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1. INTRODUCTION

That reflections of light rays within two glass plates can be expressed
in terms of the Fibonacci numbers is well known [Moser, 1]. 1In fact, if one
starts with a single light ray and if the surfaces of the glass plates are
half-mirrors such that they both transmit and reflect light, the number of
possible paths through the glass plates with n reflections is F,, ,. Hoggatt
and Junge [2] have increased the number of glass plates, deriving matrix
equations to relate the number of distinct reflected paths to the number of
reflections and examining sequences of polynomials arising from the charac-
teristic equations of these matrices.

Here, we have arranged the counting of the reflections across the two
glass plates in a fresh manner, fixing our attention upon the number of paths
of a fixed length. One result is a physical interpretation of the composi-
tions of an integer using 1's and 2's (see [3], [4], [5]). The problem is
extended to three glass plates with geometric and matrix derivations for
counting reflection paths of different types as well as analyses of the nu-
merical arrays themselves which arise in the counting processes. We have
counted reflections in paths of fixed length for regular and for bent reflec-
tions, finding powers of two, Fibonacci numbers and convolutions, and Pell
numbers.

2. PROBLEM I
Consider the compositions of an even integer 27 into ones and twos as
represented by the possible paths of length 2n taken in reflections of a
light ray in two glass plates.
REFLECTIONS OF A LIGHT RAY IN PATHS OF LENGTH 2n
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For a path length of 2, there are 2 possible paths and one reflection; for a
path length of 4, 4 possible paths and 8 reflections; for a path length of 6,
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8 possible paths and 28 reflections. Notice that an odd path length would
end at the middle surface rather than exiting. ’

First, the number of paths possible for a path length of 21 is easily
derived if one notes that each path of length 2(n - 1) becomes a path of
length 2n by adding a segment of length 2 which either passes through the
center plate or reflects on the center plate, so that there are twice as many
paths of length 2n as there were of length 2(n - 1).

Result 1: There are 2" paths of length 2n.

Continuing the same geometric approach yields the number of reflections
for a path length 2n. Each path of length 2(n - 1) gives one more reflection
when a length 2 segment is added which passes through the center plate, and
two more reflections when a length 2 segment is added which reflects on the
center plate, or, the paths of length 2n have 3 *2"-1 new reflections coming
from the 2"~ ! paths of length 2(n - 1) as well as twice as many reflections
as were in the paths of length 2(n — 1). Note that the number of reflections
for path lengths 2n is 2" 1(3n - 2) for n = 1, 2, 3. If there are

2""2(3(n - 1) - 2)
reflections in a path of length 2(n - 1), then there are
2« 2" %3(m - 1) - 2) +3 2"t =273y - 2)

reflections in a path of length 2#, which proves the result following by mathe-
matical induction.

Result 2: There are 2" 1(3n - 2) reflections in each of the paths of length
2n.

Proogs: Let A represent a reflection down or up \/, and B represent a
straight path down 1 or up i, where both 4 and B have length two. Note that

it is impossible for the two types of A4 to follow each other consecutively.
Now, each path of length 2#n is made up of A's and B's in some arrangement.
Thus, the expansion of (4 + B)" gives these arrangements counted properly,
and N = 2n, so that the number of distinct paths is 27".

Now, in counting reflections, there is a built-in reflection for each 4
and a reflection between 4 and B, 4 and 4, and B and B. Consider

j=o \J

Each term in (4 + B)" has degree n and there are (n - 1) spaces between fac-
tors. The x"~! counts the (n - 1) spaces between factors, since each 4 has
a built-in reflection. The exponents of x count reflections from A; there
are no reflections from B. Since we wish to count the reflections, we dif-
ferentiate f(x) and set x = 1.

1@ = {tn - Dam i+ )" 4 1L + 2y
(n-12" +7n 2" =2"" 30 - 2).

z=1

Interpretation as a composition using ones and twos: All the even in-
tegers have compositions in which, whenever strings of ones appear, there
are an even number of them. Each 4 is a 1 + 1 (taken as a pair) and each B
is a 2, and each reflection is a plus sign. From f(x), let s =n - 1+ J so



120 REFLECTIONS ACROSS TWO AND THREE GLASS PLATES [April

that j = 8 - n + 1, and we get ) compositions of*2n, each with ex-—

n
(s—n+1
actly s plus signs. Note that s >n -1, with equality when all twos are used.

We note in passing that the number of possible paths through the two
plates with n reflections is F,,,, while the number of compositions of n us-
ing all ones and twos is E,,1 [3].

3. PROBLEM II

Given a particular configuration (path), how many times does it appear
as a subconfiguration in all other paths with a larger but fixed number of
reflections? :

This leads to convolutions of the Fibonacci- numbers.

PATHS WITH A FIXED NUMBER OF REFLECTIONS
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Note that the subconfigurations i,§§;f.each occur 1, 2, 5, 10, 20, ... times

in successive collections of all possible paths with a larger but fixed num-
ber of reflections. The same sequence occurs for any subconfiguration chosen.

Consider a subconfiguration that contains N reflections. It could be
preceded by s reflections and followed by k reflections. Clearly, since each
path starts at the upper left, the configurations in the front must start in
the upper left and end up in the upper right, which demands an odd number of
reflections. Thus, s is odd, but conceivably there are no configurations in

8 N reflections Tk

the part on the front. Now, the part on the ‘end could join up at the top or
the bottom, depending on whether N is odd or even. 1In case N is even, then
the regular configurations may be turned over to match. Thus, if the total
number of reflections is specified, the allowable numbers will be determined.
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L. RESULTS OF SEPARATING THE REFLECTION PATHS

In Sections 2 and 3, the reflection paths \\ and ,/2 and //\\ and \\//,

were counted together. If one separates them, then, with the right side up,
one obtains {1, 1, 4, 5, 14, 19, 46, 65, ...} which splits into two convolu-
tion sequences:

{Als Aa; AS’ "‘}

{1, 2, 5, 13, ...} * {1, 2, 5, 13, ...};

{4y, Ay, g, ..}

{1, 2, 5, 13, ...} # {1, 3, 8, 21, ...}.

This second set agrees with the upside-down case {0, 1, 1, 5, 6, 19, 25, 65,
...} which splits into two convolution sequences:

{B1, B3, Bs, ...} =1{0, 1, 3,8, ...} *# {1, 3, 8, 21, ...};

{Bz, Bq_, BGS ..n} = {Az, Aq, AGS ...}.

Clearly, there are only two cases, \\ s \\//, where we assume that the

configurations in which these appear start at the left top and end at either
right top or right bottom.
First we discuss the number of occurrences of \ . Here we consider only

those patterns which start in the upper left. If there are no prepatterns,
then we consider odd and even numbers of reflections separately. We get one

free reflection by joining \ to a pattern which begins on the bottom left.

Let us assume that the added-on piece has k (even) internal reflectioms.
There are Fy,, such right-end pieces and F;,, =F, =1 left-end pieces. Next,
let the piece on the right have kX -2 internal reflections and the one on the
left have one internal reflection:

AN o /
M (k - 2)
7
Froo * Fr_oye
Generally,
F\Fpg, Y EF, ¥ F B, + -
Specifically,

k=0: FF, =1
k=2 FiF, +F,F,=1+3+2+1=5
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b: F\Fo +F,F, +FF,=1*8+2+3+5-1=19

k=6: F1F3+F3FG+F5F|++F7F2=1‘2l+2'8+5'3+13'l=65
If k is odd, the same basic plan holds, so that for no pieces front or back,
F,F, =1,

k=1: FFy+F,F, =1+2+ 21 =14

k=3: FiFg+FFy+FF, =1+5+2+2+5¢+1=14
This is precisely the same as the other case except that it must start at the
top left, have a free reflection where it joins a section at the top, a free

reflection where it joins the right section at the bottom, and the right sec-
tion must end at the bottom. ’

|
T
|
|
N N
h's | A
S -
1

X

Any of our subconfigurations can ‘appear complete by itself first. Our sam-
ple, of course, holds for any block with an even number of reflections. The
foregoing depends on the final configuration starting on the upper left and
the subconfiguration (the one we are watching) also starting on the upper
left. However, if we '"turn over'" our subconfiguration then we get a differ-
ent situation

which must fit into a standard configuration which starts in the upper left.
Hence, this particular one cannot appear normally by itself, nor can any one
with an even number of reflections. Here we must have a pre-configuration
with an even number of reflections.

Let k be even again.

F,F,=1+1=1
FFy + F,F, =1+3+3:1=6
FoFg + F,F, + FF, =18+ 3+3+ 8«1 =25
Let k be odd.
F,Fy=1+1=1
FoFg + F,F, =1+2+3+1=5
FoFg + FuFy + FgFp = 1+5+ 32+ 8+1 =19

These sequences are {1, 1, 4, 5, 14, 19, ...}V(right side up) and {0, 1, 1,
5, 6,19, ...} (upside down), and added together, they produce the first Fi-
bonacci convolution {1, 2, 5, 10, 20, 38, ...}.
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Each subconfiguration which starts at the upper left and comes out at
the lower right can be put in place of the configuration which makes a straight
through crossing with the same results, of course.

For the results dealing with

AV

the restrictions on the left are exactly the same as just described, and the
endings on the right are merely those for the earlier case endings turned up-
side down to match the proper connection.

Reconsidering the four sequences of this section gives some interesting
results. In the sequences {4,} (right side up) and {B,} (upside down), adding
A; and B; gives successive terms of the first Fibonacci convolution sequence.
Taking differences of odd terms gives 1-0=1, 4-1=3, 14-6=8, ..., which

is clearly 1,3,8,21, ..., F,, ..., the Fibonacci numbers with even subscripts.
Further, for {4.},
1+ 1+ 2= 4 1+ 4= 5
4+ 5+ 5 =14 5+ 14 =19
14 + 19 + 13 = 46 19 + 46 = 65
Ay Y Apsr1 + Fpyy = 4uyo, noodd Ay + 4,,1 = Anya, N even
while for {Bn},
1+ 1+ 3 5 0+ 1= 1
54+ 6+ 8 =19 ) 1+ 5= 6
19 4+ 25 + 21 = 65 6 + 19 = 25
By + Buy1 + F,,, = B, ., n even By + Bnt1 = Bns2, n odd

The results of this section can be verified using generating functions
as follows. (See, for example, [6].) The generating function for the first
convolution of the Fibonacci sequence, which sequence we denote by {Féﬂ}, is

1 2 a2
- = = F X
(l - - xz) r;) n+1l

while the sequence of odd terms of {4,} is the first convolution of Fibonacci
numbers with odd subscripts, or,

1 - ‘,L.Z >2 )
i - Y xh
(l - 3x?% + " nZ_O an+l

and the sequence of odd terms of {B,} is the first convolution of Fibonacci
numbers with even subscripts, or,

2 -]
X
[ o A — = E B x”
(l - 3x2 + .’L‘“‘) n=0 m+l

and the even terms of {4,} as well as of {B,} are the convolution of the se-

quence of Fibonacci numbers with even subscripts with the sequence of Fibo-
nacci numbers with odd subscripts, or,

x 1 - 2 ) . -
. = A, xh = B, x™".
(1 - 32 + x“) (1 - 3?2 + gt ,:Z-:o n nZ-O o

That {F{?’} is given by the term-wise sum of {4,} and {B,} is then simply
shown by adding the generating functions, since
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(1 - x2)?2 20(1 - xz?) + 22

(1 - 322 + 22 (1 -32%+2x2%H2% (1 - 322 +z"?

1+ x - 2%)? _ 1+ x - 2%)?2

(1 - 3z%2 +2")?% (1 - 2x% + z* - 22)?

1+ x - x%)?2 1

1L-x2+20)2@Q-2%2-22% @-2z-a22

Quite a few identities for the four sequences of this section could be derived
by the same method.

5. THREE STACKED PLATES

Theornem A: 1In reflective paths in three stacked glass plates, there are F,_,
paths of length »n that enter at the top plate and exist at the top or bottom
plate.

VoW e

R R |74\ |

number of 1 | V1 | | |
paths 1 :l * :2 :3 * * 3 :

Discussion: Note that the paths end in lengths 3, 2 + 2, 1 + 1, or 1 + 2.
We therefore assume of the paths of length n, that there are F,_, which end
in 3, F,-; which end in 1+ 1, F,_5 which end in 2 + 2, F,_, which end in
1+ 2, where n > 5. This is the same as saying that there are F,_, paths of
length n - 3 reflecting inwardly at an inside surface.

Proof: We proceed by induction. Thus the paths of length kK + 1 are made up
of paths which end in 3, 1 + 1, 2 + 2, or 1 + 2. We assume that there are
Fy_3 paths which end in 3, Fy_., paths which end in 1 + 1, Fix_y which end in
2 4+ 2, and Fy_.; which end in 1 + 2. Since Fyp_4 + Fp_, + Fy_y + Fy_3 =Fy, we
will have a proof by induction if we can establish the assumption about path
lengths. The first three are straightforward, but that Fx.3; paths end in
1 + 2 needs further elaboration. 1In order to be on an outside edge after
1 + 2, the ray must have been on plate x or y with a reflection at the begin-
ning:

How can the paths get to the x-dot for n even or the y-dot for n odd? Assume
that there are Fy_; paths of length X - 5 which come from the upper surface,
go to plate y, and then to the x-dot (note that the total path would then
have length X + 1, since a path of 2 + 1 would be needed to reach the x-dot
and a path of 1 + 2 to leave the x-dot). There are Fy_s paths which reflect
from plate x, go to plate y and return to the x-dot, and Fi.s paths which re-
lect from the bottom surface upward to the x-dot. Thus, there are
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Fk—ﬁ + Fk—5 + Fk-S = Fk—3

paths of length X - 2 coming upward to a reflection x-dot if % is even and
downward to a y-dot if k is odd.

By careful counting, one can establish several other results involving
Fibonacci numbers.

Iheonem B: There are F, paths of length 7 in three stacked plates that enter
at the top plate and terminate on one of the internal surfaces.

Theorem C: There are F,,, paths of length # which enter at the top plate and
terminate on one of the four surfaces, and F,.; that terminate on outside
surfaces.

Theorem D:  Of paths of length n terminating on any one of the four surfaces,
there are F, paths that end in a unit jump. There are 2F,.; paths that end
in a two unit jump, and there are F,_, paths that end in a three unit jump.

Theorem E: There are nF,_, ones used in all paths of length » which termi-
nate on outside plates.

Theorem F: “For m > 3, the number of threes in paths of length »n which ter-
minate on outside plates is a convolution of 1, O, 1, 1, 2, 3, ..., Fy_s,

., with itself. The convolution sequence is given by 2F,_, + C,_,, where
Co = ML,eq + Fy)/5.

Theorem G: Let T, be the number of threes in all paths of length »n that end
on an inside line. Then the number of twos used in all paths of length n
which terminate on outside faces is 2T,,, = 2F,_5 + 20, _s.

Theorem H: T) =T, - F,_,, where T, is the number of threes used totally in
all paths of length »n which terminate on outside faces, and T, is the number
of threes in all paths of length »n which end on an inside plate.

Corollary: The number of twos used in all paths of length n which terminate
on outside surfaces is

2(Tpyey = Fruog) = 2Q2F,_, + Cp_g = F,_) = 2[5F,_,+(n - 5)L,_, + 2F,_.1/5.

From this, of course, we can now discuss the numbers of ones, twos, and
threes used in the reflections. We will let U, be the number of ones used,
D, the number of twos, T, the number of threes used in all paths of lengthn
terminating on outside faces, while we will prime these to designate paths
that only terminate on inside plates.

n-5 n-u

We return to the proof of Theorem A, that there are F, ., paths of length
n in three stacked glass plates, to glean more results. Recall that the plate
paths end in 3, 1 + 1, 2 + 2, and 1 + 2.

Let B, be the number of paths of length n. Then

Py =Ppog v Py + Py + Q)n-s’

where P,_; paths end in 3, B,_, in 1+ 1, P,_, in 2 + 2, and #,_4 is the num-
ber of paths terminating on an inside plate and of length n, but the last
path segment was from the inside (i.e., from plate y to x). Suppose we ap-
proach x from below and the path is n ~ 3 units long; then we add the dotted
portion. However, we can get to % from y or we can get to x from 2. The
number of paths from 2z is F,_g by induction since there are F,_; paths. The
number of paths from y is @,_,. Assume ¢, = F,_; also so that
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n+1

If we display all F,_; paths of length »n, the number of ones used is nF,_j,.

We need some further results. Earlier we saw that there were F,_, paths
from the inside approaching one of the inside plates. We now need to know
how many paths approach the inside lines from outside (a unit step from an
outside line). Clearly, it is F,_,; since the path length to the inside line
is n, then the path length to the outside line is » - 1, making F,_, paths.
Let U, be the number of ones used:

Upsy = WUnao + 20U, 3) + (Upo3) v Uy ) + Wyog + Uy,

considering paths ending in 1 + 1, 3, 2 + 2, and 1 + 2.
Let us look at T,, the number of threes used in paths of length n. By
taking paths ending in 3, then 1 + 1, 2 + 2, and 1 + 2, we have

(4) Ty = (Tyog + Fy_y) + Tyoy + 7T
(B) T =Taor + Tnee

wou T Tnog
Writing (A) for T,4+; and subtracting the expression above for T, gives
Tpor = Tp = Tpoy = Tpoy + I, - Tr{—s + Fyog = F

n-t
=Ty 1+ Fas + (Taop = Tyog = Tuly)

=T 4+ F,_+0.
Therefore,
Tpor =T, +17, , + F,_s,
which shows that {7,} is a Fibonacci convolution (first) sequence. It is
easy to verify that
Ty =2F,_.,+C, oy T, =0, T,=0, 7, =1,

T, =0, T, =2, T, =2,
where {C,} is the first Fibonacci convolution sequence.

Also,
I) =T, - Fu_y

Next, consider D,, the number of twos used in paths of length n. Again
taking paths ending in 3, then in 1 + 1, 2 + 2, and 1 + 2, we have

©) Dy = (Dp_y + 2Fy_s) + Dy_y + Dy_y + D)y + Fy_y)
(D) D! =D}, + Dy_y + Fp_y

]
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Proceeding exactly ‘as before, writing (C) for D,,, and subtracting the expres-—
sion for D,, and then using identity (D), one derives

Dpyr = Dy + Dy + 2F,_,.

We now show that D, = 2T;+1. From T = T, - F,_,»> then
2Ty = 2Tpyp = 2F,_,
= 2T,,, - 2F,_5 + 2T, - 2F,_, + 2F,_,

by taking advantage of T; =T, ,+7T,_, +F,_,. Therefore,
Tav2 = Tugr + Ty + Fpog = Fpog = Tpyy + Ty + Fyiy.
From the total length of F,_; paths of length n, we know that
Uy, + 2D, + 3T, = nF,_,,
so that
v, = n¥F,_, - 3T, - 2D,,.
On the right-hand side, each term will satisfy a recurrence of the form
“Hy = Hpoy + Hyop + Ky,
where K, is a generalized Fibonacci sequence. In this case, by looking at
U, =0,U,=2,U3=20,U, =4,
Un = Upoy t Upp + Ly
This is precisely satisfied by U, = nF,_j3.

If U, is the number of ones used, D, the number of twos, and 7, the num-
ber of threes, then clearly every number is followed by a reflection except
the last one. Thus, if there are F, total paths, then the number of reflec-
tions in paths of length »n which terminate on outside faces is

By =Up + Dy + Ty - Fpp_y

ary_) + (BI5E, s + (- D)L, + 28, ,0)
 + QF,_, + [(n - 6)L, g + 2F,_(1/5) - F,_,
[(5n - 3)F,_4 + (n - 3)L,,_,1/5, n > 1.

In summary, we write

Theonem I: 1In the total paths of length » which exit at outside plates, the
number of paths is F,_,, and the number of reflections R, is

U, + D, + T, - F,_,,

where
Up = nFy_3
2
D, = (E{SE;_3 + (n = 5)Ly_y + ZFn_5]>
T, =2F,_, + [(n - 6)L,_g + 2F,_¢1/5

o]
]

, = 1(n - 3)F,_ 4+ (n - 3)L,_,1/5.

To conclude our discussion of paths and reflections in three glass plates,
we consider a fixed number of reflections for paths which exit through either
outside surface.
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When there are r =0 reflections, there is 1 path possible; for » =1, 3 paths,
and for =2, 6 paths. The number of paths P, for r reflections yields the
sequence 1, 3, 6, 14, 31, 70, 157,
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Theonem J: Let P, be the number of paths which exit through either outside
face in three glass plates and contain r reflections. Then

Poyy =2B, +P._, - P,_,
where
Py=1,P =3,P,=6,P, = 14,

It is easy to derive the sequence {Pn}. P,,; is formed by adding a re-
flection at the outside face for each F, path, and by adding a reflection at
surface 1 or 2, which is the number of paths in P, that end in a two unit jump
plus twice the number ending in a three unit jump, which is P,_;. The number
ending in a unit jump in 7, paths is P,_,. The number ending in a two unit
jump in P, paths is P, - P,_, - P,_,. Thus,

Ppyy =P + (Py = Pu_y = Ppoy) + 2P,
= 2P, + Pp_y - Pp_s-

Fults [7] has given an explicit expression for P, as well as its generating
function.

6. A MATRIX APPROACH TO REFLECTIONS IN TWO AND THREE STACKED PLATES

Besides counting paths of constant length or paths of a constant number
of reflections, there are many other problems. one could consider. Here,
matrices give a nice method for solving such counting problems.

We return to two glass plates and the paths of length »n, where we con-
sider paths that go from line zero to lines one and two, one step at a time.
Let #,, vVy,, and wy be the paths of length » to lines 0, 1, and 2, respective-
ly, and consider the matrix ¢ defined in the matrix equation below, where we
note that @V, = V,,, and Q"V, = V,,,, as below:

0 1 0 Uy Uptr
, =11 0 1 Rvy ) =17, = Vas
0 1 0/\w, Wy 41

It is easy to see that #,4; = Vn, since a path to line zero could have come
only from line 1; therefore, each path to line zero was first a path of length
n to line 1, then one more step to line zero. Paths to line 1 could have come
from line zero or line two, so that v,,; = U, + wW,. Paths to line 2 came
from line 1, or, w,4; = Un. This sets up the matrix ¢ whose characteristic
polynomial is x? - 2x = 0 with solutions x = 0 or x2 = 2, so that

Unps = 2Upy VUyppo = 2Un, and Wy, = 20,.
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All paths of length zero start on line zero, and in one step of unit length
one obtains only one path to line 1, or, using matrix @,

0 1 0 1 0
vy =1 o 1)fo)=(1] =7
0 1 0 0 0
Sequentially, we see Q"V, =7,, or,
1 0 1 0 2 0 4 i 0
ot=-f11l1>1tol=-121l=tol-1ls)~>101|~ 0 -l 2"
0 0 1 0 2 0 4 on-t 0

Now, notice that there are 2771 paths coming out of the top line and 2n-t
paths coming out of the bottom line, each of length 2n, so that there are 2"
such paths.

If one lets uf, v}, and w} be the number of regular reflections on the
paths of length »n beginning on the top plate and terminating on the top, mid-

dle, or bottom plate, respectively, then it can be shown that, from the geom-
etry of the paths,

* = %
Uhor = Up + Uy
* = * %
Vi T Uy towy + 20,1

D4k = *
Wyper = Vn + Wp-1

We can write both systems of equations in a 6 x 6 matrix

0o 1 o0 E 1 0 0 uk ut, .
1.0 1tro 2 0 vE v
RIS O (T (O
6 0 o0;0 1 O Uy Uy
0 0 011 0 1 Vo, Vn
0 0 0'0 1 0 Wy Wy

The method of solution now can be through solving the system of equations
directly and, once the recurrence relations are obtained, recognize them. Or
one can work with the characteristic polynemial [x(x2 -2)]? via the Hamilton-
Cayley theorem and go directly for the generating functions. The recurrence
relations yield the general form of the generating function

r(x) -
P, (x)

2
= A, + Az + A,x" + -

b

whence one can get as many values as needed from the matrix application re-
peated to a starting column vector, as
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0 1 01 0 0 0
1
1 0 1! 20 0
0 1 010 0 1 0
____________ e ————— e °
0 0 0'0 1 0 1
0 0 0 E 1 0 1 0
0 0 0'0 1 0 0

to use the method of undetermined coefficients for r(x).
The regular reflections are /A\ or \V/ , while the bends look like /
\ / \: These occur in paths which permit horizontal moves as well

as jumps between surfaces. These are necessarily more complicated. The ma-
trix @* yields paths of length n where "bend" reflections are allowed. That
is,

1 1 0 Uy, u

n+1
Q*V, = 1 1 1 . Un Uns1 Va1
0 1 1 Wy Wn41

allows paths to move along the lines themselves as well as between the lines.
The same reasoning prevails. The characteristic polynomial (1-2)(x®-22-1)
yields Pell numbers for the paths of length n, sequentially, as

1 1 0 1 1 2 4 9 21 50
1 1 IO }=t1 )12 ]=>\5 |>1{12 })>| 29 }J~>| 70 | >
0 1 1 0 0 1 3 8 20 49

The formation of the number sequences themselves is easy, since

Upse1 = Un t Upy Wpy1 = Uy — 1, and v,y = 20, + Uy

We see that paths of length »n to line 1 are the Pell numbers P,,

P,y1 = 2P, + P Py =0, P, =1,

n-17°
while the paths to lines 0 and 2 have sums 1, 3, 7, 17, ..., the sum of two
consecutive Pell numbers. In terms of Pell numbers P,, we can write

Up +w, = B, + P,_y and u, - w, =1,

so that
Up = (P, + P,_1 + 1)/2
v, = P,
w, = (P, + P,_; - 1)/2.

This méans that u, and w, separately obey the recurrence

Upes = 3Upyp = Upyr = Uy,

whose characteristic polynomial is

23 -3¢ +x+ 1= (x-1)(x? - 2x - 1).
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The corresponding matrix for the system with bend reflections is

% *
ux U

I 1 0,0 2 0 1
I
I 1 1'2 0 2 v vE
I
S N DN BB N
0 0 0'1 1 0 Up_y Uy
1
0 0 0.1 1 1 v, v,
o 0 o030 1 1 Wy 1 W,

Now, there are, of course, regular reflections along these paths, too,
as well as bends, and the corresponding matrix for these is

u* u

1 1 0,1 0 0 % £

1 1 1 E 0 2 0 vt vE

0 1 1,0 0 1 w} wh,
—5—__6—__5_?_1___1_—_6_ B Y I

0 0 0,1 1 1 Vo1 Vn

0 0 0 E 0 1 1 W, 1 W,

with starting vector uf = v§{ =w}{ =0, u, =1, v, = w, = 0.

One can verify that the generating functions for uj, vk, and wﬁ are

1 - 2)" + 222

uk:
(1 - 2)2(1 - 2¢ - x2)?
3
o 3(1 - x)°x
(1 -2)%@1 - 22 - x2)?
2
Wi 4(1 - x)? - 22

1 -2)2@0 - 22 - 2%)?
while their sum, u} + v} + w?, yields the generating function

1+ 2+ 22°
(1 - 2z - x%)?

all clearly related to the Pell sequence, Pell first convolution, and partial
sum of the Pell first convolution sequence.

In three stacked plates, these three systems of matrices generalize
nicely. For regular reflections in paths of equal length n without horizon-
tal moves,
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0 1 0 0r1 0 0 0[u ] ut oy
1 0 1 0,0 2 0 0 [|v} vi
1
0 1 0 1'0 0 2 0 ||lw wih,
! * *
0.0 1 010 0 o st | _|uh|
6 0 o0 o0o;0 1 0 O Upy_1 Uy
0o 0 0 0:+1 0 1 0]|ov,, Vn
1
6o 0 0 0,0 1 0 1 W, o1 Wy
0o 0 0 010 0 1 0 ||y, Y
while the bend reflections have the system
- - -
1 1 0 0'0 2 0 0 |[ug ut o,
1 1 1 0.2 0 2 0 ||v vE,
I
0 1 1 1t'0 2 0 2 ||w} wi,
1
o o6 1 1.0 0 2 © Yn _ | ¥ne ,
0 0 0 0'1 1 0 0 ||u._, U
0 0 0 0+1 1 1 0 o1 Vi
I
6 0 o 0,0 1 1 1 W, o1 Wn
I
_O 0 o0 0+ 0 0 1 1 | _yn_l | _yn |

and the regular reflections in bent paths are given by

1
1

1 1 0 0'1 0 o o |[ut ]| Uier |
1 1 1 0 E 0 2 0 0 ||v% v
o 1 1 1!0 0 2 O wi w1
00 L Lo 0 0 v || ¥
6 0 o0 o0o;1 1 0 O Up-1 Un
0 0 0 04+v1 1 1 0 ||{v,, Vn
6 0 0 O E 0 1 1 1 Wy, Wn
o 0 0 0.0 0 1 1 ||y, Yn

L JL J L |

7. REFLECTIONS ALONG BEND PATHS IN THREE STACKED PLATES

Here we count bend reflections and regular reflections in paths where
bends are allowed. We begin with bend reflections in bend paths. Let Un, Van,
Wn, and Y, be the number of paths of length # terminating on lines 0, 1, 2,
and 3, respectively. Let Uf, V#, Wi, and Y} be the number of bend reflections
for those paths, and let a bend be a horizontal segment in a path. We shall
show the following:

(a) Ufor = Vi + UF + 2V



19791 REFLECTIONS ACROSS TWO AND THREE GLASS PLATES 133

(B) Via, = Vi+US+ WE+ 2(Uy_1 + Wy_y)
() WAl = Wh+ YA+ VE+ 2,1 +7V,_1)
(D) Y = YR+ WE+ 20,

We need a geometric derivation for the bends.

D
D

UYL OUn+1 0
%1 o7, Ve !
s W, -O- 2
< UYn S 3

The paths to the point marked U, contain U} bends, and there are U such
paths. We can go to U,4,, from V,_; by either the upper or lower path, but we
have added a bend at the upper path and a bend at the lower path;

—_—

Un+l

Vn -1

thus, 2V,_; merely counts the extra bends by these end moves. We can reach
Upyp from U, and from V, and each of these path bundles contains by declara-
tion U} and V} bends, respectively. Thus,
Ufer = U+ VE+ 2V, 4,

establishing (A). The derivation for (D) is similar.

We now tackle (B). Notice that we can reach V,4; in a unit step from
Up, V,, or W,, so that we must count all bends in each of those previously
counted paths, with no new bends added. We cannot use V,_;, but paths routed
through W,.; and U, or Wn-1 and W, as well as those through U,-; and U, or
through U,_.; and V, each collect one new bend, so that the number of added
bends is 2(U,_1 + Wn-1), making

Vigr = Ug + Vi + Wi + 2(Up_q + Wyl1),s
which is identity (B). Similarly, we could establish (C).

o==——=0 = 0
Un\-l\ U\ Un+1
O O O~ 1
Vn-l V /n-)-l
= :,\
2
Wn-l Wﬂ
3

To solve the system of equations (A), (B), (C), (D), let
A;=U§+Y;§ A, = Uy, + Yy
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and

Bf = V¥ + W} B, =V, + W,
Then (A) added to (D) yields
(E*) A%, . = AF + Bf + 2B,_,
while (B) plus (C) yields
(G*) B . =A%+ 2B + 2(4,_1 + B,_1).
Let

CH=U% - Y3 Cp = Uy - Yp
and

DY =V} - W} Dy = Vn = Wa
Then subtracting (D) from (A) and (C) from (B) yields, respectively,
(F*) C¥,1 = CH+ D%+ 2D,
and
(H*) Df, . =Ch+2(Choq + Dy_y).

Now, 4,, Bn, Cn, and D, are easily found. Returning to the first diagram of

this section, from Uy4y; = Uy + V,, and Y, = 7, +
(E) Apyr = An + Ban

(F) Cps1 = Cn + D

while V, , = U, + Vy + Wy and W,y = Wy + V,, + ¥
&) B,,1 = 2By + 44

(H) Dyyr = Cn-

Wy, we have

yield

From (E), we get B, = A4,,1 - 4A,, which we use in (G) to obtain

Apnsz = Any1) = 2(Ap41 - An) + Ay,

so that
Antz = 34p41 + 4y = 0.
1,

From the starting data, 4; =
odd subscript, and

An = Fpyy

Bn = Aps1 - An = F2n+1 T fan-1

A, = 2, so that4,

is a Fibonacci number with

F. =B, -

From (F) and (H), in a similar manner, one finds that

Con = Fpi1 and D, = F,.

From these, we can find U,, V,, ¥,, and Y, by simultaneous linear equations,

using

Uy + Y, = Fy,_q v, +
Un - Yn = Fpy1 Vn -

The solutions are

Uy = (Fyp_q + Foe1)/2 V, =
Y, = (EEn-l . EZ+1)/2

Wn = F
W

n

n

F?l

(F,, + Fp)/2
(FZn - Fn)/z
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Notice that
U, +Vy v+ W, + Y, = Foppq1.

Next, we can solve the full system for 4%, B}, 3, and D}, since we now
know 4,, B,, C,, and D,. From (E*),
BY = Afar = AF - 2By,
which substituted into (G*) gives us
(A:+2 - A2+1 - ZBn) = Aﬁ + 2(‘4;+1 - A; - ZBn—l) + Z(An—l + Bn—1>
which simplifies to

AX,, = 3A%, + Af = 2By + 24, 1 - 2B, = 2Lon_2

where we recognize the recursion relation for alternate Fibonacci numbers on
the left while, as seen above, B, and 4, _; are alternate Fibonacci numbers.
It can be verified directly that if

A% = 2(n - 1)F,, _y,
then 4%,, - 345, + A} = 2L,, _,. From B} = A%,, - A} - 2B, , and B, = F,,
we get

B = nF,, 4 — 2F,, 3 = 2(n - 1)F,, 5.
In a similar fashion, we can verify that

Ck,, = Ciyy - C} = 2L,

is satisfied by

C‘*

n

li

2(n - 1F,_,

and from

[

DE = CF_ 1+ 2(C, .0 + Dy _y)
where C, = F,,; and D, = F,, we obtain
D¥=2(n- 1F,_;.

From these, we get

Uf= (- D)y + Fy)

+

VA = (n = 1)(F, Fy_s)

n-3

n -3

WE = (n = 1) (Fyy_y = Fy_s)

Y= (n

t

D (Fppv = Froz)

This completes our solution for bend reflections in bend paths in three glass
plates.

It is instructive, however, to consider a matrix approach to counting
bend reflections in bend paths. A matrix which corresponds to the system of
equations just given, counting the number of paths of length » and the number
of bend reflections for those paths, is
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r = r‘ = r =
1 1.0 01'0 2 0 0 U* Ui,
1 1 1 0,2 0 2 0 v Vi,

1
*
0 1 1 1'0 2 0 2 W Wi,
I
0 0 1 1i0 0 2 0 | _ | T
0 0 0 0'1 1 0 0 Uyoy Un
0 0 0 0,1 1 1 0 V.., Vn
1
0o 0 0 0'0 1 1 1 Wy Wn
0 0 0 0,0 0 1 1 Y, 1 Y,
L _ L J L J

Expanding the characteristic polynomial,

[(@-1)"%-3(x-1)%+1]2

[(@-D%-1)2 - (@-12]?

[x2 -2x4+1-1-(x-1)]2%[z®-2x+1 -1+ (x-1)]2
(22 = 3z + D3 (x? - x-1)2=0

Notice that (xz-—3x-+1) = 0 yields the recurrence relation for the alternate
Fibonacci numbers, while (z2 - x - 1) = 0 gives the regular Fibonacci recur-
rence. A generating function derivation could be made for all formulas given
in this section.

Values of the vector elements generated by the matrix equation for
n=1, ..., 7

are given in the table below.

BEND REFLECTIONS

n 1 2 3 4 5 6 7
Ui 0 0 4 12 40 120 360
v 0 2 4 18 56 180 552
Wk 0 0 4 12 48 160 516
Vi 0 0 0 6 24 90 300
U, , 1 1 2 4 9 21 51
V.1 0 1 2 5 12 30 76
Wy_1 0 0 1 3 9 25 68
Vo 0 0 0 1 4 13 38

Finally, we list values for 4%, B}, C}, and Dj:
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n 2 3 4 5 6 7 n

A% = U + Y3 0 4 18 64 210 660 2(n - 1)F,,_,
B* = Vi + W* 2 8 30 104 340 1068 2(n - 1)F,,_,
C* = Ut - Y3 0 4 6 16 30 60 2(n - 1)F,_,

D = V¥ - W 2 0 6 8 20 36 2(n - 1)F,_q

We now shift our attention to the problem of counting regular reflections
The matrix which

which occur in paths of length 7 in which bends are allowed.
solves the system of equations in that case follows,

where starred entries

denote regular reflections; otherwise, the definitions are as before. Notice
that the characteristic polynomial is the same as that of the preceding ma-

trix.

|

o O O olo o = =
O O o OoOlo = = =

Values of successive
following:

o o o Ol B +H O
o O o oIk B O O
o ok rle oo
o B B HIO O N O
H B B OlO0 N O O

vector elements for

REGULAR REFLECTIONS

|
= B O Ol O O O

_Uz
&
Wy
7
Un-l

U?('

n+1
T/:+1
W3 e
S
U
Vs
Wn

Yy

-

n=1,...,8 are given in the table

IN BEND PATHS

n 1 2 3 4 5 6 7 8
u# 0 1 2 7 20 60 176 517
144 0 0 3 9 31 95 290 868
WA 0 0 0 5 20 75 250 794
Y 0 0 0 0 6 30 118 406
Up_1 1 1 2 4 9 21 51 127
Vyo1 0 1 2 5 12 30 76 195
W1 0 0 1 3 25 68 182
Ypo1 0 0 0 1 4 13 38 106
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The system of regular reflections in bend paths is not solved explicit-
ly here, but generating functions for successive values are not difficult to
obtain by using the characteristic polynomial of the matrix just given. Gen-
erating functions for A%, BY, C%, and D} are:

2% (1 - 4z + 6x?)
(1 - 3¢ + x2)?

AY = Uk + Y2

n n:

2%(3 - 4x)
(1 - 3¢ + x2)2

22 (1 + 22%)

(L - x - xz)z

23(3 - 22)

D = Vi - Wk
(1 -x-ab)?

n

Since A} + Bi=Uj+ V} + ! + Y%, the generating function for regular reflec-
tions in bend paths terminating on all four surfaces is

2

(x? - 2% + 22"

(1 - 3z + 22)°?

8. REGULAR REFLECTIONS IN THREE STACKED PLATES

If one wishes equations for the number of paths ending upon certain lines
and the number of regular reflections, the procedure is the same as when
"bends' are allowed, as in the last section. Let U,, V,, ¥,, and Y, be the
number of paths of length n from line O to lines 0, 1, 2, and 3. Let U}, V%,
W#, and Y* be the number of regular reflections counted for those paths.

The system of equations to solve is

U:+1 = V; + Unoa Upsr = T
Viey = US + W5+ 20, Vopr = Un + Wn
Moy = Y0+ Vo + 20, Wpir1 =V + ¥y
YS+1 = W; + Y, Y,i1 = Wa

These differ from the equations used in Section 7 only in that no horizontal
moves along the lines are allowed, so that one represses terms that corre-
spond to that same line. The method of solution is exactly the same.

One finds that

Usp = Fopn Usg+1 = 0
Yorsr = Foy Yor 0
Vorar = Foran Vor 0

Wor = Fox Woger = 0

which agrees with Theorems A and B of Section 5, since U, + Y, = F,_; is the
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number of paths ending at outside lines, while V, + W, =
paths ending on inside surfaces. Notice that U, + V, + W,
agrees with Theorem C.

As for the number of reflections to paths ending on outside surfaces,

F, is the number of
+ Y, = F,,1, which

Ul =Cph_qy = 20,2+ 3C,_4, n even; U} = 0, n odd;

YrA=0C, - 20, , +3C,_5, nodd; Y* =0, n even;

n
where {C,} is the first Fibonacci convolution, ¢, = nL,,, + F;)/5. One can
verify that the total number of reflections for paths of length »n which exit
at either outside surface is U} + Y = C,_1-20,_; + 3C,_;, which is equiva-
lent to the formula given for R, in Theorem I of Section 5.
Finally, we write, again for the first Fibonacci convolution {C,},

VA =3C,_, - Cu.3, n odd; V¥ =0, n even;
Wt =3C,_,~-C, 35, neven; W} =0, n odd.

Here, the matrix solution for the number of regular reflections in paths
without bends follows from

—

|
1
I

0 1 0 0 E 1 0 0 0 Uk Ut .
1 0 1 0!'0 2 0 © v VA, L
0 1 0 1 E 0 0 2 o W WA
0 0 1 0!'0 0 0 1 v} R,
0 0 0 0.0 1 o0 o |u.| |
0 0 0 0 E 1 0 1 0 Vo1 Vi
0o 0 0 0 E 0 1 0 1 ooy Wn
0o 0 0 0!'0 0 1 0 Y, Y,

9. NUMERICAL ARRAYS ARISING FROM REGULAR REFLECTIONS
IN THREE STACKED PLATES

Let circled numbers denote reflections on paths coming to the inside
lines from the inside. Let boxed numbers denote reflections in paths to the
outside lines.

5/® /O ©-0+E
©) N/ 3

Note that Z is one longer and one reflection more than ¥, while it is two
longer and one reflection more than X. Since the paths under discussion are
to the inside lines from the inside, paths going from 2 to 1 imply a reflec-
tion as indicated. Since the paths from 3 must have come from 2, this also
implies a reflection as shown. Thus, @ = @ + . Secondly, the two types
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of reflections are related by = @+ from considering the following:

0
NS /.
SO

3

(1] -@ +[5]

Paths indicated which come through from the inside are extended to Y by one
but do not add a reflection. The paths coming through which have one added
reflection at the inside line imply a reflection at X since paths to the top
line can come only from the middle line.

The geometric considerations just made give the recursive patterns in
the following array. The circled numbers are the number of reflections for
paths of length n which enter from the top and terminate on inside lines by
segments crossing the center space only (not immediately reflected from either
outside face), while the boxed numbers are regular paths from the top line to
either outside line.

Reflections
Path 0 1 2 3 4 5 6 7
Length 1

=G
EHCHERNCNE

SHRHCONENC
GHCHENCOHE

6 ® | O
7 [ ®
8 ® | ® |0

EHCHE
[5]
@|[5]

[E - +® +[c] +[0] @ = @ + 29
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Please note that each row sum is 2F,_1, where the sum of the circled numbers
as well as the sum of the boxed numbers is in each case F,_1. Also note that
the row sum is not the total number of paths of length », since, for example,
when 7n = 5, there is one path with two reflections which terminates inside,
and one path with four reflections which terminates inside. Also note that
the circled diagonal numbers in the table are partial sums of the boxed diag-
onal numbers in the diagonal above.

Let Dy(x) be the generating function for the nth diagonal sequence going
downward to the right in the table. That is, D,(x) generates the boxed se-

quence 1, 0, 1, 0, 1, 0, 1, ... and D,(x) generates the circled sequence 1,
1, 2, 2, 3, 3, 4, 4, ..., while D,(x) generates the béxed sequence 1, 1, 3,
3, 6, 6, ... . From the table recurrence, C* = B* + A*, since (C#* and B* are

on the same falling diagonal,

Di(x) = xle(x) + Do (x),

so that
Di(@) = [Dy(x)]/(1 - &%).
We write
Dylw) = —%—
1 - 22
Dy(x) = 1tz
(1 -zx%*
D, () = _l+tx
1 -z’
2
D, (x) = 1 + x)
(1 -2
2
D) = LHE)T
(1 - x2?)°

Notice that D,(x) generates boxed numbers for n even and circled numbers for
n odd. Summing D, (x) for n even gives the row sum for the boxed numbers by-
producing the generating function for the Fibonacci sequence and, similarly,
for taking »n odd and circled numbers. The column sums of circled or boxed
numbers each obey the recurrence U, = 2u,_; + Upy_p = Upy_3-

Notice that

Dypp (@) = [DG@) 1"
Dy, @) = (1= @)Dy, @) = Q1 = 2)[D; @)1

so we see once again the pleasantry of a convolution array intimately related
to Pascal's triangle.

2n+
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i

ON PSEUDO-FIBONACCI NUMBERS OF THE FORM 2S°7,
WHERE § IS AN INTEGER

A. ESWARATHASAN
University of Sri Lanka, Jaffna, Sri Lanka

If the pseudo-Fibonacci numbers are defined by

(1) Uy =1, uy =4, Uyyy; = Upyr + u,, n >0,

then we can show that u; =1, u, = 4, and u, = 9 are the only square pseudo-
Fibonacci numbers.

In this paper we will describe a method to show that none of the pseudo-
Fibonacci numbers are of the form 252, where S is an integer.

Even if we remove the restriction n > 0, we do not obtain any number of
the form 25%, where § is an integer.

It can be easily shown that the general solution of the difference equa-
tion (1) is given by

1

E—E;:;(u”‘l + 8",

) w, = —l—(@® + 8" -
5.2



