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1. INTRODUCTION 

Let n be a fixed but arbitrary nonnegative integer. It is known (see [1], 
for example) that n may be uniquely represented in the form n = d 11 +d 2! + 
• •• + dkkl , 0 <_ dj <. J. Suppose that fid, j) is a nonnegative integer-valued 
function of j for each "digit" d, 0 £ d <_ j, j = 1, 2, . .., and define 

k 
S(w) = ^2f(dd9 j), 

j-i 

^(n) = n + Sin), 

fl(fc, 3?) = {̂ (ar) |fe £ x <_ p), 

£(&, P) = |fi(fc, P ) | 

ft(p) = fi(0, P) 

£(p) = D(0, p) 

P̂ = {a:|a: = Tin) for some n}, and 

C= {x\x ± T{n) for any n). 

Our objective here is to prove some results concerning the asymptotic 
density of the sets Q and C analogous to those which we proved when we con-
sidered the representation of n as an integer in base b (see [2] and [3]). 

2. EXISTENCE AND COMPUTABILITY OF THE DENSITY 

Th&OKm 2.7: Let fid, j) , 0 <_ d <_ J be as described above. If 

(a) / ( 0 , j ) = 0, j = 1 , 2 , . . . 
(b) fid, j ) = O(Q\) un i formly i n j , i . e . , 

sup {fid, j), 0 < d < j } = o ( j ! ) 
then t h e d e n s i t y of <R e x i s t s . 

VKOOfa: We f i r s t show t h a t 

(2 .2 ) Didkl, dk\ + P ) = £ ( * ) , 0 <_r ±k\ - 1 . 

To prove 2.2, let us suppose that 

k-l k-l 

x = dk\ + Y^ djjl and y = ̂ ! + ]C ̂ P'! • 
J = i j = i 

Clearly, T(x) = T(y) if and only if 

481 
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Suppose that dk_ x = dk_ 2 = • • • = dk_ t =. 0 (or that dk_1 = dk_ 2 = • • • = dk_ t = 0). 

Since /(0, j) = 0, it must be the case that 

We have therefore exhibited a one-one correspondence between the elements of 
tt(dkl , dkl + p) and ^(r), 0 £ p £ kl - 1, and hence 2.2 follows. In particu-
lar, if v - kl - 1, we obtain 

(2.3) D(dkl9 (d + l)kl - 1) = D(k\ - 1). 

Our next result will enable us to find a relationship between 

fe_+i 
D{(k + 1 ) ! - 1) and ^ Z?(dfe! - 1 ) . 

c? = 0 

Lojnmci 2.4: There exists an integer k0 such that for all k >_ k0 the sets 
ft(0, k\ - 1) , fi(/c! , 2k\ - 1) , . . . , fi(fefe! , (k + 1) ! - 1) are pairwise disjoint, 
except possibly for adjacent pairs. 

Vsioofi: The maximum value in Q,(dkl , (d + l)kl - 1) is at most (d + ±)k\ -
1 + kMk, where Mk- max {f(d9 j) , 1 £. J £, fc}, and the minimum value in Q((d + 
2)kl , (6? + 3)fc! - 1) is at least (d + 2)/c!. By assumption (b) , there exists 
kr

Q such that f(d9 j) < j!/2, for all j >L ?c0f, and there exists kQ _> kr
0 such 

that f(d> j) < jl/2 - k0'Mfc(r , for all j >. k0 , where Mfer = max {f(d9 j) | 1 <_ J <. 
/CQ}. Therefore, if k >_k09 we have 

E^> ^ = E/^> ^ + E fw** o) + E /WJ» o) < KMK 

+ E i!/2 - fco^;(^ " fco> 1 E J'!/2 < ̂ !-
J = k o + 1 ° j = k f

0 + l 
In p a r t i c u l a r , kMk < kl i f fc >. k0 . Hence, we c e r t a i n l y have (d + l ) /c! - 1 + 
kMk < (d + 2)&! i f /c .> ?c0 , so t h e r e s u l t i s p roved . 

Now l e t Xdyk = \Q(dk\ , (d + Dkl - l ) fl fi((d + l)kl , (d + 2)fc! - l ) | , 0 <_ 
d <_ k - 1 . Using 2 .3 and 2.4 and t h e f a c t t h a t 

k 

D((k + 1)! - l) = J^D(dk\9 W + Dkl - 1) - e, 
J = o 

where ^ depends on the number of elements that the sets £7(0, Zc! - 1 ) , Q(kl , 
2fc! - 1 ) , ..., ft(/c&!, (A: + 1) ! - l) have in common, we obtain 

fc-i 
(2 .5 ) Z?((fe + 1 ) ! - 1) = (k + DD(kl - 1) - ] T Xd . j k . 

i = o 
fc-i 

Let 4 k = £(&! - l ) / fc ! and Ek = ] T Ad > k/(fe + 1) ! , k >_kQ. Then 2 .5 becomes 
d = o 

T h e r e f o r e , 
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Ak+l ~ Ak ~ ~ek 

Ak ~ Ak-1 = ~ek-l 

Ak - Av = - e k 

k k-1 

so Ak + 1 - Ak^ = -J2eJ> i - e * ' ^k + i = Ak0 ~ J2 eJ' Rep lac ing k + 1 by k, we 
o b t a i n j = k0 j=k 0 

(2.6) ^ =i,o - £ > , . 
J'="°  fc-i 

Clearly, 1/&! £ 4fe £ 1 and ]T E^ = Ak^ - Ak <_ Ak <_ 1. Thus, ]P e^ is a 

series of nonnegative terms bounded by Ak , hence is convergent. Let 

(2.7) L = AK - ^ e j . 

Note that we have just shown that 0 <_ L <_ 1. Then, 2.6 yields 

(2.8) Ak = L + ]T £j., fc ̂ k Q . 

Since V^ e^ = 0(1) as & ->• °°, we have 
J = k ^ = L + o ( l ) . 

Multiplying both sides of this equation by kl and using the definition of the 
Aki we obtain 

(2.9) D(kl - 1) = Lk! + o(fc!). 

Using 2.3, 2.4, 2.9, and the definition of the A!s and the e's, we have 

d-l d-l 
D(dkl - 1) = X^^!, ̂  + ̂ kl " D " X A^ 

(3=0 O = 0 
d-l 

= ̂  (Lfc! + o{k\)) + o((fc + l)lek) 
e = 0 

= dfc!L + o((k + 1)!) + o((k + 1)!), 
i.e. , 

(2.10) D(dk\ - 1) = dklL + o((fc + 1)!). 
k 

Now let n = £^ djjl be any nonnegative integer. Then D(n) = D(dkkl - 1) + 
j-o 

D(dkkl, dkkl +dk_i(k - 1) I + •••) - §, where fi is the number of elements that 
the sets Q(0, dkkl -1) and Q,(dkkl , dkkl + ̂ ^ ( k - l ) ! + •••) have in common. 
Hence, if n is sufficiently large, then, by using 2.2, 2.10, and the defini-
tion of the A's, we obtain 

D(n) = dkk\L + D{dk_1(k-l)l + ..-) + o((k + l)l) + o{(k + l)l) 

= dkk\L + £(aVi(k-D! + ...) + o((k+l)\). 
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Applying the same type of reasoning yields 

D(dk_±(k - 1)! + ...) = dk_±(k - 1)! + o(kl) 

= dk_±(k - 1)!L + o{(k + 1)!). 

Continuing in this manner, we obtain 

D(n) = Ll n - £ d ^ ! j + M Z dtf\ J + (k - k0), 

T h e r e f o r e , 

errors of size o((/c + 1) !) , 

! + o(k\)9 

D(n)/n = L - L • o(l) + 0(1) + 0(1), 

which implies that the density of 9 is L, so the proof is complete. 

Our next result is an immediate consequence of Theorem 2.1. 

Con,oJULcUivj 2.11: If f(d9 j) = f(d) depends only on d, where f(0) = 0 and 
f(d) = o(j\) uniformly in j for all other "digits" d9 then the density of Q 
is L, where L is defined as in equation 2.7. 

CoKottaJty 2.12: We have L < 1 if and only if the function T(n) is not 
one-one. 

Vtioofa: We have L = Ak^ " ̂  ej = Ak ~ Z ec < f o r a 1 1 ^ — ^o» w n e r e ^o i s 

J a fe J = ^o 
defined as in Lemma 2.4. Therefore, L <_ Ak if k >_ k . if TOr) = T{y) 9 x + y, 
and & is such that k >_ k0 and x <_ kl - 1, y <_ kl - 1; then, since 

4* = D(kl - l)/fc!, 

it follows that L <_ Ak <_ 1. If T is one-one, then it follows from the defi-
nition of the A1 s and the £fs that Ak = 1 and e^ = 0 for all ?C, so L = 1. 

It seems to be true, although possibly difficult to prove, that L < 1 if 
each f(d, j) = /(<i) depends only on d and / satisfies the hypotheses of The-
oren 2.1. It also seems to be the case that we should always have L > 0 un-
der these hypotheses; this result again will be left to conjecture. 

3. EXISTENCE OF THE DENSITY WHEN f(d, j) = 0(j!/j2 log2j) 

The main drawback to Theorem 2.1 is the condition f(09 j) = 0. If we as-
sume that f(d9 j) = 0(j!) uniformly in j for all "digits" d9 it seems to be 
difficult to find a workable relationship between the quantities Ak9 but on 
the other hand, it also seems to be difficult to find an example of an image 
set <R which does not have density under this assumption. However, we do have 
the following result. 

JhzoJiQJtn 3.1: If f(d9 j) = 0(j!/j2 log2j) uniformly in j, then the density 
of Q exists. 

k k 

Vnoo{: Let D and fi be as before. If n = Y] d j \ 9 then S(n) = ^0(j!/j 2 

log2j) = 0(k\/k2 log2k). j-i j-i 
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Suppose that r <_ s <_ t(r < t) and s < (k + 1) ! ; then, 
D(r, t) = D(r, s) + D(s + 1, t) - |Q(r, s) H Q(s + 1, t) | . 

Since S(n) = 0(/c!/k2 log2k), we have 

(3.2) D(r, t) = D(r9 s) + D(s + 1, t) + 0(k!/k2 log2k). 
In particular, if r = 0, s = (/c - 1) ! - 1, and £ = k\ - 1, we obtain 

D(k\ - 1) = 0(0, (fc - 1)! - 1) + D((k - 1)!, k\ - 1)) 
+ 0((fc - l)!/(fc - D 2 log2(k - 1)). 

Applying the same reasoning to compute the quantities D(09 jl - 1 ) , 2 
<_ k - 1, we see that 

£(&! - 1) = 0(0) + 0(1!, 2! - 1) + £(2!, 3! - 1) + ••• 

+ £>((& - 1)! , k\ - 1) 
+ 0((fc - l)!/(fc - D 2 log2(^ - 1)) 

+ 0((fc - 2)!/(fe - 2 ) 2 log2(/c - 2)) + •'•• 

so we finally obtain 
fc-i 

(3.3) Z?(fe! - 1) = D(0) + ̂ Z?(q!, (q + 1)! - l) + 0(kl/k2 log2k). 

Now, by 3.2, we have 

D{dk\9 (d + l)k\ - 1) = D(dkl, dk\) + D(dk\ + 1, (dfc+ 1) ! -
+ 0(kl/k2 log2k) 

and by repeated application of 3.2, we obtain 

D{dk\, (d + l)kl - 1) = D(dkl, dk\) + D(dkl + 1, dk\ + ! -

+ •-• + D(dkl + (fc - 1)!, (d+l)k\-l 
errors of s ize 0(kl/k2 log2k), 

i . e . , k_± 

(3.4) Z?(d/c!, W + l)k\ - 1 ) = £(dfc!, dfc!) + ^D{dk\ + 4 ! > ^ ! 
+ (q + 1)! - 1 ) % 0(fc!/fc log 2 k) . 

Since all integers x which satisfy dk\ + q\ £ x <_ dk\ + (q + 1) S - 1 
the same number of leading zeros, we have 

D(dk\ + q\, dk\ + (q + 1)» - 1) = D(q\, (q + 1)! - 1), 
1 1 q <. k - 1 

(cf. the argument used to prove 2.2). 

Using this fact, 3.4 becomes 
fc-i 

(3.5) 0(dfe! , (d + 1) ! - 1) = 0(0) + X £(<7! , (? + 1)! - 1) 

+ 0(fc!/fc log2k) 

and 3.3 and 3.5 imply that 

(3.6) D(dkl9 (d + l)fe! - 1) = D(k\ - 1) + 0(fc!/fc log2fe). 
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Now, using 3.6, we obtain 

D((k + 1)! - l) = D(k\ - 1) + D(k\, (k + 1)1 - 1 + 0(kl/k2 log2k) 

= D(kl - 1) + D(k\9 2k\ - 1) + D(2kl, (k + 1)! - 1) 

+ 0(k\/k2 log2k) + 0(k\/k2 log2k) 

= 2D(k\ - 1) +D{2k\, (k + 1)! - 1) + 0(k\/k log2k). 

By repeated application of 3.6, we finally obtain 

D((k + 1)1 - 1) = (k + l)D(kl - 1) + k + 1, 

errors of size 0(kl/k log2k); 

thus, 

(3.7) D((k + 1)1 - 1) = (k + l)£(fc! - 1) + 0(ft + l)!/fe log2k). 

Define Ak = Z?(fe! - l)/kl. Then 3.7 becomes 

(fc + l)\Ak + 1 - (k + l)Mfc = 0((fc + l)!/fc log2k); 

and by telescoping, we see that 

k 
Ak + i = Ao + E 0 ^ ' log^')-

k 

It is not difficult to verify that ^0(l/j log2j) = <9(l/log2A:) . Therefore, 
j-i 

using the above equation, we may conclude that there exists a constant L such 
that 
(3.8) Ak = L + 0(l/log fc). 

Now l e t n = 2, dk.k\. be any nonnegat ive i n t e g e r , where each dk. i2 0 . Then 
j = 1 

D(n) = D(dkmk\m - 1) + D(dkmk\ + A - i ^ _ i + •••) + 0(fc!/*4 l o g 2 ^ ) . 

By the same type of reasoning employed to get 3.4 and 3.7, we see that 

D{dkmk\m - 1) = dKD(kl - 1) + 0(kl/k log2km) + D{dKk\m, dknk\m+ • • • ) • 
Since dk f 0 for any j , we have 

/ m \ / m - 1 ' ' 

T h e r e f o r e , \ J " 1 ' \ J = X 

Z?(«) = ^ ^ ( L + 0 ( l / l og km)) + 0{k\Jkm log2/cm) + D( Y.dk.kl) . 

Continuing in this manner yields 

DM = nL + 0(fc!/fcm l o g 2 ^ ) + £ o ( j ! / l o g j ) . 
J = I 

Hence, £>(n) = nL + Of/cl/log kj , 

so Z?(n)/n = L + 0 ( l / l o g fcm) = L + 0 ( 1 ) , 

which proves that the density of ̂  is L. 
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RomoJtk 1: Theorem 3.1 has the drawback that the computability of the 
density has been lost. 

ROMCUik 2: If we assume that f(d9 j) = o(j\) uniformly in j, then there 
exists an image set <£ which does not have density. For example, let f(d9 j) 
= 0 when j is even and f(d, j) = j! when j is odd. Then, 

/ \zi \ fe.i 

if /c is odd, and 

( k-l \ k-l 

kl + X^!J = kl + Z 6 ^ ' 1 + (fe - D ! + (fe - 3)! + --- + 1! 
J = I / j-i 

if fc is even. Therefore, the number of integers between k\ and 2kl that be-
long to ^ if fe is odd is at most 1 + (k - 2)! + (k - 4)! + ••• + 1, and the 
number of integers between k\ and 2k\ that belong to 9 if k is even is at 
k\ - (k - 1)! - (k - 3)! - • • • - 1!. Hence, if we let 6 and A denote the lower 
and upper density of <£, respectively, we see that 

6 <. 0 + 0(1) and A >. 1 + 0(1), 
so 6 = 0 and A = 1. 

It is also interesting to note that, if we let f(d9 j) = o(jl) uniformly 
in j, there do exist image sets ̂  of density 0. For example, if f(d, j) = 0 
when d f 1 or j = 1 and f(d9 j) = 2j! if d =. 1 and j > 1, then no member of 

(except 1) has the "digit" 1 anywhere in its factorial representation, and 
the set 
(3 .8 ) | n\n = J^ djJl> dd + 19 1 <3 <k\ 

is easily seen to be the set of density 0. 
Our next result is an immediate corollary of Theorem 3.1. 

CotiolloAbj 3 . 9 : I f f(d9 j) = f(d) depends only on d and 

fid) = 0 ( j ! / j 2 l o g 2 j ) 
uniformly in j, then the density of ̂ P exists. 

Finally, just as in [2] and [3], we wish to consider the special case that 
arises when we assume that f(d, j) = f(d) =d for all "digits" d [so that Tin) 
is the function n + the sum of the "digits" of n] . Clearly, f(d) satisfies 
the assumptions of Corollary 2.11, so we know that the density of <R is L9 
where L is defined as in 2.7. In this case, it is easy to verify that kQ = 0 
and that the value of Xdyk does not depend on d, .Let us therefore set \d,k = 

Afc, 0 £ d <_ k. In the following table, we give the values of Xk and ek to the 
nearest 6 decimal places; it appears to be difficult to develop an algorithm 
to calculate the \k in general. 

Using this table together with Taylor's formula and Lagrange's form for 
the remainder, we obtain the following result. 

TknoKom 3.10: When T(n) is the f unction n + the sum of the "digits" of 
n9 the density of. 9 is 0.879888. The error made using this figure is less 
than e/2 "9!. Therefore, Q has positive density in this case. 
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The Values of Xk and ek , 1 <. k <_ 10 

k 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

K 
0 
0 
0 
2 
6 
8 
14 
17 
26 
39 

£fc 

0 
0 
0 
0.066667 
0.041667 
0.008929 
0.002401 
0.000375 
0.000064 
0.000009 
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ABSTRACT 

It is shown here how the method of generating functions leads quickly to 
compact formulas for sums of the type 

0±k±n 
using Stirling numbers of the second kind and also using Eulerian numbers. 
The formulas are, for the most part, much simpler than corresponding results 
using Bernoulli numbers. 

1. INTRODUCTION 

Neuman and Schonbach [9] have obtained a formula for the series of con-
volved powers 

n 
(1.1) S(i,j;n) = £fcf(n - k)s' 

fc = o 


