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If o(n) denotés the sum of the positive divisors of a natural number 7,
and o(n) = 2n, then n is said to be perfect. Elementary textbooks give a
necessary and sufficient condition for an even number to be perfect, and to
date 24 such numbers, 6, 28, 496, ., have been found. (The 24th is

219936(219937 _ 1)’

discovered by Bryant Tuckerman in 1971 and reported in the Guiness Book of
Records [3]. The three preceding ones were given by Gillies [2].)

It is not known whether there are any odd perfect numbers, though many
necessary conditions for their existence have been established. The most in-
teresting of recent conditions are that such a number must have at least
eight distinct prime factors (Hagis [4]) and must exceed 1002°% (Buxton and
Elmore [11).

Suppose p, , ..., p, are the distinct prime factors of an odd perfect num-
ber. 1In this note we will give a new and simple proof that
t
(1 Zi< log 2,
=151

a result due to Suryanarayana [5], who also gave upper and lower bounds for
t

EZ;L
i=1Ps
when either or both of 3 and 5 are included in{p , ...,p,} -
Most of these bounds were improved in a subsequent paper with Hagis [6],
but no improvement was given for the upper bound in the case when both 3 and

5 are factors. We will prove here that in that case
t

S L < 67363,
is1iF;
the upper bound in [5] being .673770. We will also give a further improvement
in the upper bound when 5 is a factor and 3 is not; namely,
t
Z—l—< 677637,
i1t
the upper bound in [6] being .678036. (These are six-decimal-place approxi-
mations to the bounds obtained.)
We assume henceforth that m is an odd perfect number.
An old result, due to Euler, states that we may write

t
= Qg
n —'I Ipil,
=1

where p,, ..., p, are distinct primes and p;, = oy =1 (mod 4) for just one k
in {1, ...,t} and oy = 0 (mod 2) when < # k. We will assume further that
< ... <p, and later will commonly write O(,) for a; when p, = r. The

1
subscript k will always have the significance just given and II' and X’ will
denote that 7 = k is to be excluded from the product or sum.
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We will need the well-known result
(2) Lo, + Dn
2 Py ’
which is easily proved (see [6]). It follows that
1
(3) p]_ iz(pk + l)-

We also use the inequality

(4) 1+x+ 22> exp(x + %x2>, 0 <«x g-%.
To prove this, note that
2 2\2
exp<x+%x2>—(1+x+x2)=l+x+%+§l'—(x+%—>+ -1+ x+ x2?)
_ Ll 2 a2t _L( x_>
=8 r gyt tar\s ) ,
so we wish to prove that
r , X 1 2\® 1 z%\* 1 1
Now,
2
T, x 1 1
v32572 " 288 <9
and

1 {13\ 36
518(12) 73 < -12-

Hence (4) is true. Other and better inequalities of this type can be estab-
lished but the above is sufficient for our present purposes.
Now we prove (1). Since n is perfect,

t
m = o) = I ‘(l+pl, +pi2 +oeee + 0
i=1

2
£ 1 1 1
2 = |'<l+*~+~—2 +---+*—uf>

i=1 boopl p;’

By Euler's result, o, > 1 and a; > 2 (¢ # k), so

t t
1 Y 1 1 1 4 1 1
2_>_<1+——>| |<1+—+—~>> <1+w>| |exp<——+—>,
P/i-1 p; Pf B)i-a Pi 4P?

7
by (4). Hence,

tos
log 2 > log<l + —l->+ E <L + %)
b/ i \Pr 4p;

SO
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Py zpk 7 i=1P;

t t
1 1 1 1
>S5 Ly 1 1 .1
Z:lpv: (, + D?*  2p} ; p;

using (3).
We end with the

Theohem: (i) 1If 15|n, then

t

1 1,11, 1 2950753
I R T 2229/53
;;1;9. 375t 13t er 108 2815301 — @ sav-

T
(i) If 5|n and 3fn, then

t
111, 1 293105 _
Z-:lpi <5 *ar vt 108 To0ger - P20 sav-

Proof: The proofs consist of considering a number of cases which are
mutually exclusive and exhaustive.

(i) We are given that p, = 3 and p, = 5. Suppose first that a; = 2 and
a, = 1 (so that we are assuming, until the last paragraph of this proof, that
k = 2). Since 0(3%) = 13, we have 13!n.

Suppose 0, (13) = 2, so that, since o(13%) = 183 = 3 +61, 6l|n. Since also
o(5) = 6 = 2 3, we cannot have 0 (g3) = 2, for 0(61%) = 3783 = 3 +13 =97 and
we would have 33|n (i.e., 0; > 2). Hence, G(gy) > 4. Then, using a simple
consequence of (4),

t
1—T 1 1 1
2 = (l+p—+7+"'+ O‘-;)

;P p;

P;#13,61

so, taking logarithms and rearranging,

t
1 13 6 183 14076605
>, = <log 2 - log 5 - log 3 - log Tg5 - 108 T3gz5841

i=1 17

If O(y3y > 4, then we similarly obtain
t

1 1 1 1
>, = <log 2 - 1og<1 +—+—2) - log(l +—>

i=lpi 3 3 5

1 1 1 1 1 1 1

- e e e i S =+ =+ — < q.

log(l + 13 + + + ) + 3 + 5 + a

t
1 1
— < log 2 - lo <} + =+

E g g 3 3

=157

1

Suppose now that a; > 4 and o, = 1. Then,
1
2
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Next, suppose that &, > 5. Then,
t
Zi-<1og2—log<l+l+i2>
i b 3

1 1 1 1 1 1
52+53+54+¥>+3+5<a.

w|

+

|

- log (l +

Finally, suppose k > 2, so o, > 2. Since 0y > 1, we obtain, proceeding as
above,

t
1 1 1 1 1 71
> — = = —_ -
log 2 log<l+ k>+log<l+3+3 )-f—log(l 5+ 2>+ E

5 i3 Pu
E: 3 31 1 1 1
— + lOg — + lOg - 5 T T T TT5 .
25 7 3 5 2
Zpk

But p, > 13 (though we can easily demonstrate that in fact P, = 17), so,
+ .

Z—l—<log2-—logL;-—log——+—-+—+—<a.
i=1 514

This completes the proof of (i).

(ii) We are given that p, = 5. The details in the following are similar
to those above. Suppose, until the last paragraph of this proof, that o, = 2.
Since o(52%) = 31, we have 3l|n. Now, 0(31%) = 993 = 3 « 331 and 3){7’1, so we
must have o (31) > 4. It follows from (2) and from the fact that 3/n, that
if p, <73, then p, must be either 13, 37, or 61 (so we cannot have a, = 1).
Suppose first that p, = 61. Then a(g;y > 1 and

t
Zi<log2—log<l+% -—2>—log<l+3il+%+%+—lq—>
b 5 317 317 31
1 1 1 1 _
—10g<l+ﬁ>+§+31+—6—l——b.

If Py, = 13, then, by (2), p, = 7. 0(7%) = 57 = 3+19, so a, > 4, since 3*71.
Also, Q(y3) > 1, so

t
1 1 1 1 1 1 1
— < log 2 - lo (l+—+—>—lo <1+_+_+__+_>
;g;pi & 8 5 52 & 7072 7% 7t
1 1 1 1 1
- log(l 13) log(l + 31+ ) + g + 31">
1 1 1 1

+§+7+'i—3—+—§'f<b.

If p, = 37, then, by (2), l9|7’z. 0(19%) = 381 = 3 +127, so O(19) 2 4. Since
o > 1,

t
1 1 1 1 1 1 1
Zpi < log 2 —log<l+g+52>—log<l+19 + + >

= 19%  19®  19%
1 1 1 1
—log<l+-—+—+——-+————>
31 312 31 3t

1 1 1 1 1
—log<l+37>+-§+19+ﬁ+37<b.
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If Py > 73, then, as in the last paragraph of the proof of (i), we have
t
1 1 1 1 1 1 1
—<1og2—1og(l+-+—>—1o (1+—+‘+—+——>
;g% p; 5 52 8 31 ° 312 7 31% 31t
+£+.~]‘_+‘_l_<b.

5 31 2 . 732

Finally, suppose 0; > 4. Then Py > 13 and, as in the preceding paragraph,
t

1 1 1 1 1) 1 1
— < log 2 - lo Q_+-—<+———+-——4-—f + -+ ———— < b.
;g; Py © s 5 5% 5% 5% 5 2. 132

This completes the proof of (ii).

|

I am grateful to Professor H. Halberstam for suggesting a simplification
of this work through more explicit use of the inequality (4).
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A SIMPLE CONTINUED FRACTION REPRESENTS
A MEDIANT NEST OF INTERVALS

IRVING ADLER
North Bennington, VT 05257

1. While working on some mathematical aspects of the botanical problem
of phyllotaxis, I came upon a property of simple continued fractions that is
simple, pretty, useful, and easy to prove, but seems to have been overlooked
in the literature. I present it here in the hope that it will be of interest
to people who have occasion to teach continued fractions. The property is
stated below as a theorem after some necessary terms are defined.

2. Teuminology: TFor any positive integer n, let #n/0 represent ®. Let
us designate as a '"fraction'" any positive rational number, or 0, or e, in the
form a/b, where ¢ and b are nonnegative integers, and either g or b is not
zero. We say the fraction is in lowest terms if (a, b) = 1. Thus, 0 in low-
est terms is 0/1, and « in lowest terms is 1/0.

If inequality of fractions is defined in the usual way, that is

alb < e/d if ad < be,

it follows that x < « for x = 0 or any positive rational number.



