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H-285 proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, CA.

Consider two sequences {H"}n . and {Gn}°° . such that
= n=

() (H,, Hyyy) = 1,

(b) (Gns Gn+1) = l’

(¢) Hpyypp =Hppy +H, (n>1), and

(d) H,,, +H, , =sG (n2>1),
where s is independent of n.

Show ¢ = 1 or s = 5.
H-286 Proposed by P. Bruckman, Concord, CA.
Prove the following congruences:
(1) F_, =5" (mod 5"*3y;
2) F =1L (mod 5%"*Y), w=0,1, 2, ....

57 5n+1

1

H-287 Proposed by A. Mullin, Ft. Hood, Texas.

Suppose g(¢) 1is any strictly-positive, real-valued arithmetic function
satisfying the functional equation:

(gn+ 1)/ (n+ 1) +n=(m+ Lgn)/gn + 1)

for every integer n exceeding some prescribed positive integer m. Then g(n)
is necessarily asymptotic to T(n), the number of prime numbers not exceeding
n; i.e., gn) ~m(@n).

H-288 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA.
Establish the identities:

k+1L3

2 2 -
(a) FyLiserss ~ Froorenlisorsr = (-1) 2r+1Fzr+1Lk+ur+2-

2 2 _ k4173
(b) FkLk+6r - Fk+8rLk+2r = (-1 Lszerk+ur'
H-289 pProposed by L. Carlitz, Duke University, Durham, N.C.

‘Put the multinomial coefficient

(my + my + +-+ + m)!

Myy Myy weuy my) =
12 72 k mytmyl .. my!t

L77
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Show that

(%) Z (r, s, tO)(m - 2r, n - 28, p - 2t)

r+s+t=2A

= DL (RN, Gk, W m-G -k, n-k-i,p-i-d)(mtntp22}).

T+g+k+u=2r

SOLUTIONS

A PAIR OF SUM SEQUENCES
H-269 Proposed by G. Berzsenyi, Lamar University, Beaumont, Texas.

The sequences {a”}:=1 and {bn }:=o’ defined by

[n/3] o [n/2] o
a, = ;—:; (n—k ) and b,, = ; [n;k :l;

g

n-k
bonsr = Z [2k+1]’

are obtained as diagonal sums from Pascal's triangle and from a similar tri-
angular array of numbers formed by the coefficients of powers of x in the ex-
pansion of (x® + x + 1)", respectively.

<More precisely, [Z] is the coefficient of xk in (x? + x + l)n.>

Verify that a, = b,_; + b, for each n = 1, 2,
Solution by A. Shannon, School of Math Sciences, New South Wales Institute of
Technology, Broadway, Australia.

It follows from Equation (4.1) of Shannon [2] with P = R =1, § = 0, that

=a + a

n+1 n+3°

A Pascal triangle for [Z] can be set up as follows,

" kK|l O 1 2 3 4 5 6 7 8 9 10
0 1
1 1 1 1
2 1 2 3 2 1
3 1 3 6 7 6 3 1
it 1 4 110 16 19 16 10 4 1
5 1 5 |15 |30 |45 |51 45 |30 15 5 1

and it can be observed, and readily proved by induction that,

[R]= [et) = i)+ i)
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By an extension of the methods of Carlitz [1] we can establish with somewhat
tedious detail that

bn = bn-—z + bn—a + bnwh'
Then, again with inductive methods, we get

an=an—1+an—3=bn-1+bn-2+bn—3+bn-u=b +bn’

n-1
as required.
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Also solved by P. Bruckman and the proposer.

IT'S A SINH
(Corrected)

H-270 Proposed by L. Carlitz, Duke University, Durham, N.C.

Sum the series

- maybzc .
5= :EZ Gb+e-i(ec+a-bia+b -o)!

a,b,c
where the summation is over all nomnegative @, b, ¢ such that
alb+ec, bLa+c, c<a+hb.
Solution by P. Bruckman, Concord, CA.

letr=b+c-a, s=a+c-b, and t=a+ b - c. Then, » + s = 2¢,
s+ t=2a, r+ t=2b; this implies that », &, and ¢ are either all even or
all odd. Hence,

LT (s+t) L(t+r) J(r+s)

1 5= Z xr»! ys! Zt!

B ms+t t+r Z1ﬂ+s
@ 5= 2 T (28)1 (o1’
r,e,t20
(3) S _ Z xs+t+1 yt+1‘+l ZI‘+3+1
2T s Qrr D! (2s+ DY @EF D!

But S5, and 52 are readily evaluated, namely:

r 2s 2
S1= 3 VyR) > (fmz)®e (Vay)*

) Mm@yl o1 - cosh Vyz * cosh Vxz * cosh Vxy,
0 ) : :

r,s,t2



L 8o ADVANCED PROBLEMS AND SOLUTIONS Oct. 1978

and
- Vyp)* 't (ap)*t ettt .o .
S, = ,.}E;>0(2r YT (s + DT (22 + DT - sinh Vyz * sinh vz * sinh Viy.
'8' =
Therefore,

(4) 8 = cosh vxy * cosh vyz * cosh vYzx + sinh vy * sinh Vyz * sinh vzzx.
Also solved by W. Brady and the proposer.

H-271 (corrected)
Proposed by R. Whitney, Lock Haven State College, Lock Haven, PA.
Define the binary dual, D, as follows:

D= {tlt =TT + 20);5 a; € {0, l}; nzo}-

=0

Let D denote the complement of D with respect to the set of positive in-
tegers. Form a sequence, {S,t,=;, by arranging D in increasing order. Find
a formula for S,.

(Note: The elements of D result from interchanging + and x in a binary
number.)

W



