leta, b, ¢ be three polynomials in Z*[x/ such thata < b and
(3.1) ab+1=w? ac+1=y% be+1=2% with xyzinZx].

Replacing yz, 2k, Ye—1, Zk-1 in (2.2) by y, z, y’, Z’, respectively, we have the transformation:

(3.2) y = wy’'+az’ z = by’ +wz’

and its inverse,

(3.3) y' = wy —az Z' = —by+wz.

This transformation is an automorph of Aby‘2 - azZ, that is, by’Z —az?= by2 — az2, We now show that if b <a+¢
and if ¢ satisfies (3.1), then (3.3) yields ac” < c. This is the basis of our algorithm.

First we show that y”is in Z+[x/ without further condition on a, b, and ¢ except those in (3.1). Also z”is in Z+/x/
if and only if b <a +¢. From the second equation of (1.2) with subscripts suppressed, we have

alb—a) = w? - 1)y? —a%z?,
that is,

alb —a) + y’? = (wy — az){wy +az) .
Since & > a, the left side is positive and since y and z are positive, wy + az is positive. Hence
wy —az =y > 0.

Similarly,

blb—a) = b%y? —w? - 1)22,
which shows that

(wz — byMwz +by) = 2° —blh—a) = 1+blc+a—b) > 0
if and only if b <a+c. Thus
wz—by =z >0 ifandonlyif b <a+c.

Second, we show that y” and 2’ define ac”in Z/x/ such that



158 A SECOND VARIATION ON A PROBLEM OF DIOPHANTUS AND DAVENPORT [APR.

(3.4) ac’+1=y? and be'+1 =277,
To this end we compute

72 - y’2 = flw—bly+(w-al][(-w—bly +(w+a)z] = (b- allby? +az2) +22 — y2 — 2w(b - alyz

2

= (b—al’, where ¢ = by?+az?+c—2wyz.

Since b —a =by’2 - az’z, we have from the equivalence of equations (1.1) and (1.2) that Egs. (3.4) hold.

Third, assume that 6 is of positive degree and b < a + ¢. Then w is of positive degree. Asin the first part of our
argument with y and y, z and z” interchanged, we have wy” — az” > 0. Hence (3.2) shows

(3.5) Ny* = ny—n.
Ifc’=0,then b <a +c impliesy”’=z"= 7 and hence n,, = n and n, = ny, from (3.2). Ifc”# 0, then, from (3.4)

Na+n = 2ny” = 2ny,—2n = ng+n.—2n = 2n, —2n.
Hence the following holds

(3.8) if ¢ #0 then no-=n.—2n and ny, =n,—n.

Finally,suppose b isin Z and b < a +c. This implies that 2 and w are in Z. It also implies that ¢ is in Z for if ¢ were
of positive degree with leading coefficient o, then (3.1) would imply that ad and bd would be squares; this is impos-
sible if ab + 7 is a square. So if b is in Z, all the letters in (3.1) represent positive integers. As in the previous para-
graph, wy’— az’ > 0 which implies

(3.7 y' < yw.

From (3.4) we have, using (3.7),

ac’ =y P -1 <yiwP 1= (ac+1)wP -1 < ac/w?,

since w > 1. Hence
{3.8) 0 <c <c/w?,
We coliect all these results in the following theorem.

Theorem 1. Let a, b, c bea P--set over Z+[x] with a < b, let y and 2 in Z*[x] be defined by (1.1) with sub-
scripts suppressed, and y” and z* defined by (3.3). Then ¢’ = by2 +az? - 2wyz + ¢ defines ac”such thata, 4, c’isa
P-set and (3.4) holds. Also y” > 0 without further condition, and z” > 0 if and only if b <a +c. If b is of positive de-
gree and & < a + ¢, then conditions {(3.5) and (3.6) hold. If 5 is in Z and b < a +c, then (3.7) and (3.8) hald. [In-
equality (3.8) is sharpened in Lemma 4 of Section 6.]

The resuits of Theorem 1 provide the mechanism to prove two useful theorems.

Theorem 2. 1fa < b <c are polynomials of the same degree over 2+/x] which satisfy Eqs. {3.1) and, when
a, b, ¢ are in Z, the additional condition ¢ < wl=ab+1 holds, thenc =a +b +2w =c{(a,b).

Proof.  The conditions of the theorem imply that n, =n = n. and b <a+c. 1fn>0,n.=n and (3.6) imply
¢’=0 fn=20(3.8) implies¢” = 0. In both cases y’= z"= 7 and (3.2) shows thaty =w +a,ac +1 = y2 and hence
¢=a+b +2w. This completes the proof.

Corollary 1.1fa,b,c,d are four distinct polynomials.of equal positive degree over Z*/x/ they do not form a P-set.

The corollary follows since if they form a P-set we may take 2 < b < ¢ < d and see from Theorem 2 that¢ =4,
which is a contradiction.
The corresponding result fora and 4 in Z is the following.

Corollary 2. Ifaand b arein Zwitha < b and if 2 <b < ¢ < d form aP-set, thend > ab + 7. {In view of
Lemma 4 in Section 6, d > ab + 7 could be replaced by d > 4ab.]
A closely allied resuit is the following.

Theorem 3. f4a>b>a ab+1= wZ, gnda <c < b, then a, b, ¢ do not form a P-setin Z*/x/.
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Proof. Note that the conditions 42 > b > a and a < ¢ < b imply that a, &, ¢ are polynomials of the same de-
gree. If ¢ >4, b <4a implies b < ac + 7 and hence from Theorem 2 with 4 and ¢ interchanged,

b =a+c+2w’ where w? = 1+ac.

Then
ab+1=a%tac+2ow'+1 = (a+w)? = w?

impli =y = .
mpliesw’=w-aandc=a+b-2w, Butc >a implies b(b - 4a) >4 which denies b <4a. Ifc < 3itis easy to complete the

proof.

Theorem 3 affirms that if 2 and b are “close enough together,” whether of positive degree or in Z, then no ¢ can be
inserted between a and b to form a P-set of three elements.

Now we assume that a and b are of the same positive degree and seek all ¢ satisfying (3.1). [In Section 6 we con-
sider the same problem for a and 4 in Z./ We can get explicit results if 7. = kn, where n = n, = n.. Since each time
we apply transformation (3.3), Theorem 1 shows that we decrease the degree of ¢ by 2n, we eventually arrive at ac’
of degree n or in Z according as k is odd or even. Then if b <z, Theorem 2 shows that ¢ = ¢ (a,b) =a + b + 2w and
hence ¢ = £, (a,b) for some k. If, on the other hand, ¢ < b we consider two cases separately.

First if £ < b and ¢ is of positive degree n, Theorem 2 with 5 and ¢ interchanged shows that b = a + ¢ + 2y where
72 =ac + 1. As in the proof of Theorem 3, this implies¢ = a + b — 2w. This leads to a whole new sequence which we
designate by Z'j. We can compute the members of this sequence by going back to Section 2 and starting with yg =
1 =—z¢ in place of yg = 7=2z. Then y}, and z;, will satisfy the same recursion formula but will be expressed differ-
ently in terms of the 7. Using an argument similar to that of Section 2 it can be found that

(3.9) Cr (ab) = fp(cqfy +2f,_1), where C; =a+h—2w.

It can also be verified that the Z‘j satisfy the same recursion formula as ¢y, given in (2.8).

Second,'if £ < b and Clisin Z, then ¢ <a < band niseven. If =0, theny = 1 =2, the ¢ before ¢ is c1(a,b) and
¢ =cp,(a,b) for some k. Then it remains to consider 0 < ¢ < a < b. Now, since a < b +¢ we may use Theorem 1 with
C a binplace of a, b, c. Since Ga + 1 =y2,Tb +1=%2 and ab + 1 = w? we define z” and w” by what corresponds
to (3.3), namely

7 =yz-ew

w = az—yw.
By Theorem 1,2h” + 7 = 2’2 defines 5" which, by (3.6), must be in Z. Now since Tb"+ 7, Za + 7, b'a + 1 are all squares
with only a not in Z, the last paragraph in the proof of Theorem 1implies that 5" = 0. Hencea < b +¢ impliesz’ =

w'=Tandb=a+2y+c.Butw=a+y.Hencec=a+b—2wand ¢ = ;(a,b) for some j. We collect these results in
the next theorem.

Theorem 4. If a and b are of the same positive degree, ¢ satisfies (3.1), and the degree of ¢ is a multiple of n,
then ¢ = ¢y (a,b) for some k orc = Z'j{a,b) for some /. The second sequence is omitted if b =a + 2.

Corollary. 1fa and b are both linear or both quadratic in x and if ¢ satisfies (3.1), then ¢ = ¢ (a,4) for some &
orc= Z"j(a,b) for some /. The second sequence is omitted if 6 =a + 2.

The corollary follows since if n = 2, the degree of ¢ satisfying (3.1) must be even. When n > 2, we have in general
more than two sequences. But by (3.3) we can for each ¢ find a Z of degree not greater than n. From these z, stem all
the ¢ satisfying (3.1).

4. WHEN IS ¢ic, + 7 ASQUARE?

To answer this question we first find a formula for c.c, + 7 for k > r. Since we need a similar result for ¢; we adopt
a temporary notation which enables us to derive both results simultaneously. First, by use of fy+; = 2wfp — fi_1,
we can write (2.4) as

(4.1) cp = fplcyfy +2f41), where ¢q =a+b—2w.
Similarly, (3.9) can be written
(4.2) cp = fplcgfr — 2fL41).
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To treat these together, we write

(4.3) dy = fr(d fy +2fr4q),
where d}, = ¢}, or ¢, according as + is + or — and 171 = dj.
Then
(4.4) dpdy +1 = (G fufo £ fpagfy £ Fragfo)? = (Frpg o — fosf,)% +1.
Now
frar  1r _ 2wt —frg 1y _ fr i1 _ f1 fo = f
fors  fo| |2 ~Teer fo|  |f fred] T [fersr foer| R
This shows that
fre1ft = for1fr = Frer.
Thus
(4.5) Dl +1 = (@1 ffy £ 2y fhsg £y )’ — L +1.
Now if k =r + 1, it follows that f,_, = 7 and we have
(4.6) Qrptdy +1 = (T frpgfr £ 26,F0gp 2 1)%.

So we have the following theorem.

Theorem 5. The polynomials ¢ .+ ¢, + 7 and Z,+1¢, + 7 are squares in Z/x/.

5. PSETS WHEN a AND 5 ARE LINEAR

From Theorem 5, ¢ ¢, + 7 is a square when k and r are successive integers. If 2 and b are linear we can show as in
the previous paper that ¢ ¢, + 7 is a square in Z/x/ only if k and r are consecutive integers. The idea of the argument
is the same but the needed modifications cause a little trouble. We need the same result for cp¢, + 7 but since the
proof is almost the same, we omit it. We will need the following three lemmas which, as in the previous paper, we
state without proof since the proofs are easy.

Lemma 1. Let@q(al, p2(a), and Ma) be three polynomials in Z/a, @17 such that the first ¢ coefficients of
@1 (a) and @2 (a) are the same. Then the first ¢ coefficients of ¢ (a/\(a) and @, (a/\(a) are the same.

Lemma 2. Let thefirst ¢ coefficients of ¢;(a) and ¥ ;(a) be the same for / = 1 and 2. Then the first # coefficients
of v1(a)pz(a) and Yy (@)Y 1 (a) are also the same.

Lemma 3. Let g;(a), i = 1,2, be two polynomials in Z/a, a‘l] whose leading coefficients are positive and such
that the first ¢ coefficients of their squares are the same. Then the first ¢ coefficients of the two polynomials are the
same.

Now we prove the basic theorem.

Theorem 6. 1fa and b are linear in Z*/x/,with ab + 7 = w? and win Z*[x/, then a, b, ¢y, Cp is a P-set if and
only if r and & are consecutive integers. The same is true fora, b, ¢, Cp, .

Proof. The “if" part is established by Theorem 5 and/or Eq. (4.6). To prove the “only if” part, first note that
e=a+bh— 2w > 0isequivalent to (b — a)? > 4 with equality if and only if 5 =a +2. So the case e = 0 is covered by
the previous paper. Or the reader may prefer to note the modifications needed in the following proof where we as-
sume thate # 0.

Now 7, can be thought of as a polynomial in Z/a, a‘1] of degree r — 7. It has2r — 7 terms with 1 and 0 alternating
as coefficients. Thus if k£ > r, the sequence of 2r — 7 coefficients of 7, is the same as the sequence of the first2r — 7
coefficients for f,. Henceforth in this proof we assume that k > r + 7, that cc, + 7 is a square in Z/x/ and seek a
contradiction. From what we have just noted, the first 2r + 7 coefficients of efy + 2fy+; and of efyrg + 21,4+ are
the same, where the #; are viewed as polynomials in Z/a, a!]. Note thate =a + 5 — 2w, being different from zero,
is not in Z, for suppose this is true and write

a=ajx+ag, b =byx+bg, and w = wix+wp.
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ThenifeisinZ ash; =wyanday +by — 2wy =0implyas =hy = w1 From this it follows that bg = a9 + 2 and
hence e = 0, contrary to hypothesis. Furthermore ¢ is not in Z/a, a~ ] since a depends only on the product ab and
not on the suma + b. Let Z’= Z[e] and see that ¢y, and ¢, are in Z7a™%, a/.

Using Lemma 2 and (4.1) with ¢7 replaced by e, we then see that the first 2r + 7 coefficients of ¢z, and c,+1 are
the same. Then by Lemma 1, ci ¢, and c,+1 ¢, have the same first 2r + 7 coefficients. Hence the same can be said for

Ikyr = ChCr+ 1 and i, = Crrgc, + 1.

Supposegk FeQ 2(x), that is gk, i a square in Z/x/. We next show that gy, , is also a square in Z/a, a -17,in fact
@lx) = 81 + 02, where @7 and @, are in Z[a, a”!] and ¢"= ¢ for some ¢’ in Z. Note that wq # 0 since a and b are
linear. Since x = (w — wy)/wyq,

olx) = W}to(W) = w;t[WOO(w)+u] ,
where v isin Z, t > 0,and ofw) with og(w/ arein Z[w/. Write e = &1 x + e where, as we showed above, e; # 0. Note
that 2w = a+a"1, and have
olx) = eay(a)feywi 125 + 0p(a)/ey wfz

= gozlallvy + o4lalvy,
where s is a non-negative integer, v7 and v, are positive factors of e4 W;ZS, no factor of v; greater than 1 divides all
coefficients of 203 (@) and no factor of v, greater than 1 divides all coefficients of o4(a). Letvy = vz, vy = hvy,
and (vs3,v4) =1 Then
(5.1) hzvgvfgk,, = 3230 +2evsvs0304 +v32042; ,
This implies that vy [V3‘2 and v |vf and hencevg =v3 = 1. Thus

hzgk’r = 520§ +280304 + Gﬁ .
Hence #2 = 1 and olx) =eaz(a)+ 04(a), which is the result we announced at the beginning of this paragraph.

Now compare
\/gr+1,r = efppgfr + 2fpp2fp + 1,

k,r = 803 +04 .

The degree of \/g,+1,, in @ is 2r and hence each of the first 2r coefficients of \/g,+1 , is divisible by 2 are (or both),
and the first 2r + 7-st coefficient is the term free of a. Now f,; , is a sum of odd powers of a and hence there is o
term free of a in 7.4 f,. This, with (4.6) shows that the 2r + 7-st coefficient of g,..1 , is an odd integer. We showed
above that the first 2r + 7 coefficients of g, , and g,+1 , are the same. Hence, by Lemma 3, the 2r + 7-st coefficient

in /g, is an odd integer. _
0On the other hand, (4.3) with d; = ¢;, d; = ¢ = e implies

O (x) = guy = 21017 + 260 ol Fofns + Ffrng) + 4T B frag + 1.
The degree of g, , in ais 2r + 2k — 2. Thus each of the first 2r + 2k — 2 coefficients is divisible by e or 2. But

r+k—1>=r+r+2—-1 =2r+1.

from (4.6), and

This is the contradiction that proves the theorem for ¢, and ¢,.. The proof for £, and ¢, is almost the same.
Now we prove our principal theorem for 2 and & linear.

Theorem 7. Leta and b be linear in Z*[x/ andab + 7 = w2, win Z+[x]. if
(5.2) ab,a+th+2w,c
is a P-set of four elements, then
(5.3) ¢ = cofab) = calh,a+b+2w).

Proof.  Since a, b, ¢ is a P-set, the corollary of Theorem 4 shows that ¢ = ¢, (a,b) for some k or ¢ = cjfab) for
somej. Nowa +b +2w=cq(ab) and if c = ¢ (a,6), Theorem 6 implies
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(5.4) ¢ =c¢plah) or ¢ = Ej(a,b) for some .

Now use the same argument with a replaced by b and b by a + b + 2w. The corollary of Theorem 4 shows that
c=cplb, a+b+2w) forsome k or ¢ = Ej(b, a +b +2w) for some /. But

(5.5) a=cqylb,a+bh+2w)

and Theorem 6 shows that

(5.6) c=cylba+b+2w) or ¢ = cplb,a+b+2w)
for some 4.

Next we prove that Z2(b, a + b +2w) = c2(a,b). Now b(a +b +2w) + 1 = (b +w)?. So, using the recursion formula
(2.8) for ¢ in place of ¢, we have

alb,a+b+2w) = [4(b+w)? — 2]a +2(a +2b +2w)
= [4(ab+b? + 26w+ 1) —2]a+2(a +b +2w) +2b
= (4ab +2)(a +b +2w) +2a + 2b
= (4w? — 2)c((ab) +2a +2b = cz(ah).

Then if ¢ # c2(a,b) we know from (5.3), (5.4), and (5.6) that Ej(a,b) =cp(b, a+b +2w) for some and k greater
than 2. But since cy, is of degree 2k — 7 and c; of degree 2j — 7, the equality implies / = k. We now reach a contradic-
tion by showing that

(5.7) cplb,a+b+2w) > tplab), if k> 2

We showed above that b(a + b +2w) + 1 = (b +w) 2, that is, b + w is the “w” for the pair b, a + b + 2w. Correspond-
ing to a for this pair is
B=b+w+Jlb+w)* -1 >a=w+ w?—-1.

Lethy = (6k - ﬁ'k)/(B- B~1) to see that hy, corresponds to 7. Thus, from (4.1) and (5.5)
cplb,a+b+2w) = hy(ahy +2hp41).

Using (3.9), the inequality (5.7) may be written

(5.8) ahi +2hphpry > (a+b—2w)ff +2fufyy.

To show that (5.8) holds, it is sufficient to show that ah,f >(a+h— 2w}f,f for k > 2. To this end we first show
that /1, /f, increases with 4. To do this use the recursion formulas for A, and £, to get

Miefp-q1 = fohi-1 > (2Whi_g = hpp_2 ) 1(20f4 g — fr_2)hp- 1
= hpqfp2 —fr-ghp-2 > hofy —hgfy = hp—13 > 0.
Hence hy,/f;, increases with & and (5.8) holds if
ah? > (a+b—2w)fZ, thatis, alb+w)? > (a+b—2ww?.

The last inequality is easy to verify. Hence the inequality (5.7) follows and the theorem is proved. The following cor-
ollary follows immediately from Thearem 2.

Corollary. Leta, b, d be a P-set of three linear elements of Z*/x/ witha < b < d. Then the only P-set contain-
inga, b, and d is

a b, d calab).

REMARK. Notice that the part of the above where we showed c2(a,6) = ¢2(b, a + b +2w) did not depend on a

and b being linear. In the course of proving this result we only assumed ab + 7 = w? and (2.8) for ¢y, and ¢
6. PSETSOVERZ

In this section we assume that a and b are positive integers, 2 <b, andab + 7 = wz, where w is a positive integer.
Also, as in Theorem 3, we assume that a2 and b are “not too far apart,” specifically, that b < 4a. We find all integers
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c such that a, b, ¢ is a P-set. Toward this end we first need to sharpen inequality (3.8) of Theorem 1.

Lemma 4. Leta, b, c satisfy Egs. (3.1) and let (3.3) define y’, and ac” + 7 = y*Z define ¢”, Then, if b <a +¢, it
follows that
(6.1) ¢’ < c/4ah.

Iz’roof. As in the proof of Theorem 1, the condition & <a + ¢ implies that y“and z” are positive. Since bc” + 7 =
2’ we have

2

ac+1 = yz = (wy’+az)? = wlac’+ab +1+a2(1 +bc’) + 2wayz’.

Hence
¢ = (WP+ab)c'+b+a+2wyz’ > 2abc’+a+b +2\/abJabc’,

since w = /ab + 1. Thus ¢ > 4abc” and the proof is complete.
The first part of the proof of the next theorem is like that of Theorem 4. After this, further details must be dealt
with.

Theorem 8. Ifa<b <4a,aand b are in Z*. and Eqgs. (3.1) hold, then ¢ = ¢, (a,b) for some k orc = cjla,b)
for some /. The set E]- is omitted if b =a + 2.

Proof. Ifc> w?, then ¢ > b — a and, by Theorem 1, a sequence of transformations (3.3) yields a ¢ < w2, [We
assume that the ¢ before ¢” in the sequence is not less than w2, 1fc <w? the argument is what follows.] 1fc”> b,
Theorem 2 shows that ¢"=a + b + 2w = ¢ (a,b) and hence ¢ = ¢y (a,b) for some . If, on the other hand, ¢’ <
b, Theorem 3 shows that ¢” < a < b. Then if b <ac”+ 1, Theorem 2 impliesb = a + ¢’ + 2w’, where w?=ac’+1.
Then, as in the proof of Theorem 3,¢"=a + b — 2w and hence ¢ = Ej(a,b} for some j, where this sequence is omitted
ifc’=0, thatis,ifb=a+2.

Itremains to consider 0 <¢”<a <band b >ac”+ 1. Then 4a > b impliesc” < 3. Writeac” + 7 = y’2 and b+ 1 =
2”2, Now we use (3.3) once for ¢’ a, b in place of a, b, c. By Lemma 4 the transformation takes b into 4 satisfying
the inequality

b’ < b/dac” < 1/¢’,

sincea < 7 +h. Hence b”=0 and, as in Theorem 2, this implies
(6.2) b=a+c’+2y’ = cqlc’, a).
Firstifc’=20r3,b >ac”+ 1impliesa +¢”+2y”>ac’+ 1. Then
2y’ > da—d, where =c¢' =1
Then
4ac’+ 1) > d%a? - 2d%a +d?,
(6.3) 0 > d%a? - 2a(d? +2d +2) +d? - 4.

If d = 2, (6.3) becomes 0 > 422 — 20a, that is, a < 5/2 which is impossible. If = 7, (6.3) becomes 0 > a® — 70a —
3 which holds if and only if 2 < 70. Then, under the conditions imposed, the only possibility isa=4, b =12, w=7.
Thena+b—-2w=2=c¢"=c4(ab)andc = Ej(a,.lz) for some /.

Second,if ¢’=7, (6.2) becomesbh =g+ 71 +2y"and 1 +ab = w? impliesw =y’ +a. Hencea +b — 2w =¢"=¢4(a,b).
Then, as in the case whend =17, ¢ = Ej(a,b) for some j. This completes the proof.

Theorem 8 implies the following theorem with only two little details to be filled in.

Theorem 9. \fa b, e=a+b+2w,dis aP-set of four distinct elements of Z* subject to the conditionsa < b
<4aandab +1= wz, then ¢ must be in each of the two following sets:

91 = {cplab) U Ej(a,b)}
3, = {culbe) v Tilbe)}.
One possibility isd = cp(a,b) = c2(be). 1fb=a+2, thend; = {cp(ab)}.

Proof. To apply Theorem 8 to this theorem we must notice that e < 4b is equivalent to 4 < (9b — a)(b — a) which
holds since b > a > 0. For the rest, one notes the Remark after the Corollary of Theroem 7.
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7. PSETS OF FIBONACCI NUMBERS

Let F; denote the i Fibonacci number. The following well known facts can easily be verified fora = F2,_7 ,
b=Fy,r>1:

) w? =ab+1 = (b—a)? thatis, a’—3ab+b? = 1.
i) Ife=Fyppthene=cqfah) = 3b—a,ae+1=(a+w)?=b% be+1=(b +w)? = (2b — 2)?, where
w=hb—-a-=Fy_g.
These two properties show that a, b, e form a P-set. From i),
(7.1) = at, where 2t = 3+./5+4/a*.

This shows that & < 3a with equality only if a = 7. Hence the hypotheses of Theorem 8 hold and all the numbers d
such that a, b, e, d form a P-set can be expressed as ¢y, (a,b) or cjfab). V. E. Hoggatt, Jr., and C. E. Bergum showed
[1] that

(7.2) Far-2, F2r, F2r42,¢ = 4F 2,1 F2,F2,41

is a P-set. It is not hard to show that ¢ in (7.2) is, in our notation, c2(a,b) for a = F5,_5 and b = F,. To thisend,
notice that, since F2,_1 F2,41 = Fgr + 1, ¢ in (7.2) can also be written

(1.3) c=4b(b2+1), where b = Fy,.

This can be shown to be c;(a,b) by using (2.8) withw=5b —a, k= 2.

Our Theorem 3 shows that there is no ¢ between F2,_5 and F2, such thatc, F2,_5, F2, is a P-set. Theorem 2 shows
that if these same three numbers form a P-set with F, <¢ < Ffr_j ,then ¢ = F2,42. The following Theorem shows
that ¢ is not a Fibonacci number.

Theorem 10. |f a = F3,_5, b = Fa,,and r > 1,then
(7.4) Fgro1 < C2(a,b) < Fg,.
Proof. From (1.3),c2(ab) = 4F§r+4F2,. Now

Fp = Q;_—%Z where B = (1+5)/2, B = (1-/5)/2.

Hence L

(7.5) F = f—’—ki(—_”zi = (1/5)[F 33, - 3(~1)*Fy] .
B-8)

Thus the two inequalities in (7.4) will follow if we can show

(7.6) Fer/Far > 8,

(7.7 Fgr/Fgr-1 > 5/4.

Toshow (7.6) use (7.5) to get Fg,/Fz, = 5F22, +3, which shows that F4,/F>, isan increasing function of 7, Then
(7.6) follows from
Fg,/Fa, = F12/F4 = 48 > 8.
Also (7.7) holds since F,/F2,_4 is an increasing function of r and
Fgr/F6r-1 = F12/F11 = 144/89 > 5/4.
Thus the proof is complete.
8. UNFINISHED BUSINESS

For b of degree greater than 2, there does not seem to be much of interest since in most cases there will be more
than two sequences of numbers which with a and 5 form a P-set. For a and b linear it would be interesting to show
that
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(8.1) a, b, clab), cslah)

is not aP-set for any r and 5. The difficulty in proving this is that, if one is to use the method of Birch, one first needs
a pair r,s for which ¢,z + 1 is a square. One might at least prove that there isat most one pair r and s such that (8.1)
is a P-set.

For a and b quadratic functions of x, the basic difficulty is that g , could be a square in Z/x/ without being a
square over Z/a,b/. Even if that were surmounted, adapting Theorem 6 to quadratics would present some difficulties..

For a and b integers, this paper does not add much to present knowledge except to place the probiem in a larger
setting. The Davenport-Baker result shows that in Theroem 9 when a = 7, b = 3, the intersection of JI and Jz is
c2(1,3) = 120. A really significant result would be a proof that this is true for 4 and b any two successive Fibonacci
numbers of even index. To show this independently from their result would present all the difficulties they encoun-
tered for their special case. At one time | hoped that one might by using the sequence of transformations (3.3) and a
proof of “infinite descent” reduce the general result to that of the paira = 7, b = 3, but it does not seem to work.

A somewhat weaker result would be the conjecture that if a, &, ¢ are three successive even-indexed Fibonacci num-
bers and if a, b, ¢, d is a P-set of four numbers, then d cannot be a Fibonacci number. From Theorem 10, c,(a,b) is
not a Fibonacci number. Unfortunately, for ¢z (a,6) with k > 2 there does not seem to be such a definite inequality
as (7.4). One possible approach could be to consider the set of Fibonacci numbers as dividing the line of positive
reals into intervals. Perhaps one could, using Theorem 9, assume, for example, that c,(a,b) and c,(b,e) were in the
same interval and thus get a relationship between r and s which might be fruitful. But this seems like a long hard row
to hoe. Also it would be interesting to show that a, b, ¢ as defined above are not in a P-set of five elements. All of
these results seem very plausible.
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B. We can easily obtain
2p\ , = _ 2p — 2 2py\ _ 3
(p)p 220 - 1) (p# ] ) and from Part A, (p) =2 (modp~).

Thus2p =2(2p — 1) (2;_—12) (mod p3). Since (2, p3) =(2p-1, p3) =1,2, and Zp — 1 we have the multiplicative

inverses (mod p2) and we get p/(2p — 1) = (215:12) (mod p?). Now (2p — 71)-1=—1-2p - 4p2 (mod p3). Hence

p/(2p 1) = p(~1—2p — 4p?) (mod p°) = —p — 2p? (mod p”).
The result then follows.
AN ADJUSTED PASCAL
H-213 Prapased by V. E. Hoggatt, Jr., San Jose State University, San Jose, California.
A. Let A,, be the left adjusted Pascal triangle, with n rows and columns and 0’s above the main daigonal. Thus

Find AW'Athere AI represents the transpose of matrix, A,; .
B. Let
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