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(3.9 f.7.‘+k~_~1 = f.;'tlfkil + f;f,;,
f:i+k = f.;'+1fk + f:ffk+1'

From the above, or from F(np) = F(n)?, we are also able to obtain other
familiar expressions such as:

(3.10) Foner = F2 + Fiurs
f;ﬂ" = foer + Faca
fan = fj+1 + fj - :-1;
f;: i e M
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A NOTE ON BASIC M-TUPLES
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California State University, Fresno, Fresno, CA 93710

Deﬁinétion 1: A set of integers {bi}iZI will be called a base for the set of
all integers, whenever every integer #n can be expressed uniquely in the form

@ J
n = E a;b;, where a; = 0 or 1 and 2: a; < o,

i=1 i=1

Now, a sequence {di}i>1 of odd numbers will be called basic whenever the se-

quence {di Zi'%izl is a base. If the sequence {di} of odd integers is

121
such that d;4+s = dg for all Z's, then the sequence is said to be periodic mod
g and is denoted by {dl, d,, d3,...,d8}. In reference [2], I have obtained

some results concerning nonbasic sequence with periodicity mod 3 or nombasic
triples. In this paper, we are concerned with basic sequence.

Theornem 1: A necessary and sufficient condition for the sequence {di}¢>1 of

odd integers, which is periodic mod s, to be basic is that
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m
0=) a;2¢"*d; = 0 (mod 2" - 1)
i=1 .

is impossible for n > 1 and a; = 0 or 1 for all Z > 1.
Proog: This is proved in reference [1].
Theorem 2: The m-tuple

{2+t -1, -1, -1, L, 1)

is a basic sequence where k and m are integers with k > 1 and m > 2.

Proof: Suppose that the given m—tﬁple is not basic. Then (1) of Theorem 1.8
holds for some integers » > 1. Then there exist integers ay, Dis vues r; for
0 <k <7 -1 such that '

2™+ L 1)ay - 2bg = 220y = -+ = 2™ lpg 4 (27RFL _o1)27g,
—2m+1b1 _ 2m+zcl - _ 22m—1r1 + (zmk+1 _ 1)22-ma2 _ 22"'+1b2

_22m+202 v - 23”"'11/’2 + e +'(2mk+1 - 1)2mn=my

mn-m+1 mn-m+2
—mp - 2

(1)
n-1

Cpoy = vre = 2™, 20 (mod 2™ -1).

n=1 r

n-
Collecting terms in the above.congruence, we obtain
(2 +2™ — 1) (a, + 2Ma, + 2%Mq, + cec o+ 2MTMg )
=2(by + 2"by + e + 2™ ) = 2%(c, - 2Me, + 2%Me, + e e
+2MTMe ) = e = 2™ (g + 2T 4 e 4 27 e 1) 20 (mod 27 -1)

. nm 2m e mn-m
- (a, + 2%, + 2%a, + + 2 a,_,)

+ 202k q 4 2mKEMG 4 gmEEIMG oyl gmkdmAomg

=b, =2"b, = oo = 2™ =20, - 2™c

1 1

0

mn-m+1 m=-2 2m =2
- 2 e,y o 2 r, 2 r, oo

= 0 (mod 2" -1)
which can be put in the form
-(a, + 2"a, + 22”'a2 + oo+ 2" )+ 2(2”‘7‘(ao - by - 2cx = +--

- 2" 4 2" (ay = byyy = 2oy = e = M)+

+ ZM(n_l)(an-l-k =b,y - 20,y - e - zm_zrn-l)
mn m-2
+202"a,_,=by, - 20, = o0 = 2" 00) 4 e
m(k=1) s _ om=2
+ 2 (2™a, | = by, - 2c,_, - 2 rk_l)

om=2
+ (2"a,_, = by = 2¢, = -+ - 2" Ep ) 4+ e
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+

(k-1 C ‘ - :
2" 2"y oy = by = 204y = e = 27 zfn_l)}

11

0 (mod 2""-1).
Now define a,_; = a_; for,l{f_i.ffk; and'iét
@=-(ag +2"ay + 2"Ma, + oo + 27 g ) 4+ 2{2"k(q, - by - 2¢4
- e = 2" 4+ ZM(k+1ka1 = byay = 2044y = cee = 2770 0)
(3) o -IA-“‘Z”'(”_'I)(a;l:l_k - ‘b;;_l_ = 28,0y = eee = 2720 )
+ (a;, - by - 2¢, - e —Zém"zro);+ cee + ZM(k“l)(a_1 - by,
- éek_l'; ee s 2'"-2,'1»,{;1)} = 0 (mod 2™-1).
Rearranging terms in (3), we obtain |
Q= {-a, + 2(a_, - P, “échf;;:' - 2m‘zré)} +2M-a, + 2(a_,y,

- b, - 2, - -*-“-'%m_z?l) + e+ 2mk-D g+ 2(al, - by,

(4) 20,y = ser = 2" 2p )+ 2™ g 4 2(aq, - by - 204

.. —',2",_217]()} + ',‘""",-'-t ZM(n_l){_qn—l + z(an—l—k -
-2 ) :} y ‘
- e = 2™ )} 20 (mod 2"" -1).

Taking absolute values and using the triangle inequality, we obtain

l@] < (2" - 1) +2™(Q2" = 1) + 222" = 1) + ... + 2"CTDQ7 - 1)

" - 1) + (22" - 2"+ (23h _ zzh) A P LICEE N
2" - 1, |

Now, |Q| = 2™- 1, provided

~a; + 2(a_ye; - bi -_éci - e = 2"y = 2" -1

‘n = 1. -But this clearly implies that

In

for all © with 0 < <

a; =1, a_gu; = 0, and b; = c; = +++ = r; =1 for all 7.
Since the first two equalities are clearly contradictory, it follows that we
must have @ = 0 and hence

) ~ay = 2(ayy; - by o= 265 = ee. = 272

r;),

and yet a; = 0 or a; =1 for all 2. Since the right-hand side of (5) is di-
visible by 2, it follows that r, = 0 for all Z, Thus,

7

Gh 0=2(agse;= by = 205 = - = 2" %py)
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or
(6) A_g4i; = by = 20, + «-- + 2m'2ri for all 7.

Possibilities for a_j.; - b; are 0, 1, and -1. But the right-hand side of (6)
is divisible by 2. Hence, we must have that a_j4+; — b; = 0 for all <. Since
A.x+¢ = 0 for all ©, this implies that b; = 0 for all 7 and hence that c¢; =
0, ..., r, =0 for all <. But since this contradicts Theorem 1.8, it follows

2mk+1

that the m-tuple -1, -1, -1, ..., =1 is basic as claimed.
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PYTHAGOREAN TRIPLES AND TRIANGULAR NUMBERS

DAVID W. BALLEW and RONALD C. WEGER
South Dakota School of Mines and Technology, Rapid _City, SD 57701

1. INTRODUCTION

In [4] W. Sierpifiski proves that there are an infinite number of Pytha-
gorean triples in which two members are triangular and the hypotenuse is an
integer. [A number T, is triangular if T, is of the form T, = n(n + 1)/2
for some integer n. A Pythagorean triple is a set of three integers x, y, 2
such that z? + yz = 32.] Further, Sierpinski gives an example due to Zaran-
kiewicz,

T 4, = 8778, T,,5 = 10296, and T4, = 13530,

in which every member of the Pythagorean triple is triangular. He states that
this is the only known nontrivial example of this phenomenon, and that it is
not known whether the number of such triples is finite or infinite.

This paper will give some partial results related to the above problem.
In particular, we will give necessary and sufficient conditions for the ex-
istence of Pythagorean triples in which all members are triangular. We will
extend these conditions to discuss the problem of triangulars being repre-
sented as sums of powers.

2. PYTHAGOREAN TRIPLES WITH TRIANGULAR SOLUTIONS

By a triangular solution to a Diophantine equation f(x , ..., x,) = 0,
we mean a solution in which every variable is triangular.

Theorem 1: The Pythagorean equation %2 4+ y2 = 22 has a triangular solution
x=T,, y=1"T,, 3=170, if and only if there exist integers m and k such that

T =m®+ (m+ 1)+ o0+ (m+ k)Y

that is, Tg is a sum of kK + 1 consecutive cubes.



