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1. INTRODUCTION

Let n be a fixed but arbitrary nonnegative integer. It is known (see [1],

for example) that n may be uniquely represented in the form #n = dll!-FdZZ! +

- + dik!, 0 < d; < J. Suppose that f(d, j) is a nonnegative integer-valued
function of § for each "digit" d, 0 <d <4, =1, 2, ..., and define

S(n)

k
S s, ),
i=1

n+ Sn),

T(n)

Qk, r) ={T) |k < x < r},

Dk, r) = |9k, »)]

f(r) = @0, »)

D(r)

D(0, »)
R = {x|x = T(n) for some n}, and
C={x|z # T(n) for any n}.

Our objective here is to prove some results concerning the asymptotic
density of the sets R and (C analogous to those which we proved when we con-
sidered the representation of # as an integer in base b (see [2] and [3]).

2. EXISTENCE AND COMPUTABILITY OF THE DENSITY

Theorem 2.1: Let f(d, J), 0 < d < § be as described above. If

(a) f(0, §)=0,4=1, 2,
(b) £, J) = o(J!) uniformly in j, i.e.,
sup {f(d, §), 0<d<J}=o0(h)
then the density of R exists.
Proof: We first show that
(2.2) D(dk!, dk! + ») = D(r), 0 <» < k! - 1.

To prove 2.2, let us suppose that

8
1]

k-1 k-1
dkt + 9 d;t and y = dki + ) dljt.
Jj=1

=1

Clearly, T(x) = T(y) if and only if
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Suppose that dy_,=d;_,=++"=d;_, =0 (or that dj_,=d; ,=---=d}_,= 0).
Since f(0, J) = 0, it must be the case that

k+t-1 k-1 k-1
T< 3 djj!> - T(Zdﬂ'!) . T(Zdjj!) )
i=0 j=0 j=0

We have therefore exhibited a one-one correspondence between the elements of
Q(dk', dk! + ») and Q(r), 0 < r < k! - 1, and hence 2.2 follows. In particu-
lar, if » = k! - 1, we obtain

(2.3) p(dk!, (d + 1)k! - 1) = D(k! - 1).
Our next result will enable us to find a relationship between

k+1

D((k + 1)t = 1) and . D(dk! - 1).
d=0

Lemma 2.4: There exists an integer Kk, such that for all k > k, the sets
Q(0, k! -1), QCk!, 2k! -1), ..., Q(kk!, (k + 1)! - 1) are pairwise disjoint,
except possibly for adjacent pairs.

Proof: The maximum value in Q(dk!, (d + 1)k! - 1) is at most (d + 1)k! -
1 + KMy, where M= max {f(d, j), 1 < j < k}, and the minimum value in Q((d +
2)k!, (d+ 3)k! - 1) is at least (d + 2)k!. By assumption (b), there exists
k¢ such that f(d, §) < j!/2, for all J > k§, and there exists k, > k{ such
that f(d, §) < gt/2 = kfMy;, for all j > ko, where M, = max {fdd, g)]l <J<
k{}. Therefore, if k > ko, we have

k
> fld;, §) = Zf(dJ, J) + Z fd;, 4) + Z Fdj, 3) < ki,
ji=1

J=kj+1 J=ky+1
’< k
+ 20 G2 - ki (e - Ky) < Y G2 < KL
J= k’+l j=kh+1

In particular, kM, < k! if k > k;. Hence, we certainly have (d + 1)k! - 1 +
kM, < (d + 2)k! if k > k,, so the result is proved.

Now let Mg, = |Q(dk!, (d + L)k! - 1) NQ((d + k!, (d+ 2)k! - 1)],0 <
d <k -1. Using 2.3 and 2.4 and the fact that

k
D((k + 1)1 = 1) = _D(dkt, (d+ k! - 1) - g,
d=0 X

where @ depends on the number of elements that the sets (0, k! - 1), Q(k!,
2k - 1), ..., Q(kk!, (k + 1)! - 1) have in common, we obtain
k-1
(2.5) D((k + 1)t = 1) = (k+ 1)D(K! = 1) = 9 Ag -
d=0
k-1
Let 4z = D(k! = 1)/k! and €, = 9 Ay /(k + 1), k > k,. Then 2.5 becomes
d=0
Ager = A = ~Epe

Therefore,
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Appr - Ay = —gy
Ap = Ap_1 = €4
Ap, - Ax = -y,
x
s0 Ajy1 = Ay, = =D g5, teen, Ay =
obtain J=k, e
k-1
(2.6) Ay = Ay, —Z €.
J=k,

k-1

483

k-1
Ay, - 2: €;. Replacing k + 1 by k, we

Clearly, 1/k! < 4, <1 and 2: € = Ay, = Ax <4 < 1. Thus, EZEﬁ is a

series of nonnegative terms bounded by Ako’ hence is convergent.

©

j=ko

(2.7) L=4y, - ¢y

j=ku

Note that we have just shown that 0 < L < 1.

(2.8) Ay =L+ ) e;, k> k.
i=k

Since Zsj = 0(1) as k > », we have
i=k 4, =L+ 0(1).

Then, 2.6 yields

Multiplying both sides of this equation by k! and using the definition of the

Ay, we obtain

(2.9) D(k! - 1) = Lk! + o(k!).

Using 2.3, 2.4, 2.9, and the definition of the A's and the €'s, we have

D(dk! - 1)

]

I

i.e.,

(2.10) D(dk! - 1)

d-1 d-2
DDk, (e + k! - 1) =D, Aok
e=0 c=0

d-1

STkt + ok1)) + o((k + 1)1ey)

c=0

dkiL + o((k + 1)!) +-0o((k + 1)1),

driL + o((k + 1)!).

k
Now let n = 2: d;j! be any nonnegative integer. Then D(n) = D(dyk! -1) +

j=0

D(d k!, dypk! +ds_1(k-1)! + -
the sets (0, dik! -1) and Q(dgk!, dpk! + dp_(k=-1)! + --

-) - @, where @ is the number of elements that
.) have in common.

Hence, if »n is sufficiently large, then, by using 2.2, 2.10, and the defini-
tion of the A's, we obtain

D(n)

dik!'L + D(dp_1(k=-1)! +
dyk'L + D(dy_1(k-1)! +

cee) +0o((k+1)!) + o((k+1)1)
o) Fo((k+1)Y).
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Applying the same type of reasoning yields
D(d, _1(k = 1)t + ++2) = dy_1(k - 1)t + o(k!)
=d,_1(k - DL +o((k+1)!).
Continuing in this manner, we obtain

ko-1 ko-1
D(n) = L(n - Zdjj!> ¥ D( 3 djj!> F k- Ky,
i=1

i=1

errors of size o((k + 1)!).

Therefore,
ko-1 ko-1

D(n) =L (n - de) + D< Zdjjz> + o(k!),
j=1 j=1

Dn)/m =L - L * o(1l) + o(1) + o(1),

which implies that the density of R is L, so the proof is complete.

SO

Our next result is an immediate consequence of Theorem 2.1.

Conollary 2.11: 1If f(d, §) = f(d) depends only on d, where f(0) = 0 and
f(d) = o(j!) uniformly in J for all other "digits" d, then the density of ®
is L, where L is defined as in equation 2.7.

Conolloary 2.12: We have L < 1 if and only if the function T(n) is not
one-one.

Proof: We have L = Ap, - 2: €; = 4y - 2: g;,for all k > k,, where k, is
= —~

.7=Z‘o
defined as in Lemma 2.4. Therefore, L < Ay if kK > k . if T(x) = T(y), = # y,
and k is such that k > k; and * < k! - 1, y < k! - 1; then, since

Ay = D(k! - 1)/k!,

it follows that L < 4; < 1. If T is one-one, then it follows from the defi-
nition of the A's and the €'s that 44 = 1 and €, = 0 for all k, so L = 1.

It seems to be true, although possibly difficult to prove, that L < 1 if
each f(d, §) = f(d) depends only on d and f satisfies the hypotheses of The-
oren 2.1. It also seems to be the case that we should always have L > 0 un-
der these hypotheses; this result again will be left to conjecture.

3. EXISTENCE OF THE DENSITY WHEN f(d, 4) = 0(j!/4% 1og?J)

The main drawback to Theorem 2.1 is the condition f(0, J) = 0. If we as-
sume that f(d, J) = 0(j!) uniformly in J for all "digits" d, it seems to be
difficult to find a workable relationship between the quantities A, but on
the other hand, it also seems to be difficult to find an example of an image
set R which does not have density under this assumption. However, we do have
the following result.

Theorem 3.1: 1f f(d, §) = 0(j!/J? log?Jj) wiformly in J, then the density
of R exists.
K
D 0(51/52
i=1

k
Proof: Let D and Q be as before. If n = 2: d g!', then S(n) =
j=1 J

log2d) = 0(k!/k? log?k).
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Suppose that r < 8 < #(r < £) and s < (k + 1)!; then,

D(r, t) = D(r, 8) + D(s + 1, ¢) - |, s) N Qs + 1, ).
Since S(n) = 0(k!/k? log?k), we have
(3.2) D(r, t) = D(r, 8) + D(s + 1, t) + O(k!/k?® log?k).
In particular, if » =0, s = (k - 1)! - 1, and ¢ = k! - 1, we obtain

D(k! - 1) =D(0, (K - 1)! = 1) +D{(k - 1), k! - 1))

+ 0((k -~ D1/ (k - 1)? log?(k - 1)).

Applying the same reasoning to compute the quantities D(0, J! -1), 2 < J
<k - 1, we see that

D(k! - 1)

D(0) + D(1t, 2! = 1) + D(2!, 3t = 1) + =--
+ D((k - 1)1, k! - 1)
+0((k = 1)1/ (k - 1) log®(k - 1))
+0((k - 2)1/(k - 2)? log?(k = 2)) + «-*

so we finally obtain
k-1

D(O) + 9.Dlg!, (g + 1)t - 1) + 0(k! /K> log?k).
g=1

(3.3) D(k! - 1)

Now, by 3.2, we have
D(dk!, (d + 1)k! - 1) = D(dk!, dk!) + D(dk! + 1, (dk+ 1) ' - 1)
+ 0(k!/k?* log?k)
and by repeated application of 3.2, we obtain
D(dk!, (d + 1)k! - 1) = D(dk!, dkt) + D(dk! + 1, dk! + ! - 1)
+oerod+ D{dRY 4+ (kK - 1), (d+ Dk -1) +k

errors of size 0(k!/k2 logzk),
i.e.,

k-1
(3.4) D(dk!, (d + L)k -1) = D(dk!, dk!) + 2 D(dk! + q!, dk!
=1
- + (g + 1)1 -1) ¥ 0(k!/k log?k).
Since all integers x which satisfy dk! + g! < x < dk!+(q + 1)! - 1 have

the same number of leading zeros, we have
D(dk! + q!, dk! + (g + 1)t - 1) = Dlg!, (g +1)! - 1),

l<gzk~-1
(cf. the argument used to prove 2.2).

Using this fact, 3.4 becomes

(3.5) D(dkl, (d+ 1) ! - 1)

k-1
D) + ) D(q!, (¢ + 1)1 - 1)
q=1

+ 0(k!/k log?k)
and 3.3 and 3.5 imply that

(3.6) D(dkt, (d+ k! - 1) = D(k! = 1) + 0(k!/k log?k).

il
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Now, using 3.6, we obtain
D((k + 1)t - 1) = D(k! - 1) + D(k!, (k + 1)! - 1 + 0(k!/k? log?k)
D(k! - 1) + D(k!, 2k! - 1) + D(2k!, (k + 1)! - 1)
+ 0(k!/k? 1log?k) + O(k!/k? log?k)
2D(k! - 1) +D(2k!, (k + 1)! - 1) + 0(k!/k log?k).
By repeated application of 3.6, we finally obtain
D((k +1)! = 1) = (k+ 1)D(k! - 1) +k + 1,
errors of size 0(k!/k log?k);

thus,
(3.7) D((k +1)! = 1) = (k + 1)D(k! - 1) + 0((k + 1)!/k log?k).
Define Ay = D(k! - 1)/k!. Then 3.7 becomes
(k+ 1)Ap41 = (kK + 1)145 = 0((k + 1)!/k log?k);

and by telescoping, we see that

k
Ayyr = Ay + 9. 0(1/5 log2j).
i=1

k
It is not difficult to verify that 2;()(1/j log?j) = 0(1/1log?k). Therefore,
i=1
using the above equation, we may conclude that there exists a constant L such
that
(3.8) Ay = L+ 0(1/1log k).
m
Now let »n = dkjk% be any nonnegative integer, where each dkj # 0. Then

J=1

D(r) = D(dy kY, - 1) + D(dy k! + d,_ k!

m-1

+ ce0) + O(k#/ki log?k,,) .

By the same type of reasoning employed to get 3.4 and 3.7, we see that
D(dy kY, - 1) = dy D(k} - 1) + 0(k}/k log®k,) + D(dy k!, dy ki + -++).

Since dkm # 0 for any J, we have
m m-1
D(dkmk!m, Z:ldkjk!j> = D(deik%).
J= i=1

m-1
D(n) = dy kL (L + 0(1/log k,)) + O(kl/k, log’k,) + D< dejk!J) .

Therefore,

Jj=1
Continuing in this manner yields
Km
nL + 0(k!/k, log?k,) + 9 0(j!/log ).
J=1

D(n)

I

]

Hence, D(n) = nlL + O(R%/log k) s
so Dn)/n =L + 0(1/1log k,) = L + o(1),
which proves that the density of R is [.
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Remank 1: Theorem 3.1 has the drawback that the computability of the
density has been lost.

Remark 2: 1If we assume that f(d, §) = o(j!) uniformly in J, then there
exists an image set R which does not have density. For example, let f(d, J)
= 0 when j is even and f(d, J) = J! when j is odd. Then,

k-1 k-1
T<k1+2djj!>=k!+ d;gt + kU + (k= 2) + «-0 + 1! > 2K!
j=1 J=1
if k¥ is odd, and
k-1 k-1
Tk!+2djj!>=k!+ digt + (k- D!+ (k=-3)! + .-+ + 1!
j=1 i=1

if kX is even. Therefore, the number of integers between k! and 2k! that be-
long to R if k is odd is at most 1 + (k - 2)! + (k - 4)! + +-+ + 1, and the
number of integers between k! and 2k! that belong to R if k is even is at
k! -(k - 1)!'-(k =-3)t- -+ - 1!, Hence, if we let § and A denote the lower
and upper density of R, respectively, we see that

§ <0+ 0(l) and A>1+ o(l),

so 6 = 0 and A = 1.
It is also interesting to note that, if we let f(d, J) = o(Jj!) uniformly
in j, there do exist image sets R of density 0. For example, if f(d, ) = 0
when d # 1 or j = 1 and f(d, J) = 24! if d =1 and §j > 1, then no member of
(except 1) has the "digit" 1 anywhere in its factorial representation, and
the set

K
(3.8) {n|n=2djj!,dj#l,lijik}

j=1

is easily seen to be the set of density O.
Our next result is an immediate corollary of Theorem 3.1.

Conollany 3.9: 1If f(d, §) = f(d) depends only on d and
£ = 0(j1/5% 1og?)
uniformly in j, then the density of ® exists.

Finally, just as in [2] and [3], we wish to consider the special case that
arises when we assume that f(d, J) =f(d) =d for all "digits" d [so that T'(n)
is the function »n + the sum of the 'digits'" of n]. Clearly, f(d) satisfies
the assumptions of Corollary 2.11, so we know that the density of R is L,
where L is defined as in 2.7. In this case, it is easy to verify that k, = 0
and that the value of A;, ; does not depend on d..Let us therefore set Ay =
Ax, 0 < d < k. In the following table, we give the values of Ay and € to the
nearest 6 decimal places; it appears to be difficult to develop an algorithm
to calculate the Ay in general.

Using this table together with Taylor's formula and Lagrange's form for
the remainder, we obtain the following result.

Theonem 3.10: When T(n) is the function # + the sum of the "digits" of
n, the density of R is 0.879888. The error made using this figure is less
than e/2 * 9!. Therefore, ® has positive density in this case.
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The Values of A, and g,, 1 <k < 10

k Ay €1

1 0 0

2 0 0

3 0 0

4 2 0.066667
5 6 0.041667
6 8 0.008929
7 14 0.002401
8 17 0.000375
9 26 0.000064
10 39 0.000009
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ABSTRACT

It is shown here how the method of generating functions leads quickly to
compact formulas for sums of the type

5(i,55m) =D Ki(n = k)7
0<kzin
using Stirling numbers of the second kind and also using Eulerian numbers.
The formulas are, for the most part, much simpler than corresponding results
using Bernoulli numbers.

1. INTRODUCTION

Neuman and Schonbach [9] have obtained a formula for the series of con-
volved powers

(1.1 5(i,43m =) ki(n - B

k=0



