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Evidently, if pfh, then

(4.1) (pz;h> = 0 (mod pz);
otherwise,

(4.2) (p*;m)/p = (*l)h_lp/h (mod p).
We have, of course,

(4.3) (p%0) = 1= (p%p?.

As an application of the lemma, we have, for example:
(i) when 1 <m < &4,
(4.4) S(p?,m) = Y. (p%m + 55) (mod p?).
Jj20

On the right of the sigma in (4.4), we need consider only those nonnegative
values of J for which

m+ 55 <p?2and m+ 55 = 0 (mod p);

(ii) when m = 0, we have,

(4.5) 52,00 - 1 =Y (p*;55) (mod p?),
so that §21
(4.6) S0 -1 .

p
where 1 < j§ < p/5. Thus

> 1PTM/55 (mod p),
J

F -1

121 11,1 1_4_ -5 =
11 =3 0 + 4 g = 9 10 + 3 5 = 8 (mod 11).
Therefore,
Fio; =89 (mod 121).
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Operational formulas can play a fascinating role in finding transforma-
tions and sums of series. For instance, by using the differential operator
D (=d/dx) we can transform

(1) Zxk=lfx, lz| <1,
k=0
into il 1
S ket o —L ] <1

k=1 (1 -x)?’
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The operator O = xD is even more interesting. It has the basic property that
6Pz* = kPx¥, so that (1) can be transformed into

©

2) Zk%hep{lfx},

and since ithZn also be shown (and is well known) that
(3) 0°f(x) = f S(p, kK)x*D*f(x),
where S(p, k) are Stii?}ng numbers of the second kind, explicitly
(%) k1S(p, k) = Af0P = Xk: (-1)k-7 (k->jp,
i=o J

then series (2) can be found in closed form for it is trivial to find the
higher derivatives needed in (3). The result is a very old and well-known
formula. In [7] is given an extension of (3) applied to generalized Hermite
polynomials. There are numerous similar generalized expansions involving the
D operator. Here we propose to examine some rather unusual variations that
are not too well known, and which have applications to Fibonacci numbers
among other things.

We shall need several other well-known operational formulas whose proofs
involve some calculus and/or mathematical indhction, and we tabulate these
below:

(5) 6 = D,, where © = e?,
(6) 6" = D},

D
(7) x"D} = n!(7f),

where the binomial coefficient is defined as usual by <x> = x(x - 1)
(x - n + 1)/n!, with (g) = 1.

(8) el =1+ A =E,

where

Af(x) = f(x + 1) - f(x) and Ef(x) = f(x + 1).

More generally

9 e’ = f(x +¢) = Ef(x).
The g-operator
(10) Flgx) = @f(x), where @ = g°.

This was used, e.g., in [10], and is very convenient when working with basic
hypergeometric series.

In the references at the end are several papers, viz. [1], [2], [4], [51,
from the older literature where properties of a great number of familiar and
unfamiliar operators were developed. The master calculator was almost cer-
tainly George Boole. The English literature for the period from about 1830
to 1890 is especially rich in papers on unusual operators.

In [1], Boole gave the pair of very remarkable operational expansions

(11) flz + 0" 0))u) = e? P r@)e Py,
and

(12) F(O+ 8" @))u@) = e ) Fe? (Fu(x),
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which hold for arbitrary functions f, @, and u. The formulas are certainly
true for polynomials, and in order to avoid matters of convergence of any
series we shall explain that we interpret these as statements about formal

power series. In that context there is no difficulty and we use formal power
series definitions of all operators. Thus,
should like to define el by

(13) ok =k_zo %Lk.

Boole's formulas (11)-(12) have a bearing on expansions in [7]. They are
representative of some of the most unusual operational formulas.

But stranger still, we shall comsider the operator L”, which we define as
follows:

(14) Lof(x)

if L is a linear operator, we

(@ -1+ 1@ - 3 (5 a - vre

n=0

i > onr? 2(—1)”'R<Z>ka'(x)

n=0g4=0

@ n

IPIDNCIIAEEAION

n=045=0 k=0

where C; are Stirling numbers of the first kind, i.e., coefficients in the
expansion of a binomial coefficient:

n
X _ n_j
(15) (n> = 2 ol
Jj=0
In the familiar notation of Riordan, n!C; =sMn, J).

For a particular choice of L we may be able to give a more compact defi-
nition. Thus, with f = f(x),

(16) p’r =4 - 1 +1}Df=i<fl>(D— D F
n=0

©

n
i—!pg(px - 1)*f, by (7), with z = e¥,

n=0
gt K(n %
- ”
DI DN <k>Lszf(x).
n=0 k=0
For an example of this expansion, let f(x) = ¢%®. Then

Dglcceam - akeaac - akza,

whence

pPlgaz = i;oi_?;(—l)n_k<z>D:(akza)
z—zu)(k)()
Za;<i>§(_l)n—k<z>ak
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a
= z“§: (n>(a - 1" = 3% % = g%%%,
n=0
so that we have the attractive formula
(17) pPpoax — q%ea®

It is instructive to compare this with BPrk = kgrk, and to recall a little
terminology from vector analysis. A characteristic vector for a linear trans-
formation L is a non-zero vector f such that Lf = ¢f for some scalar c¢. With
each operator we like to find a natural function or characteristic function.
For the operator 0 it is xk, for D'™it is e%%, etc.

Formula (17) allows us to write down symbolic sums for various peculiar
series. Thus

n-1 n-1 n-1 tn ne _ 1
(18) D kkekatk = 3" gkpPks = pP N (pemyk = DD{————~8 }

k=0 k=0 k=0 te® - 1
In particular,

= 1
(19) Kk ek = DD{ __}
Eé% 1 - te®

All that would be necessary to sum (19) would be to find a different method
of attaching a meaning to the right-hand member.
For a Fibonacci-Lucas application, recall the general Lucas function

Ly, = Lu(a, b) = a™ + b".

x=0

Then N
- n

(20) > kkekoLy = DD{apnem -1 b - l}
k=0 -1

aPe®” - 1 pPe®

and for the generalized Fibonacci function

Fn = Fn(aa b) = (aﬂ - bn)/(a - b),
then

n-1
pn,nx _ pn nx _
(21) (a - b)z kkekprk - DD{Q e 1 _b'e 1}
k=0 1

aPe® - 1 bPe* -

Following the methods outlined in [3], [6], [8], [9], or [11l], we could set
down complicated symbolic formulas for the general series

n-1
k kx, k s
(22) k}:ok e ukFL LS,

but we shall not take the space to exhibit the result.
For another application, let us rewrite (17) as a% = e “D%%", so that we

have an obvious application in the two forms
Ln - L F, -
(23) Lyt = e ®pP™ ", F," = e "pPe™T

which allow us to introduce Fibonacci powers of Fibonacci (and Lucas powers
of Lucas) numbers into known series. In particular,

(24) DL = emFpP Y tretet,
n=0 n=0

and a similar formula with F in place of L.
In principle then we could sum such series if we could sum the series

(25) S(t, w) = ) thub,
n=0
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and
(26) T(t, w) = . b
n=0
These are offered as research projects; the author would be interested in

hearing of any success by others. E;SIM=1 and DuT|u=1 are known.
The operator 6° may be considered finally. We find

= {6 -D+1 F=2 (7)6 -1
n=0

o

"X"n n n

n=0

=2 P v ()

so we have - n
27) 8°f (@) = n=oﬁ—!pg‘;)(-1)”'k(z>ekf(x).

Let f(x) = 2P, then

o

® n n SN,
ot « S S ([ - 5 2 - (o
n=0""" k=0 :

n=0
or therefore, another formula analogous to (17),

(28) 0% = pPx?,

As an application we can get a different version of formula (19) as

AT IR SR S
(29) ;g% k“x 9 ;g%x 6 {l = x}'

We wish to remark that even stranger formulas have been published. Cay-
ley [4], [5] expressed the Lagrange series inversion formula in the most
curious operational form

(30) Flx) = (Du)hDh_l{F’(u)ehf(u)},

where = u + Af(x) and F(x) is an arbitrary function. By differentiation,
he expressed the second form of this expansion as

F(x)
1 - hf'(x)

Cayley says these are well known, and goes on to write similar formulas for
functions of several variables.
Bronwin [2] writes

(32) fla + x) = DHFf(a)e*)

as a symbolic form of Taylor's expansion. This is, of course, a special case
of the Lagrange expansion.

In conclusion, we wish to emphasize that the formulas presented here are
offered more for further research than as final answers to any of the questions

(31) = ()" {Faerito)
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raised. It certainly is possible to introduce unusual terms into generating
functions by the use of unusual operators.
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