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Evidently, if pj[h9 then 

(4.1) (p2;h) E 0 (mod p2) ; 

otherwise, 

(4.2) (p2;h)/p 5 (-D^p/fc (mod p). 

We have, of course, 

(4.3) (p2;0) = 1 - (p2;p2). 

As an application of the lemma, we have, for example: 

(i) when 1 £_ m j£ 4, 

(4.4) S(p\m) = Y, (P2;^ + 5j) (mod p2). 
j'>.o 

On the right of the sigma in (4.4), we need consider only those nonnegative 
values of j for which 

m + 5j <_ p2 and 77? + 5j E 0 (mod p) ; 

( i i ) when 77? = 0, we have , 

(4 .5 ) S(p2,0) - 1 = £ ( p 2 ; 5 j ) (mod p 2 ) , 

so t h a t J ~ 1 

( 4 . 6 ) * ( p 2 , 0 ) - X E ^ ( - l ^ - V S j (mod p ) , 
J 

where 1 <_ j < p / 5 . Thus 

^121 ~ 1 1 1 1 1 
11 ^ - ^ + t - i E 9 - 1 0 + 3 - 5 - 8 (mod 1 1 ) . 

T h e r e f o r e , 
Fl21 E 89 (mod 121) . 
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Operational formulas can play a fascinating role in finding transforma-
tions and sums of series. For instance, by using the differential operator 
D (=d/dx) we can transform 

(1) 

i n t o 

2 , * * -•• 
k = 0 

YJkxk~1 
£ri (1 - x)2 
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The operator 0 = xD is even more interesting. It has the basic property that 
0pxk = kvxk, so that (1) can be transformed into 

<2> S*v-6'{5-M-
and since it can also be shown (and is well known) that 

P 
(3) epf(x) = £ Sip, k)xkDkf(x), 

k = 0 

where Sip, k) are Stirling numbers of the second kind, explicitly 

(4) k\S(p, k) = A*0* = £ (-D""J'(5)jp5 
j-o X J / 

then series (2) can be found in closed form for it is trivial to find the 
higher derivatives needed in (3). The result is a very old and well-known 
formula. In [7] is given an extension of (3) applied to generalized Hermite 
polynomials. There are numerous similar generalized expansions involving the 
D operator. Here we propose to examine some rather unusual variations that 
are not too well known, and which have applications to Fibonacci numbers 
among other things. 

We shall need several, other well-known operational formulas whose proofs 
involve some calculus and/or mathematical induction, and we tabulate these 
below: 
(5) 9 = Dz, where x = ez

 9 

(6) e" = D?, 
(7) x»D£-nl(Dz), 
where the binomial coefficient is defined as usual by ( J = x(x - 1) ... 
(x - n + l)/n!, with (g) = 1. V ' 

(8) eD = 1 + A = E, 

where 
A/(a:) = fix + 1) - f{x) and Ef(x) = f(x + 1) . 

More generally 

(9) etD* = f(x + t) = Efix). 
x ,h 

The ^-operator 

(10) fiqx) = Qf(x), where Q = q* . 
This was used, e.g., in [10], and is very convenient when working with basic 
hypergeometric series. 

In the references at the end are several papers, viz. [1], [2], [4], [5], 
from the older literature where properties of a great number of familiar and 
unfamiliar operators were developed. The master calculator was almost cer-
tainly George Boole. The English literature for the period from about 1830 
to 1890 is especially rich in papers on unusual operators. 

In [1], Boole gave the pair of very remarkable operational expansions 

(11) f(x + 0riD))uix) = e^D)fix)e-*{D)uix), 

and 

(12) f(D + 0rix))uix) = e-4(x)f(D)e0(xy>uix), 
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which hold for arbitrary functions /, 0, and u. The formulas are certainly-
true for polynomials, and in order to avoid matters of convergence of any 
series we shall explain that we interpret these as statements about formal 
power series. In that context there is no difficulty and we use formal power 
series definitions of all operators. Thus, if L is a linear operator, we 
should like to define eL by 

(13) *L-t,WLK 

k = o ' 
Boole's formulas (11)-(12) have a bearing on expansions in [7]. They are 

representative of some of the most unusual operational formulas. 
But stranger still, we shall consider the operator LL, which we define as 

follows: 

(14) LLf(x) = {(L - 1) + l}Lf(x) = E(^)(£ - D"fW 
n = 0 

= ZE^E(-i)«-k(^k/(x) 
n = 0 j = 0 k = 0 

where Cj are Stirling numbers of the first kind, i.e., coefficients in the 
expansion of a binomial coefficient: 

j =0 

In the familiar notation of Riordan, nlCj = s (n, j). 
For a particular choice of L we may be able to give a more compact defi-

nition. Thus, with / = f(x), 

(16) DDf={(D-l)+l}Df=Y,(D
n)(D-l)nf 

n = 0 

= Z fr^Ac - 1)"/, by (7), with z = e*, 

= ESt(-D"-k(?)o^). 
n = 0 ' k = 0 x 

For an example of this expansion, let f(x) = eax. Then 

whence 

n = 0 " k = 0 

n = 0 k=0 

k = 0 
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= zaJ2{n)(a " 1)n = zCCaa = aae<ZX> 
n = 0 

so that we have the attractive formula 
(17) DDeax = aaeax, 
It is instructive to compare this with Qpx = kpx , and to recall a little 
terminology from vector analysis. A characteristic vector for a linear trans-
formation L is a non-zero vector / such that Lf - of for some scalar c. With 
each operator we like to find a natural function or characteristic function. 
For the operator 0 it is xk

9 for D'^it is eax, etc. 
Formula (17) allows us to write down symbolic sums for various peculiar 

series. Thus 
n - l n - l n - l 

(18) " Y,kkek*tk = ^tkDDekx = DD ^(te*)k = DD {*"*"* " H . 
In particular, 

(19) y>*** = W — ^ — \\ 

All that would be necessary to sum (19) would be to find a different method 
of attaching a meaning to the right-hand member. 

For a Fibonacci-Lucas application, recall the general Lucas function 

Ln = Ln(a, b) = an + bn. 
Then 

(20) £>*«*%* = W g
p « » , + V» V 

fc=o * ap£ - 1 bpex - 1 
and for the generalized Fibonacci function 

Fn = Fn(a, b) = (an - bn) / (a - b), 
then 

•aP"gn* _ x 2)Pn5n X - 1 
(21) (a - b)^kkek*Fpk = W -

apex - 1 bpex 

Following the methods outlined in [3], [6], [8], [9], or [11], we could set 
down complicated symbolic formulas for the general series 

(22) J2kkek*u%lL°k, 
k = 0 

but we shall not take the space to exhibit the result. 
For another application, let us rewrite (17) as aa = e~xDDeax, so that we 

have an obvious application in the two forms 

(23) LL
n
n = e-xDDeLnX , F*" = e-xDDeF"x , 

which allow us to introduce Fibonacci powers of Fibonacci (and Lucas powers 
of Lucas) numbers into known series. In particular, 

(24) !>*£"" = e-'DD^ttneL-x, 
rc = 0 n • 0 

and a similar formula with F in place of L . 
In principle then we could sum such series if we could sum the series 

(25) S(t, u) = £] tnuLn , 
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and 

(26) T(t9 u) = ]T tnuFn . 
n = 0 

These a r e o f f e r e d as r e s e a r c h p r o j e c t s ; t he au tho r would be i n t e r e s t e d i n 
h e a r i n g of any succes s by o t h e r s . DUS\U=1 and DUT\U=1 a r e known. 

The o p e r a t o r 0e may be cons ide red f i n a l l y . We f ind 

' / = {(e - i) + i} f l /= E (®)(e - iff 
n = 0 

= E f r W " DV, by (7), 
n = 0 " 

- t f i * - £ ( - i ) B ~ * ( * ) e ^ n = 0 * k=0 

so we have 
(27) B°f(x) =Y,^D^(-l)n-k(n)&Kf(x). 

n = 0 " k = 0 x ^ ' 
Let / ( x ) = x p , then 

) e x p 

= xPE(n)(P " 1)K = PPx?' 
or therefore, another formula analogous to (17), 

(28) QBxp = ppxp. 

As an application we can get a different version of formula (19) as 

(29) £**** = eeJ>* = e9!^}. 
We wish to remark that even stranger formulas have been published. Cay-

ley [4], [5] expressed the Lagrange series inversion formula in the most 
curious operational form 

(30) F(x) = (DJ^'^F'^e^^)}, 
where x = u 4- hf(x) and F(x) is an arbitrary function. By differentiation, 
he expressed the second form of this expansion as 

Cayley says these are well known, and goes on to write similar formulas for 
functions of several variables. 

Bronwin [2] writes 

(32) f(a + x) = D!{f(a)ex) 

as a symbolic form of Taylor's expansion. This is, of course, a special case 
of the Lagrange expansion. 

In conclusion, we wish to emphasize that the formulas presented here are 
offered more for further research than as final answers to any of the questions 
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raised. It certainly is possible to introduce unusual terms into generating 
functions by the use of unusual operators. 
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