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. -2 2
and since (ﬁ;) = (g) = -1, (13) is impossible.
(@) (13) is impossible if # = 7 (mod 10), for, using (11) in this case
U, = Uy (mod ng)
= 37 (mod 11)
= 26 (mod 11).
Thus,
Un
75-5 13 (mod 11), since (2,11) =1,
and since <%%) = -1, (13) is dimpossible.
(r) (13) is impossible if n = 9 (mod 10), for, using (11) we find that
Uy = Ug (mod Ns)
= 97 (mod 11)
= 86 (mod 11).
Thus, we find that
Un
TZ-E 43 (mod 11), since (2,11) =1,
and since (%%) = -1, (13) is impossible.

Hence, none of the pseudo-Fibonacci numbers are of the form 252, where S is
an integer.
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In [7], D. A. Millin poses the problem of showing that
~ -1 _ 71 -V5
(1 DI

where F; is the kth Fibonacci number. A proof of (1) by I. J. Good is given
in [5], while in [3], Hoggatt and Bicknell demonstrate ten different methods
of finding the same sum. Furthermore, the result of (1) is extended by Hog-
gatt and Bicknell in [4], where they show that
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2
(2) ZF-"l =i+_._o_‘___i'l_

n=0 2K P a(a® - 1)

The main purpose of this paper is to 1lift the results of (1) and (2) to

the sequence of Fibonacci polynomials Ek(x)}k -1 defined recursively by

Fo@) = 1, Fy(x) = @, By, (@) = afy, (@) + B (@), k > 1.

Furthermore, we will examine several infinite series containing products of
Fibonacci and Lucas polynomials where the Lucas polynomials are defined by

Ly(x) = Fro (@) + Fro ().

If we let a(x) = (x + V%2 + 4)/2 and B(x) = (¢ - vx? + 4)/2, then it is
a well-known fact that

(3) F, (x) = [ak(x) - B (x)1/[o(x) - B(x)]
and
(4) Ly (x) = ak(x) + B*(x).

When * > 0, we have -1 < B(x) < 1 and a(z) > 1 so that |B(x)/a(x)| <1
and lim[B(x)/a(x)]™ = 0. But, from (3), we obtain
N+o0

For1(@) o™ 1(x) - 8" () a(x) - B(x)
(5) = = + .
Fp (2) an(x) - B"(x) 1 - [Ba t(x)]” P
Therefore,
Fn+1(x)
(6) lim = o(x), 1f « > 0.

N+ Fn (.’L‘)

When & < 0, we have 0 < a(x) < 1 and B(x) < -1 so that B(x)/a(x) < -1.
From (5), we see that :

. Fasi(e) o .
(7 %}g —EZYES—’— B(x), if x < 0.

(Using (3) and (4), it is easy to show .that

n+k(x) + Ly (@) = L,(x)Lx(x), k even
and

F, (x) = Ly@)F, (x).
Letting S, be the nth partial sum of

- -1
prz"k (&)
n=1

and using the two preceding equations with induction, it can be shown that

n-1_q
s, = o (x)': ELZ e @ F 1] .

The definition of L, (x) together with (6) enables us to show for 2 > 0
that

L _ 0 @x) + 1 [a®() + 1l
lim 5, = EE: a2ty () [0 (2) - 1]

H+oo
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while for x < 0 we use (7) to obtain

lin 8, = xi B(x) + 1 _  [B*(x) + 1]z
e 1R () B(x) [B% (x) - 1]
Hence,
- (@® (@) + Dz|/| ate) (@®* @) - 1)|, =z >0
(8 D aF)) (x) = F“Q(GT)J’ [ ]/[ ] :
n=0 [(Bz(x) + 1)x]/[8(x)(62k(x) - l)], x <0

We now examine the infinite series

o (-1)T*ORE L (@)F, ()

(9) U(q,a,b,-’l&') =’; Fqn+a_k(x)Fqn+b(x)

First observe that, by using (3) and (4), we can show

» g =Db - a+ k.

149

(10)  Fopea @ oy (@) = Fanya 18 Fanyy (@) = (DT (@)F, ., ().

Letting S, be the nth partial sum of (9) and using (10), we notice that there

is a telescoping effect so that
S Fb+k(x) Fqn+b+k(x)
" F, (x) Fonyp (@)

Hence, by (6) and (7), we have
Py (@) { ak(x), x >0

y Y@ TTE T ek, s <0

where ¢ = b - a + k. In particular, we see that

w2 Vs =3 _ (-(z))zFf(x()x) e - {aam), @ >0
no1 fan a(n+1) B¥(x), x <0
w n B(x), « >0

(13) U(l,1,1,z) = 22225735%%%:157 = { om0
- 2 x? - za(x) + 1,

(14 vz,2,2,0) =,§1 F oy @Fy, @)~ {xz - 2B(x) + 1,

and = (-DPPF () Fy,, (@) a@),

(15) U(b,1,b,x) =,; @ @ T R@ {

B(x),

If we combine (13) and (14) with the identity
Loper (@) = L, (@)L, 1(x) + (-1)"

we obtain the very interesting result

8

8

8

8

3
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n+1l
=, DL, @) 1

et P (@) Fpney(@) &

(16)

Next, we examine the infinite series

o (@ + &) EDTTEFE @F, L @
(17) V(g,a,b,x) = -z K b-a+k

n=1

Lan+a-1(®)Lan+p(x) ’
q=>b-a+k.

To do this, we first use (3) and (4) to show that

(18) Lan+a{®) Lan+ (&) = Lgn+a-k(%) Lan+b+x()

= -2+ &) DR () F, L, ().

-a+

Letting S, be the nth partial sum of (17) and using (18), we notice that there
is a telescoping effect so that

Lb+k(x) Lgn+p+1(x)
P L@ Lgnss(®)

Using the definition of L,(x) together with (6) and (7), we obtain
L, () {ock(x), x>0

(19) V(q’ayb’x) = Lb(x)

B (=x), x <0
where g = b - a + k. In particular, we note that

= (2 + O EDTFX() L, () {oc“(x), x>0

(20) V(a,a,a,x) =—Z Lon () L + 1)(®) T L)

n=1

B (x), x <0

(21) v(b,1,b,x) = -Z _ _b+1

o (% + 4)(—1)bnfb(x) L (x) alx), £ > 0
Lbn (x)Lb(n+1)<x> L, () - {

n=1 B(x), ©x < 0
In conclusion, we observe that
(22) Py 1 (@)F, (@) = By (@)F, _,(x) = (-1)"(z® + 1).

Letting S, be the nth partial sum of

i F(_l):x()i’z . (];c))
@),
and using (22), we see that
F_i(x) F,_,(x) 1 F,_, ()
TF@ FLL,@ = F,,@

Sy =

so that

(23) D e LW Rl

D" (@ + 1) 1 {Ba@c), z >0

al(@), x <0
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ABSTRACT

Under the assumption that all of the 3-2 trees of height % are equally
probable, it is shown that in a 3-2 tree of height h the expected number of
keys is (.72162)3h and the expected number of internal nodes is (.48061)3"%,

INTRODUCTION

One approach to the organization of large files is the use of "balanced"
trees (see Section 6.2.3 of [3]). In particular, one such class of trees,
suggested by J. E. Hopcroft (unpublished), is known as 3-2 trees. A 3-2 tree
is a tree in which each internal node contains either 1 or 2 keys and is hence
either a 2-way or 3-way branch, respectively. Furthermore, all external nodes
(i.e., leaves) are at the same level. Figure 1 shows some examples of 3-2
trees.

Insertion of a new key into a 3-2 tree is done as follows to preserve
the 3-2 property: To add a new key into a node containing one key, simply
insert it as the second.key; if the node already contains two keys, split it
into two one-key nodes and insert (recursively) the middle key into the par-
ent node. This may cause the parent node to be split in a similar way, if it
already contains two keys. For more details about 3-2 trees see [1] and [3].
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Energy Research and Development Administration, and by the National Science
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