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H-295 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA. 

Establish the i d e n t i t i e s 

and 
(a) FkFk + Sv+3 - Fk + Qr + kFk + 2r + 1 - (-1) F2r + lL2r + lLk + hr+2 

( b ) FkFk+sr - Fk+QrFk+2r = (-1) F2rL2rLk + kr . 

H-296 Proposed by C. Kimberling, University of Evansville, Evansville, IN, 

Suppose x and y are positive real numbers. Find the least positive in-
teger n for which 

r j L _ l = [E l 
l_n + y J In J 

where [s] denotes the greatest integer less than or equal to 2, 

H-297 Proposed by V.E. Hoggatt, Jr., San Jose State University, San Jose, CA. 

Let P0 = Pl = 1, Pn(X) = Pn^iX) - XPn_2(X). Show 

00 

lim Pn 1(X)/Pn(A) = (1 - A - 4X)/2X = £ Cn + 1xn, 
n^° °  n = 0 

where Cn is the nth Catalan number. Note that the coefficients of Pn(X) lie 
along the rising diagonals of Pascal's triangle with alternating signs. 

H-298 Proposed by L. Kuipers, Mollens, Valais, Switzerland. 

Prove: 

( i ) Fn
6

+ 1 - 3Fn
5

+1F + 5 F „ 3
+ 1 ^ - 3Fn + 1F„5 - F„6 = ( - 1 ) " , « = 0 , 1 , . . . ; 

( i i ) F„6
+6 - 1UF*+S - 90F« + 4 + 350F*+ 3 - 90F6

n + 2 - UFe
n + l + Fn

6 

= ( - 1 ) " 8 0 , n = 0 , 1 , . . . ; 

( i i i ) F„6
+6 - X3Fl + s + 41F„6

+, - 41F* + 3 + 13Fn
6

+2 - F*H + 1 

= -40 + y ( l + ( - ! ) " ) 8 0 (mod 144) . 
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SOLUTIONS 

A Soft Matrix 

H-27^ Proposed by George Berzsenyi, Lamar University, Beaumont, TX. 

It has been shown [The Fibonacci Quarterly 2, No. 3 (1964) :261-266] that 

'°  0 1\ hl_x Fn,lFn F* 

i f Q = | 0 1 2 J, t hen Q" = ( 2 ^ . ^ Fn + 1 - Fn.xFn 2FnFn + 1 

M 1 1 / \Fn. FnFn+1 F2n + 1 

Generalize the matrix Q to solutions of the difference equation 

Un = rUn.1 + sUn_2, 

where r and s are arbitrary real numbers, U0 = 0 and U1 = 1. 

Solved by the proposer. 

The key to the extension Is the identity 

Fn + i ' F F = F2 + F Fn + l , 

which allows one to generalize the central entry of Q . It is easily estab-
lished then by mathematical induction that 

/0 0 S2\ / s 2 ^ . l 82Un_±Un S2Ul 

i f R =( 0 s 2rs J , then Rn = 1 2s£/n_i£7 s(£/* + Un_1Un + 1) 2sUnUn + 1 

u2 unun+1 u2
n+1 

A Corrected Oldie 

H-225 Proposed by G. A. R. Guillotte, Quebec, Canada. 

Let p denote an odd prime and xp + yp = zp for positive integers x9 y, 
and z. Show that 

A) p < x/(z - x) + y/(z - y) 
and 

B) s/2 (3 -a;) < p < z//0s - z/). 

Solved by the proposer. 

Consider (x/z)1 + (z//s)t = 1 + e^ for e0 = 1, ep = 0, and zi E (0, 1), 
for 1 <. £ <_ p - 1. Then 

P P P 

£(*/*)* + E^/s)' = P + X +Z£i 
•£ = 0 i=0 i =0 

becomes 



96 ADVANCED PROBLEMS AND SOLUTIONS Feb. 1979 

(1 - (x/z)p+1)/(l - x/z) + (1 = (y/z)P+1)/a - y/z) = p + 1 + X) ̂  • 
t = 0 

Now p 

1/(1 - ay/s) + 1/(1 - y/z) > p + l + ^ ] e { . 

Hence 
p-i 

s/(s - x) + 2/(2 -z/) > p + 1 + 1 4- ̂  e^ , 
i-l 

since e0 = 1 and ep = 0. But 

z/(z - x) - 1 = #/(s - x) and s/(s - y) - 1 = y/(z - y). 

Therefore 
p-i 

x/(z - x) + y/(z - z/) > p + X e^ > p. 

Similar reasoning leads to part B). 

EdsLtoSvLaZ hiotn: Please keep working on those oldies! 

Sp&CsL&t Note,: It has long been known that any solution for the basic pair of 
equations for 103 as a congruent number would entail enormous numbers. For 
that reason, 103 had not been proved congruent: on the other hand, it had 
not been proved noncongruent. 

Then, in 1975, two brilliant computer experts—Dr. Katelin Gallyas and 
Mr. Michael Buckley—finally proved 103 to be congruent, working along lines 
suggested by J. A. H. Hunter. The big IBM 370 computer of the University of 
Toronto was used for this achievement. 

For the system 

X2 - 103I2 = Z2, X2 + 103I2 = W2
9 

the minimal solution was found to be: 

X = 134 13066 49380 47228 37470 20010 79697 
Y = 7 18866 17683 65914 78844 74171 61240 
Z = 112 55362 67770 44455 63954 40707 12753 
W = 152 68841 36166 82668 99188 22379 29103 
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