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I t i s w e l l known t h a t t h e F ibonacc i polynomials Fn(x) , t h e Lucas p o l y -
nomials Ln(x), and t h e Chebyshev polynomials of bo th k i n d s s a t i s f y many 
" t r i g o n o m e t r i c " i d e n t i t i e s . For example, t h e i d e n t i t y 

F2m ( # ) + F2n ^ = Fm+n^L\m-n\ 0*0 f o r e v e n 171 + Yl 

is analogous to the trigonometric identity 

sin A + sin 5 = 2 sin -AA + B) cos j(A - B). 

Just below, we list eight well-known identities in the form which natu-
rally results from direct proofs using the usual four identities for sums and 
differences of hyperbolic sines and cosines, together with certain identities 
in Hoggatt and Bicknell [4]: 

( \ sinh 2nd r \ - cosh (In +1)6 
h i n W ~ c o s h 6 *2n + iW> =:

 c o s h 0 

J2n (x) = 2 cosh 2nd L2n + i ^ =: 2 s i n h (2n + !)0> 

where x = 2 sinh 0. Writing simply Fn and Ln for Fn (x) and Ln(x) and assum-
ing m >_ n > 0, the eight identities are as follows: 

(1) F*. + F. 2m ^ L2n 

(2) F^ - F. 2m *• 2n 

( 3 ) F2m + 1 + F2n+1 

W F
2m+1 - F

2n+1 

Fm+nLm-n i f m '+ n i s e v e n 

Fm '*,£„+*, i f m + n i s odd 
m-n m+n 

i f 77? + n i s even 

Fm+nLm-n i f 777 + n i s o d d 

Fm+n+lLm-n i f m + n i s e v e n 

Fm-nLm+n+l i f m + n i s o d d 

Fm-nLm+n + i ±f m + n Is even 

^m+n+l^-n i f m + n i s o d d 
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(5) L2m + L2n 

(6) L lm 

( 7 ) L2m + \ + L2n+1 

( 8 ) L2m + 1 ~ L2n + 

Lm+nLm-n If m + n Is even 

Or + k)Fm+nFm_n i f m + ft i s odd 

(x2 + 4) 
Fm+n.F m-n i f 777 + ft i s e v e n 

Lm+nLm-n If m + n Is odd 

Lm-nLm+n + i i f 7?? + ft i s even 

Or2 + lOFm+n + iFm-n If m + n Is odd 

(x2 + k)Fm+n+1Fm_n i f 77? + n i s even 

i f 777 + n i s odd 

These identities are derived in [2] in a manner much less directly dependent 
on hyperbolic or trigonometric identities. See especially identities (72)-
(79) in [2], which generalize considerably the present identities. An inter-
mediate level of generalization is at the level of the generalized Fibonacci 
polynomials Fn = Fn(x9z) and the generalized Lucas polynomials Ln = Ln(x,z). 
For example, (5) becomes 

L2m + L2n = &2 + bs)Fm+nFm _n i f 777 + ft i s o d d . 

Let us recall the substitutions which link the Fn
?s and Zn's with Che-

byshev polynomials Tn(x) of the first kind and Un (x) of the second kind: 

Tn(x) = ^Ln(2x,-1), ft = 0, 1, ... 

Un(x) = Fn + 1(2x,-l), ft = 0, 1, ... . 

Clearly, our discussions involving Fn
 ?s and Ln

fs carry over immediately to 
Tn's and £/n's; bearing this in mind, we make no further mention of Chebyshev 
polynomials in this paper. 

Identities (l)-(8) show that greatest common divisors for certain sums 
and differences of the various polynomials can be found in terms of the ir-
reducible divisors of individual generalized Fibonacci polynomials and gener-
alized Lucas polynomials. In [7], we showed these divisors to be the gener-
alized Fibonacci-cyclotomic polynomials ^n(x9z). The interested reader should 
consult [7] for. a definition of these polynomials. Theorems 6 and 10 in [7] 
may be restated for ft >_ 1 as follows: 

( i) Fn(x9z) = T T ^ (*>*-) 
d\n 

(II) Ln(x,z) = J""] ^it + xd (#»3) , where n = 2tq9 q odd, t >_ 0. 
d\q 

The (ordinary) Fibonacci and Lucas polynomials are given by Fn (x) = Fn(x,l) 
and Ln(x) = Ln(x,l), and their factorizations as products of the irreducible 
polynomials CJ (x) = <$(x,l) are given by (I) and (II). With these factoriza-
tions, we are able to prove the following theorem. 
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ThdOKQjm 1: For any nonnegative integers a, b9 o9 d, the greatest common di-
visor of LaFb and LQFd is given by 

F(b,2c)*F(b,c,d) %F(2atd) *F(a,b,d) ' F ( 2a ,2c ) *F(a,a) 
(LaFb >LcFd^ = F(b,d) ~p 7^ 7^ 7p 77F 7F t i m e s 

* (b,a) h (b,2c,d) h (a,d) h (2a,b,d)** ( 2 a , c ) ^ ( a , 2a) 

F (2ayb,o) " F (a,b,2c)'F (2a,c,d) %F {a,2c,d) [_F ( 2a,b,2c,d ) " F (a,b,c,d) J 

F (2a,b,2a) ' F ( a,b,c )'F( 2a,2c,d) *F(a,c,d) ]/ ( 2a ,b ,c ,d ) *F(a,b,2a,d) J 

Vtioofa: Write a = 2sa, a odd, and o = 2ty, Y odd. Let 

A = < 6': 6 = 2s q for some q satisfying q\oi\ 

C = |6 : 6 = 2 +1q for some q satisfying g|y 

5 = {6 : 6|Z?} and D = {(5 : 6|d}. 

In terms of these sets, let 

sl = B n D 

s2 = BDc-BncnD 
s, = AD D - A n B nD 

sk ^ A n c - A n s2 - c n s3. 

T h e n , 

(LaFb,LoFd) = ( T T < T R , TXTKWfr Tfo-
\$EA 6eB fiec <5 e D I i = l 6 eS1 

One may now readily verify that "[""f^ = F(b d) ' 

F(b,2a) F(b,2c,d) ~ r F(2a,d) F(2a,b,d) 

Hf6 = ~^wT ' * ^ r and J elf* = v 7 ' ^ ^ r 
For the product involving S^9 we have 

^ - y F ( 2a,2c ) ' F ( a , c ) 

6 e / i n c r ( 2 a , c ) r ( a , 2 c ) 

^ - y ^ ( 2 a , £ , 2 c ) " F(a,b,a) F(2a,b,c,d) * F(a)bi2a,d) 
I I ^ = p r? * ? r^ > a n d 

ScADS (2a,b,c) h (a,b,2c) h (2a,b,2c,d) h (a,b,c,d) 

^ r F(2a,d,2c) " F(a,d,c) F(2a,b,o,d) " F(a,b,2c,d) 

TT^ = 6eADS F(2a,d,c) * F(a,dt2c) F(2a,b,2c,d) ' F(a,b,c,d) 
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Now us ing 

T K = TW* * TT̂ 6 * TT^ . 
5 e 5 t 6eAC\C &£ADS2 8 BADS* 

the desired formula i s eas i ly put together . 

CottoZlcUiij: (La,La) 
F(2a,2c)* F(a,e) 

F(2a,c)* F(a,2c) 

It is easy to obtain formulas for (FaFb,FaFd) and (LaLb,L0Ld) using 
the method of proof of Theorem 1. The Lucas-formula has the same form as 
that in Theorem 1, but even more factors. The Fibonacci-formula too has this 
form, but few enough factors that we choose to include it here: 

F(b,e)° F(a,d)9F(a,c)aF(a,b,e,d) 
(FaFb>FcFd^ = F(b,d) ^ 7~B 7~w ' 7~p • 

*{b,e,d) *{a,b,d) h{a,b,c) °^(a,atd) 

Returning now to sums and differences of polynomials, we find from 
identities (1) and (3), for example, that 

(1 ') Fi±k+n + Fn = F2kF2k+n f° r any nonnegative integers k and n. 

Thus, Theorem 1 enables us to write out the greatest common divisor of any 
two terms of the sequence 

JP JP + JP JP JL JP JPJL.JP 

or of the sequence 

F, +1, F5+ 1, F9 + 1, F13 + 1, ... . 

With the help of (3 ') below, we can refine the latter sequence to 

Fl + 1, F3 + 1, F5 + 1, F7 + 1, ... 

and still find greatest common divisors. (But what about the sequence {Fn +l} 
for all positive integers n?) 

Following is a list of double-sequence identities like (1')- These are 
easily obtained from identities (l)-(8). 

(1') Fhk+n + Fn = L2kF2k+n 

( 2 ' ) Fkk+n ~ Fn = F2k L2k+n 

( 3 ' ) Fhk+n+2 + Fn = L2k+n+lF2k+l 

( 4 ' ) Fi*k+n+2 " Fn = F2k+n+lL2k + l 
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(5 ) ^hk+n + ^n ~ ^2k^2k+n 

(6') L,k+n - Ln - (x2 + VF2kF2k+n 

(8 ') ^i+fe+n+2 ~ Ln = ^2k+1^2k+n+l' 

We note that the divisibility properties of some of these sequences are 
much the same as those of the sequence of Fibonacci polynomials [namely, 
(Fm ,Fn) = F(m>n) with Fp irreducible over the integers whenever p is a prime] 
or the sequence of Lucas polynomials. For example, the sequence sQ, s19 s2, 
..., given by 

0, L2 + 2, Lh - 2, L6 + 2, LQ - 2, ..., 

has (sm,sn) = (x2 + 4)FfOTjn) for all positive integers 777 and n. 
One might expect Theorem 1 to apply to sequences other than (1T)-(8T) 

in the manner just exemplified. A good selection of forty identities, some 
admitting applications of Theorem 1, is found in [3], pp. 52-59. 
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